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7. CRITICISM AND MODIFICATION OF EINRTEIN'S
. LATEST MANIFOLD
By Alex, McAulay, M.A,
professor of Mathematice University of Tasmania
(Read 14th, April,1924)
art.l. Introductory. T

fthis is the first of a series of investigations
concerning which details will be given at thp end of
the paper.

In *Nature” of Beptember 1923 p.448 (*The Theory of
the Affine Field") Einstein describss a remarkable
mathematical discovery, He develops from Fddington's
previous WOIE a perfectly satisfactory basis for the
Aiemann manifold required for mechanics and gravi-
-tatlon in the ganafnl theory of Relativity, His main
abject, however, was to include provision also for
the electro-magnetic fleld, but it would appear that
his conclusions on this pait of the development are

sreconoilable with observation. IT he had examined
in detail the meochanioal stresses, which he oould
have done by the conditiocne imposed by the fact that
the action 1s an invariant density, he would have
foucd that his comstant 7Y cannot be "practically in-
definitely small” as he states it should be for an-
-other remeon, The truth of thie remark will appear
in the subseguent work.

It is, howevar, easy %o modify the principia from
which he worxs by increasing the 40 scalars from

which he starts to 41, 1t i3 only neceseary to¢ asp=-
-umg that in & parallel displacement g of a four di-
mensional alement db = dx,dx,dx;dx, the
element suffers a definite intrineic increase in bulk,
If at a seloctad point the meacars of ths bulk of an
clement db is taken to ba dB = e=db , then the
measurs of bulk of a second element db” will ve

dB’ = e=db’ . oOur addition to Einatein's prin-.. ~
-¢iple is that the preporticnal increment of bulk

r.amely(d,:b. CZB)/dB = vooz([_\.x‘ — Efé') = Vocr.‘:\.
: (1)
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is intrinsic, that is Ax — E(&' is covariant (and
therafore put = €A ), and that the action remains
stationary when X ae well as the other forty gcgh“
is arbitrarcily varied.

Art, 2. Statement of the reeults.

The notation here used will be found in three pap-
-are by the present writer to which the resder i
referred.

We shall use Eu, Fa,Cu, £l for our former E d .

Col , &7, also we shall write —A = V 1n !
place of % , and { € ,€) in place of — ¢, &) alee

IQ,JQ . "Q in place of @', Q™ The raa-
-zons for these ohanges in notation will be found in
Art. 5. below.

Einetein‘'s tensor eymbols {5 fé*

34 ay s
¢#V 3 3 f' 3 t ¥
are the gquivalents of our multenion symbols
1 Jas L :
H ,H* C,, &,y 0 9y o, k.

—E,/# is the {ncrsment in [ (contravariant) due
to a paralell displacement = From it the inveriant-
~ive O, €Y i3 formed expressing the increment in ©%
when it is moved Dy parallel displacements round an
infinitesimal airouit & = V,xf . (., gives vy
the process known as coniraction the coexcontra RO

o
AV o RMF)

where

Qo = —FEuhy + Vield. E6
+ E Fuf — ELEce (2)

= Yo — 1V cwx
where ’\,[f is the self-gonjugate part of\Q, TH s
a function of the 4l scalars of { Eu,m) and in par-
-ticular le assumed to be a-funotion of 2 and ¢A.
The 41 scalars ( E,,,:t) are given arbitracry variations
which are -zero at the boundary of any arbitrarily
chosen region, and it is assumed that [® tHdb
remains stationary. Thus 41 squatlions are furnished
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tor the origma.l scalars ( Eu , ). f

pefine Q &‘4/‘ . A by the equations

A = V.,ane&ne +Vond eh
= Vedyredyre + V lodew (3)
+VoIhden

The notutl;n {€,¢2) s defined in Art. 5 below as

L (.l , b .

By (3} d) ey = d»{,—cm +V|cha (4)

mdﬂzﬂ}f is the self-conjugate part of "Z.Q,.

I will now mention the identificaticns which we make
of these symbols in the combined gravitational and
plectro-magnetic field, then state the general results
that follow from the prinoiple that has been laid
down. 1In the next article an outline of the quite
timple reduction which leads to these results is given,

dof i sdentified with [f™ = 49  vhere [ = [§1]

and © is looked on as the linity furnishing
a standard or fundamental quadratic form V,dpfdp
' 15 the magnetis force cum dispiacement“q;v;_ H (we;
shall consider ocur manifold to be of :n dimcrinionu frem
henceforth), ‘X is the ‘momentum-massl-energy vactor.
4 1s the curvatures linity; the total energy linity
4T nas sxactly the sams relation with this as is
usually postulatsd for the gravitational field, —‘w
(our former — " ) 15 the magnetic induotion cum
electrostatio force, Finally X\ is the potential
vectoer, HFote very partigularly that the results,
about to e given, in no wise require uc to state
what is ‘the form of !H in terms of [} and cp , aha
yol they contain practically the whole of what is be~-
“lieved in the gensral theory of relativity.

The results that follow from our action-principle .-
are

W= -V,Alw, V,AIAL = V,Alx =0 (5)
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[The first of these is t0 be regarded &s a definit gy
of the symbol e )

(X + )+ d (n—N)(n~-2) d8(:X ~Dy) = 0 (6)

The statement V,AIA = expresesas the conger.
vation of mags-energy, & highly satisfactory daduct1nn
from the present theory.

fw = V,AN, V,A¢w =20 {7)

IH* i3 the function reciprocal to !H with regargd
to £ and SA and iy therefere taken as an expliait
funotion of 2} and IA , Thus

H+1H* = VledQe + Vyex I
=Vyvedye + Vocwls
| +Ven I
anfp = @I, lo=AlH, - ®
I = o OMH, o=, IHF
ew = g, ATHY oA = g, A
1T en = 2446 — Ve yrdfe (9)
V,(tA—1k)ew + 1Tee = 0 (10)

The kind of absolute differentiation here indicated
by the suffix £ is that whick results from a Rismann
manifeld: 1t 1s the ordinary absolute differentlation
which is meant: gsnerally below this is not the case,
the differentiation requiring the use ¢f our present

Ex in place of that portion of it, [, , defined in
equations (12),{13) below. Next we have

A=Ay + (Dlogl —Ec¢) (1)
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where Y 1s the invariant x - LNiogl ; (2 18 not
invariant); and

/B =0"TJ8, T8 = 0608+P8, ~
88 = (VoS . 68+ V SN . b -—AVoué’ﬂ),
(n=1)(n-2) 8B = E[aV,BO(N+r)
+BV (X +k)
—(ﬂ—l)(A+K)VOuBﬁ]

- (12)
1a connectiocn with {12} it is convenient to define
Fu'3 and G2’ thus

Fa'fl = 878070, Gu/B =08

(13)
Ev'A = Fu'f + G

r
of twe parts of 1« & in (12) the first ©uF is not
jnvariantive, end the second is. Similarly for (13}
It is the results given, up to (12), of which we

oy

hove pcetponed till next article tho simple establish-
-ment. We will here first make some Temarks on (9)
and (10) and the following obtainsd b7 eliminating the

potantial vactoer ¢A from the above results,

—${n- l)(n—Z)fm =V, A48 {Ih + lfc)]
(19
Our remarks will be on (A} ths nature of ths con-

-nection of {10} with the motion of matter and the

modification of its form tc one more near the uysual;

{B) the breaking up of (10) into three separate inde-

-pendent equations, the first involving df only, the

second a8 and K only, and tho third involving all

three 99 , {%  and I ; and (C) the novelty of the

expression for A 1in {6) and for ¢ in (1l4).

(A). Equatioen (10), with (3) t¢ explain the mean-.

-ing of d'I', is an identity whith does not in the
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least depend on our prinoiple of stationary actien
but 1s true sinmply hecause E}{ {s an invariant deng-
-ity. If, therefore, following Einstein, the reader
should try some speoial assumption such as that

LH* = —*l"Vazmﬂlm and endeavour to derive
information from {10) he will be Adlgappointed; after
his reduction he will discaver that (10) gives 0= 0
and nothing else. Tho utility of (10) lies in the
very faot that he will find this whatoever legitimate
specjal form he gives to Y ; ln & word, 1t is an
identity. The very simple term 'V !A<a 1in (10)
looks very different from the Fewtcnian n1d{x/dt2
or the usual generalisation thereof thit appears in
general relativity. But if we take tke form in which
it aotually presents itself below in the next article,
ramsly as

AVLAIA + ViIdeo = AV AL + VIAV,Ac
wo zre at once guided to

V’IP\,C(J == ¢ th‘D&glhg - ABVOEAQIA

(19)
The seoond term on the right is made invarlantive by
adding to the vame silde of the equation Elmfk and
therefore the first term by subtradting the same ex-
-pression from the same side, for the left side is
1nvariant1va; we will ignore these invarlantive ad-
-ditions in our discussions

The first tarm on the Tlzht of (15) is the accepted
propar exprasaion for the term corresponding in tke
general thaory of relativity to Fewton's — md"a:/dfz
The second term is to be interpretéd as a part of the
radlation pressure which in the presont theery is
probably equal to IH . We reserve till our second
paper a full discussion of this term —AQVQ%QM.
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in anticipation, however, it is of interest to men-
_tiop that I have alresdy verified {1) tkat the iden~
_gification'of !H with the radiation pressure leads
1o essentially the currant views thersof, but (2}
that the term, while leaving "large socals phenomena®
unaffectsd indicates a‘flat contradiction to the
Hewtonian laws" when we attampt to apply them to
sgmall scale phenomena® {Jeans' Report on the Quan-
-tum Intro. ohap.)

Another aspect of the term is that A 1s the
gector pontantial. As usual the physical interpraeta-
tion of A must be sought in its effect on “cw . The
expression for ¢ in (14) ts peculiar to the present
theory, and is interesting in itself. It suggests
what we Xnow to-day for a fact, that wheresoever is
a current there also is momentum, It is ordinarily
assumed that in the sther both terms on the right of
{14), or at anyrate the second, are zera. Relativ~
-ists. nitherto have failed to provide any invarian-
-tive fiux of asnergy which shall serve to tranefer
energy acroes interstellar epace. The present theory
provides I (closely associated with the yoctor po-
_tantial €A ) to perform thie duty.

The vary dirsct manner in which both in (10) and
in (14) the momentum vector U)X comes into comparis-
-gn with the current vector lK was no surprisa to
me., 1t seemsd to me a merit and not a defect in ‘the
theory. 1In May 1923 I sent a series of seven lettears
to "Satura® which would have ocoupied in all less
than sevan pages, discussing the phenomena of quanta
in the ether from the point of view of relativity.
{The latters wsre returned as unsultable for *Natura®},
I pointed ocut that if relatitity were true and also
the conservation of energy, we were practically com=

ps:I_.led to i:elieve that in emﬁiy spaoca the, momantum vector
UM exists and satisfies precise conditlons. ‘Thé
only simple viev ssemed to be that there was some
univergal natural constant expressing that wheraver
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there was slectric current there was also a propor-
~tional) amount of material momentum. I went so far
as tentatively to suggest that the factor of convers.
ion was ’??1./3 where € 1is the charge of an slectron

or a proton,taken as positive,and ™, = mm9/(m+ 'mo,

where 71 and M are the maeses of a proton and elect-
-ron“:;spectlvely; but I would not have it cubposed
that this is in any way involved in our present
theory. Indeed I can see several rzasons for thinking
the ratic c¢f conversion may be of quite a different
order of magnitude.

{B} Fotice that when we regard (2) as defining Y*
in terma of Em,, the expression for’#f is linear in
E@ s0 far ac the two terms in [5 are corcerned and
is quadratic in the other two tarms. 1In the same way

E:u itself by (12) and €& by {14) are expressed lin-
-early in terms of (Zlg,ék), lig and 1), . We may
suppote these values of ﬂf and ¢0 substituied in the
identity (10} which thus c¢omes Lo be expressed in
terms of the thres symbols (involving twenty scalars)
and thelr derivatlvesz up to the second order. We have
shown that this identity is true for arbitrary inde-
-pendent vilues of the three. It must therefors sep-
~arate into three tdentities which are easily obtained
in invariant form. If we put [A == g = 0
we gat the already famous identity for a Riemann mani-
-fold. (10) it=slf ie a second of these three ident-
-ities, The third is moat convenilently obtzined by
putting ‘A == 0, This is the case which ghould
have been considered by Elnetein, Although the momen~
=tum vector does not appear, yet mn:erial force (in
cur notation K7|COJZ>\ ) due to ocurreat is Brought into
direct connection with the curvature, and &s a conse-
-quence it seems to me that we ought to have Y = 6
where [? and Y are Zinstein's constants. If thig is
correct, as already remarked, his thsory is inconsias-
tant with observaticn,

(€C) It eeems probable that in (6) é&y is as a
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rule the chief term in the exprescion for A and
that Yy is a natursl measure of cosmic time, very
pearly proporticnal te cc-ordinatiitime when taken

in a usual manner, If this is so0 ger wlll be large
compared with .

Wwe may think of VOD\.Ay as the true expression
for material density in ordinary units; if se
3N \/(Voﬂyg'lﬂy) would be very neurly the pro-
-per expressicn for the momentum vector density in
the sam¢ units, with the same sense of "very nearly"
ag in the phrase two sentences above,

Further at this present moment of writing I lean
towards the surmise _tral the total mass in the uni-
-verse 18 exactly zero (as we all surmise atout the
charge). From the known data of the stars in the nelgh-
.bourhood of the solar system we may sugpose there ie
in puch neighbourhood & uniform negative density of
the order 1/200 erges per e,c¢, on which is superposed
the positive density due to radialion, about 2 clese
to the sun's surfuce and atout 1/20;000 neuar ‘the enrth:
1 would suggest that poseibly we have here {in the
endowment of the ether with a negataive material den-
~sity} a hopeful metkod of overcoming some of the out-
stending difficulties of radiation.

In this ccrnnection it may te obeserved that from (14)

I\ and I cannot both in interstellar spacé be zero,
ard the former in particular must exist to account for
energy rlux, Ik s always assumed to be zero in em-
~pty space, tut 1n my opinion without due warrant,

Tre absence of dissipation of energy seems to me to
invelve cnly the less drastic conditien

Vet = 0
Art, 3. Proof of the results.

Before establiehing the results of Art. 2 it le des-

~irable to coneider how expresalons of the forms

(AQ,QQ) and (Ag ) IQS) are by supplementary add-
-itions made invariantive, ie an invariantive
multeénian or oultenien linity and ICQ a corresponding
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invariantive density. 'In the papers already Teferrey
to the olx standard ocases for Q have been fully dealy
with by aid of our present Em‘u? y and to deal with
ZQ is a eimple matter, If is any scalar syugh
that !/Cdb iz invariant and is a particular Case
of Lfe which we take as a standard, then, of Course,
zk/[ ic an invariant and the difference of any twg
of the three vactors EEG , Ateg e ana A log {
is a covariant vector, In the case of the supple~
-mentary additicti may be writtern (F, Se Q) where
S¢Q 15 a definite tilirear functicn of € and Q) |
{For instance, if @ = § 1o a-coexcontra muliep.
-ion 1imity then if ‘on,Q,) is invarfantive
(&3, Q9)+ (E) S€ Q) is alsa inveriantive provided
5L = EcE + E_E‘g{)- In the case of we have
in addition to change _Ag Lo any cne 9f the three
Ay~ Ee€, Ng— Aloglk or Ay — Alogl .
This new supplement may however be incorporated with
Sg by changing S( to S; — VOEEe’E/
when we please, we may use ¢ for this
Let us now consider the appla.-tcation of
In the first place it greatly simplifies
phaefve that in using equation {(2) above to express
BEH in terms e¢f B\Q.z and e A the third and ?‘ourth
terms 9;‘ L2 can be entirely ignore_d. By making in-
-varjantive every definite result obtained from our
principle we ensure that the affect of these terms is
taken account of. (If the resader dces not consider
this statement emesy to estatlish ha may use the ignor-
~¢d -terms throughout his work and he will find that
he 1e led to precisely cur results). We shall there-’
-fore only write down the non-ignored terms, juat as
if they formed the whole of the expressions under
conaideration, axcept when we come to the dafinite
stages of our results which we shall mark by  numbared
equations. In these we shall always insert the terms
Necessary to make the expressions invariantive, With
thie explanation ‘we hava:-

and,
ful;ler form,
our principle,

matters to
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0= fr[8Hdb= [nldb[ Vod )3 e
- +V-01?\8(-A:c—~E€e)] .

From the term in & we at once derive from our prin-
.ciple, that the equation of conseryation of masg-

energy, VolIA =10
the & term. Thus

0 =Iﬂfdb[vodﬁffc%8€9.e A9+V0€A'8EEIE/)
_VBMSEee]
=Jﬂj dbfvogEgAgd\_Q;QE - VOSEFF(({\Q,Q/_\_Q_H}L)]

Hence

is true; and we may drop

0 = VOSEEE’[VOE’AQG’L\Q,Q(

— Ve (48N g+ 1k + IAY]
Vol . dfen

=3 Vol . (9,4 4+ b+ 1))
— 3 Vo(d6glg + Ik + IXyea. @

The last of these-equations rollows from the preced-
-ing ore when it is observed that the forty scalars
of SEQ f,é) are arbitrary and that from the sg.rmmetric-
-al condition Lo'0 = Ey’%a it follows that
Eatd is self-conjugate in <& . Putting (6,6) for
(,51, ‘-'Ul)in the last equation we obtain

I + 1A (fG)
- n

2090 + E740¢ + (1 +1X)
—=8 T e TN TR)

LNy + E,7dBe
L+ m

I

Thetercra 0 == V8. dBeq 4+ Eﬂ/a?g%
+ d0E jear. — clgfavolé)EEE
+ [Volea. (e +1A)
+ Vo(W + 1Ny 6]/ (m=iy (I7)
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in {17) put dfco = € and operate on the egquaticn
By VQG( ) ., The equation may be put in the form
VD,@[ ] = 0 where [ ] is, of course, A covari-
-ant vector which our principle shows to be equal to
zerc., We thus cbiain equation (6} above. HReturnirg
to the equation from which we derived this result ex-
-press Lt in terms of g whers da == 1§ a3 usual,
and raking it invariantive, we ottain (12] thus:~
Equation (17) may be written 0 = da,a‘“ +  terms in
(ZK +l;\.) where the suffix J indicates absoluts dire-
lerertiation in the [ sense, Writing Z“'(IJ‘C + IK)
as ()\'i-h:), the last eguatien in turn bacomes

0= Bﬂa + terms in 9(>\.+K)c: in full

0= Vo8A . b —Egblox — O j'x
+{(1=n)-1G[Vofbx . (A + &)
+ V(A +x) b . B
F2(2=nYTV RO+ K) . o]

{The third term within the squere brackets arlses’
from ECG whan we change from “ZB‘; to 9,@ above).
The ectablishment of (12} from this egquation is =z
femiliar process, and in mulienions 1t takes the fol-
-lowing form, TFrouw thls equation write down two other
equations, the first by interchanging & and [? ; the
second toing the negative conjugate of the original
with regard tox? : then add the three equations to-
~gother. It may be noted that {15) is a result in
addition to those given in Art, 2. We may consider
that we have now established all the results of Art.2
except the identity (10]).

{10} is obtained by the procese fully exhitited in
the papar alrandy referred to, where the ident ity
depanding on the invariants of Z'Lf was considerzd.
Here, however, we will treat the zatter much mors »
generally, We will first consider a genaral theorem
ef ‘the type of (10}, and afterwards enunciate =z still
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more general theorem. 4

Let lx be an invarient density function of any
pumber of covarient hyper-vectors (of whith ‘W 1is
taken as the type) and of Bny number of coexcoalra
multention linities of the type alb , which is used
to denote B linity of the fora eu Vocv( Y. (s
usual in multenions U,V, W, stand always for hyper~
vectors nva, ﬂ.vb. 'nVc respactively). The eon~
dition that X is an invariant density may be statesd
as that

—~lx Voo = §lz ) (18)

Tne ¢ here used is put in plncé of the £ reprasent-
-ing an infinites{mal change of covrdinates in my
papers already referred to, and in the same papers

8’ is explained as expressing a definite kind of ine
..c,r!ement in any symbol depending on this change.

3"l may be explicitly put in the form —-VOGQZUﬂg
so that since all the derivatives of & are artitary
we get the ldentity U1z ==0 or, say,

ZX = () whers ZX stands for lU—- Z.I. This 1s

the necessary and sufficient condition that Z-Z is an
invariant density. {10] expresses that (Xgﬂg =0
In our general case we can show that the part contrib-
-uted to this second identity by every individual CW
and also every individual aEb is invariant;.te.

There is no neceseldly Lo cumber cur work with the
summation sign, It is quite sufficient to apesk aa
though there were but a single “W and a singla agb -
Let ofy = f . Define [ ana @} by the equation

vdlz = Vilwdew + Vidfedfe (19)
¥e tind that X = VicwV,_ lwea
+V\{eV, dfeca
T + V §7dteVy ecx
— lpea - (20)
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4
and
Alx = AVwylw + A VEgedle (20
whance
IXgNg = VicwV,_luwgDg — ViV, cupA,
+ terms contributed by ¥ (22)

Abreviate the expression on the right of (22) =g
follows: -

{I'w) c’w} — VJ(V‘:_IA I/w)cw
VU By (1)

Also let
() = SewVeu() ()
Tren (22} may be written
IXgl>y = {I/w)cw] £ Z{d’g'c'u)f'wj
+Z{dg’cw,cv} (25)

which 1a obviously a coyariant vector deneity.

We will now in Art. 4. indicate the proof of these
assertions, and ennunciate the more general theoram
mentioned above.

Art. 4. A general theorem in identities.

In different parts of my papers (2) already rere_rred

the following has b.eer_: shown. Let Q0 become /2 + &

by infinitesimal change of coordinates. The increment
5’c in a contravariant vector O will then de

Vo = Vead.o = X (26)

* . i
I¢ now g N Cg are a conttavariant and covariant mul

-~

-tenion respectively
5 = Xog, 8%¢q = —Xo'q (27)

To express these explicitly in terms of J put
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g = Tw, °g = Tew (28)
where the summation sign implies that the homogeneity

¢ of W and of “W tekeep all jntergral values from
O to7t. Then

qu = ZVCXOGVC_Jé-w

= Z:VCO'QVC _légw’ (29)
_-Xofcq = — Z:Vcagvc_[ggcw
with this help the reader should find no difficulty.

The more general theorem is as follows. Let an
invariantive multeriion here menn gf(fk) , where @
is any covariant or cenftravariant multenion and

(fk) is any scalar functicon of any acalar density
U'f. Similarly an invariantive mul‘enicn linity means
¢_ F(UC) where ¢v is any coexcentra, contraexco,
casxco or contraexcontra, linity: and F(Ek)any
scalar function of lk, “Let [T be any given function
of any number cf such invariantive multenions and
multenion linitiea, and let X y 2 covariant vaecter
linity density, be formed from it exactly ac in Art.
3, Then, as in Art, 3, IX = 0 ana IXQAQ”H: 0
and the expression 3X9Ag consiats of a
sun of Invariantive parts contriduted by the individ-
-~ual multenions and multenion linities, Each of thesge
parts in turn subdivides inte two invariantive parts,
contractile and non-contractile, whose treatment
however is reserved for a later papear.

t may be suggested to the reader that.to prove thia

‘mare general form attention should first be paid to

the separate part contributed by Ik , which will te
found to be of the form {4\ (invariant},

It is interesting to obeerve that the invarizntive
expressions atove are quite independent of the existe
-ence of a fundamental differential quadratic form.

AT, 5. Bome reforms in notaticn,
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Wnen first in 1907 treating of multenions I expregg.
-ed a doubt whether the sign of Hamilton's v shoulq
be taken over from gquaternions into multenions, TJqoo
day I am certain that it should not have been. ag
the present series of papers affords a suitable Opp~
~ortunity to make scme very d.esirfa.b_nle changes of
notation, for all time, I will not apologisce for
causing the reader some little inconvenience by =o

01ng.

: This iz caused the change expressed by D= — V,
{Act. 2. avove), and the allied change (_EE) = —({t))
and (66?) is a natural addendum to (66)

Formally we have
(c6) = N(ta,ta™), « , = Z(L) (30)

Y

. , im are the m primitive unit
is one of the 2~ primitive unit vect-

-oTiums. EA stunde to g as does FANT £, that

, it ¢ = S.xf , then

5,& == Z,f_!a/ dZ . With thess meanings we have

where & , ¢
vectors and

a
2
rs
3

o = €eVer, g = eVeyg, ()
d. = VodpA., d. = Vodg,A.

whieh shows that the inconvenieént minus sign has, by
our uew conventions, been banished from many express-
-ions,

Our former P and gx , that is cur present P and
‘g , are complementary in an invariant sense, in that

VO})‘g is an invariant whatever be the :a'l.ues ?rp
and ¢¢ . &imilarly our former ¢ and Y, that is
our present ¢ and ¢y, are complementary in that
Vogﬁe‘-’“yffé’ is an invariant whatever Be the values of
¢13n:y:¥2;mer paper we had X ana Y" s OT say X

and CY , with a similar complementary relation nane-

N,
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-1y, &E}{653(8 is an invarlant. As this use of
¢Y is net abeolutely required, we will abandon it
for simplicity of notation. ‘

1z X is a coexco linity then XA~ 18 a contraex-
~contra, The dash here used‘may be made to supply -
our 0ld usa of , X thus: X shall always mean a

& contraexcontra, This explains
how, in Art. 2, we came to denote our old E,ﬁ by

E,” and conmsequently to denote old Iﬂﬁ, Fo, (}5.
£) , by the same lestters each with a dash.

¥hen in our prosent subject we have, whioh is by oo
means alwiys the case, a fundamental quadratic form
ngpc?dp then we takas fﬁif = [ to be a funda-
mental scalar invarian: density, and we gensrally re-
«gard any other dsnpity as obtained by multiplying a
previously defined symbol by f . Hence our use of
fg, I¥, etc, {our former q@", €7, etc.) for such
densities, In our use of “ZQ, d , for sur former
L2, E™, the d in the pre-index position is Suppoa-
«ad in form a combination of the ¢ and that weras
alse used in that posit.iqn.

Art. 6. The origin of the pressnt researches,

The eeriees of researches in relativity, of which
the present paper is the firat, began in December 1921
with a paper sent to tha Phil. Mag., ¢orrecting an arror
in Professor Eddington's paper "Relativity of Fiela
and Matter® in the Phil. Mag. of Fov, 1921. In Wy paper
wig a firet intimation of the importance of coneidar-
-ing intrinsic bulk as we do above. Professor Edding-

coexc¢, and

-ton later found his error and corrected it before my
communication could have reached England, and no notice
whatever was taken of my communication, In Jan. 1922

I soent a rather leng paper suggeated by the Decemtar
Comunication to the Phil, Mag. This was entitled TA
Yew Identity Affecting Questions on Relativity; ana
Bome Cognate Matters.® Tre new ldentity occupied but

a8 emall portion of tha paper at the teginning. In the
Fhil. Mag. of Aug., 1522 I was surprised to find this
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new identity (in a léss general form} credited to Mr,
Harwsrd, who dates his communication May 1522, 1In
Septamber 1922 I wrote & letter; intended for publi-
~sation, pointing out this editorial oversight. 1
the Phil. Mag. for July 1923, p. 153, an editorial
footaotd promises that the paper whose title {s zivaen
above 'will *appear shortly®, and now in April 1924

I continue to take for granted that the papar and the
letter will "appear shortly".

In Novenmber and December 1922 I sent to the Roy.
Eoe; Lond. three papers and a single summary of the
three. The first of these appeared la ths Phil. Mag,
of July 1923, The summary, with the exception of
two concluding sentences referring to this first papar ;
is as follows, !

*(1} The Mechanical Forces Indicated by Relativity
in an Blectromsgnetic Field. Can their Existenoe be
Demonstrated?

“(2} Relativity and Elasticity.

"(3) Entropy, Conductlon of Heat, Viscosity ana
Electric Resistance Treatecd on the Principles of Rel-
-atirity.

_"The papers are concerned with bringing all the fua-
~d4amental ejuations of the physics of mattar in bulk
under the domain of relativity. A papar by the author
On the Mathematical Theory of Electromagnetism (Phil. !
Trans,} in the year 1893 had, in pre-relativity days,
made a comprehensive survey of like general kind. In
addition to electromagnetism the foundations of all
the subjects in our present titlea are reviewed, With-
-out exception mnd also without any loss of generality
it has been shown in cur present thres papers that all
the features of the 1893 paper can be copied into the
relativity scheme, 7The reeults are surprising in that,
so far from introducing couplications into thess phys-
~ical foundations es probably all relativists antict-
-pated, relativity introduces great and important
simplification. ™

H
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1t was officially communicated to me that thes ref-
.eree reported that these papers Ycannot possibly be
printed“ for one and only one reascn, which was worded
thus:~

nyou use quaternions.”

Tre reason was expanded into the zasertion that it
«as as inappropriate %o “upe quaternions' as i1t would
vs to address an English scientifjc audience in Sans-
~krit,. Doubtless a copy of this curious communication
has been Xept by the Secretaries of the Royal Society
gnd cen be seon by any F.R.S8. who chres to verify
that this is an exact account of the mattar.

The researches on quanta sent to "Faturs® in May 1923%
wave teen menticned above.

It is therefore necessary to bring out these resear-
-ghes in distant Tasmania, The whim of a gentleman
who dislikes gquaternions has ruled that for this de~
-cade at any rate that subject is verboten in Londen.
It should be clear that one of my main ohjects has
besnn to show from the fruits of the method that 1t ia
much more efficlent that the current method of tenéara
in surmounting the formidable difficulilies that rela-
~tivity presents to ths pioneer.

The present series of papers will deal with the
subjects mentioned in this erticle and some two other
researches already in existence; tut they need to be
revised Tecause the present paper has co-ordinated
the previously independent elements in the basis cf
relativity into & consistent whole, the bearing of
which ¢n these questions remains to be looked into.
{The original papers will-be placed in custody of the
Roy, Soc. Tas.)

Mathematicians generally should be grateful tc the
ﬁoyal Bociety of Tasmania for finding means fot the
publication of these papers, in spite of the fact tha’
the funds of the scciety are urgently needed in other
sclentific directions. Not all readers may realiess
that the population of Tasmania, the sols support of
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thic Socjety, is considerably lese than that of
Cornwull, or abcyt the same as that of Dormet, 1Ip i,
not ususl to expect a cormunity of that cize to have
the facilities for printing technical mathezatice,
Qur difficulties in this matter of printing or scre
alterrative methed of reproducticn are proving graay,
Eut for the vwery friendly interest taken by all thg
printing establishments in Hobart, and the great
amour.t of troubls that the Government Statisticlan,
¥ajor L.F.Gitlin, D.E.O,, has taken upon himself ip
making enquiries ms to methods and processes, the
wirk cowld scarcely have teen undertaken. My best
thanks are also dus to Nr. R.G,L. Brett who has given
ruch of his time irn the latcrious work of drafting
the formulae for reproduction.

Refererces.

(1} "Multenions mnd Pifferentisl Invariants, I,,
11, 2111.* Prec. R.S. Lond. A; Yol. 99, 1921, p.292;
Vol, 102, 1927, p. 210; Vel. 103, 1923, p. 162. JFar
the future these papers will be referred o as N.D.T,
{1), (11}, (1I11), The present paper may be taken to
supersede M.D, 1. (TII} Art. 21. .

{2) w.p.3¥. (11} Art, 18, p. 2%5 (bottom of); M.D.I.
(I1) Art. 15; M.D.X. (I) Art. 6 (part added Feb, 1921}
eqg. 1.



