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Abstract 

The strong and electromagnetic interactions of the ground state hadrons 

have, since the early 1970's, been known to comply with the tree level ap-
proximations given by effective Lagrangians. In more recent years the weak 
decays of heavy hadrons have been successfully calculated by use of the Heavy 

Quark Effective Theory (HQET). It is suited to hadrons containing a heavy 

quark (c, b, t) with light quark partner(s) (u, d, s) and uses the approximation 

that the hadron momentum is carried by the heavy quark. This resembles a 
group theoretical approach of constructing relativistic hadron wavefunctions 

in the mid 1960's, based on U(2N1 ) 0 U(2N1) c 0(4N1 ) symmetry group, 

producing wavefunctions whose structure implies that the constituent quarks 
must be moving collinearly and with the same velocity as the hadron. If one 

quark is much heavier than the others then it will have most of the mo-

mentum, as is the case for HQET. The main difference between the schemes 

is in the treatment of the light quark momentum, but this is a higher order 

correction leading only to minor changes. 
Given the similarity between the models, but with the present favouritism 

shown for HQET, we re-investigate the 0(4N1) scheme because of its many - 

advantages. Firstly, since the scheme is a spin extension of the SU(Nf) 
symmetry, the known mesons (including excited states) are classified into 

spin-flavour supermultiplets which naturally leads to the reduction of the 

number of free parameters compared to simple flavour SU(Nf). Secondly, 

the scheme's interaction Lagrangian is applicable to two-body strong decays 
with one only needing a single coupling constant for each parent orbital 

angular momentum state. Vector meson dominance is easily incorporated to 

enable study of the electromagnetic processes. 

In this thesis the 0(4N1) x 0(3, 1)L scheme has been applied to the two-

body strong and radiative decays of ground and excited mesons (from L = 0 

to L = 3). We use known decay widths and meson masses to calculate the 
universal coupling constant involved. Uniformity in the value of supports 



the supposed supersymmetry. There is high quality experimental data on 

the ground states decays and our analysis finds reasonably constant coup-

ling, but there is some small symmetry breaking associated with the parent 

meson mass. Nonetheless, the breaking is quantifiable and leads to predic-
tions for the D* and B* decay rates and branching fractions. From the less 
accurate experimental data available on excited decays we find good uni-
formity in the results, especially when taking into account the uniquely large 

number of processes considered in this work. Thus I have determined that 

the 0(4N1) scheme appears well suited to describing meson interactions and 
their excitations and should be useful in studying the weak interactions after 

appropriate manipulation, as well. 
As a contrast to CJ(4Nf) we develop a quark triangle scheme involving 

a Feynman graph which provides quark level universal couplings to account 

for the symmetry breaking effects of unequal quark masses. Due to its com-

plexity it is only applied to the ground state radiative decays, but with 

considerable success and over a range of processes far exceeding any similar 
work. Also, whereas other research has used approximations in the derivation 
of the decay amplitude, ours is exact and lends itself to study of all applic-
able channels regardless of the mesons involved. Unfortunately it is difficult 
to apply the method to higher excitations as the quark triangle involved is 

divergent, and so techniques of renormalization would have to be used. 
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Chapter 1 

Introduction 

Symmetries have played a fundamental role in the present understanding of 

atomic, nuclear and particle structure. It began when Mendelev first ar-
ranged the rapidly growing array of known atoms into the periodic table of 

the elements. His sorting was based on the regularities in chemical and phys-
ical properties of the elements and these symmetries suggested that atoms 
may have internal structure, motivating the development of several models 
of the atom. The experimental probing of atoms by Geiger and Marsden 

confirmed Rutherford's model; that of a dense, heavy, positively charged 
nucleus with negative charges distributed elsewhere. With this picture in 

mind, Bohr developed his model of the hydrogen atom in 1913. He assumed 
the electrons moved about the nucleus in circular orbits under the influence 
of the Coulomb attraction. These orbits were only at discrete distances from 
the nucleus and he imposed additional conditions to (attempt to) overcome 

the conflicts with classical physics. Nonetheless, his model produced predic-

tions which were spectacularly matched by experiment. Unfortunately it did 

not fare so well for other atoms, but its refined version which seamlessly in-

corporated the 'new' ideas of quantum physics, yielded much better results. 

So from an observed symmetry rose a theoretical understanding of the atom 
with substantial predictive power. 

Given that the atomic nucleus is positively charged and contributes to the 
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majority of the overall mass, the observed charge and mass progressions of the 
elements were consistent with the nucleus being composed of two particles, 

the neutron and the proton. The attractive force which binds these particles 
in the nucleus has to be very strong to overcome the Coulomb repulsion 

between the protons. This so-called nuclear force was found to be charge 

independent so that the force between protons and neutrons is the same 

as the force between protons and protons, or neutrons and neutrons (once 
other effects such as the Coulomb repulsion and the Pauli exclusion principle 

were taken into account). This symmetry of the nuclear force suggested the 
neutron and proton could be treated as related manifestations of the same 

particle. The new quantum number describing this symmetry was called 
isospin / (due to its mathematical similarities to the treatment of spin), and 

the proton was viewed as the isospin up (13  = 1/2) state, the neutron isospin 

down (13  = —1/2) state of the nucleon (/ = 1/2). This machinery was very 

powerful in identifying related quantum states in systems with large numbers 
of nucleons. Symmetries in these systems could be understood on the basis 
of their isospin composition, and predictive ability spawned hand in hand 
with the simplifying aspects the symmetry provided. With the discovery of 

the charged pions in 1947 and the neutral pion in 1950, an understanding 

of the nuclear interaction based on Yukawa's meson theory of 1935 in terms 

of the exchange of virtual pions was completely consistent with the strength 
and short range nature of the nuclear force, as well as its conservation of 

isospin. At this stage in history, physicists were (once again) content with 
their understanding of the constituent particles of nature. However, there 

soon followed a prolification of particles which did not fit into this neat 
picture. 

The 'particle zoo' has continued to expand, and today the number of 

strongly interacting particles is in the several hundred. In the early sixties, 

this number was around twenty five and several workers noticed symmetries 
in their properties. They arranged the particles in groupings much like those 

of the periodic table of the elements; any gaps in the diagrams representing 
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missing (unobserved) particles were soon filled and had properties consistent 
with those predicted by the groupings. Soon after the development of this 
scheme, it was realized it could be formulated in terms of constituent objects 

inside the hadrons (strongly interacting particles). These objects were called 

quarks, and in the mid 1960's three types of quark were required to account 
for the then known hadrons. As more particles were discovered the num-

ber of flavours necessary has grown to six, but most observed hadrons can 
be accommodated on the basis of the constituent quark model. The quarks 
are bound by the virtual exchange of gluons described by the gauge field 
theory of quantum chromodynamics (QCD). This combined with the elec-

troweak theory forms the Standard Model of Elementary Particles, the basis 

of our present understanding of the forces and particles of nature (excluding 

gravity). 
In all these cases the role played by symmetry considerations has been 

enormous. The observation of similarities in behaviour points to the possible 
simplification of the problem. With the development of a theory based on 

these symmetries one has a powerful predictive tool as few parameters are 

required to apply it to other situations in which the symmetry is applicable. 

The more general the symmetry, the fewer the number of parameters are 
required. Conversely, the discovery of universal parameters from a spectrum 
of sources indicates the presence of a symmetry. This project is concerned 
with the two-body strong and electromagnetic decays of the mesons. In re-
cent years there has been a resurgence in the interest in these decays for the 

heavy mesons due to new tools such as the Heavy Quark Effective Theory. 

These techniques claim a superiority over those of old, such as SU(3) exten-

ded to SU(4) and SU(5) because they exploit symmetries inherent to QCD 

which only emerge in certain situations. 
This project chooses to re-examine as many as possible two-body strong 

and electromagnetic decays of the mesons using the most up-to-date data 

available. This analysis will span the ground and orbitally excited state 

mesons and will attempt to extract universal coupling constants from the 
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decay data. These couplings constants are universal in that they are the 

same for all processes considered. Obviously we are highly dependent on the 

theoretical model used to derive these couplings as to their universality. Since 

we are searching for couplings most universal in nature we ideally require a 
technique which embodies as many meson states as possible. To this end we 

use a relativistic generalisation of the SU(6) quark model which treats the 

spin zero and spin one mesons of a given angular momentum on an equal 

footing. In its original conception it was based on three quark flavours, but 

with the simple extension to an arbitrary number of flavours we can apply 

it to the heavy meson sector as well as the light. This is a very powerful 

machinery for computing the couplings, but it has been many years since 
it was applied to the meson decays. We also examine the electromagnetic 
decays of the ground state mesons in the context of a quark loop diagram 
with universal type couplings defined at the meson-quark-antiquark vertices. 

The accuracy this technique offers is offset by the difficulties in applying this 

to other processes. 
The motivation for determining these couplings is to evaluate the status 

of some methods which can be applied in the light and heavy meson sector 
(both ground and excited states). The advantage in this program stems from 
the opportunity to learn more about the model's abilities to handle different 
decay types. Our unique approach is to determine the coupling involved in 

many channels and to compare the values in each instance. In this manner 

we can immediately see the adherence to universality, and often deviations 

appear systematic and so can be incorporated into a refined version of the 

model. This differs from standard approaches relying on universal type coup-
lings. What usually occurs is that the coupling is determined from one decay 
channel and then immediately used to yield predictions of symmetry related 

channel widths. These predictions are then compared with their experimental 

counterpart and a match signifies success. However, this method does not 

allow for any 'observational' stage and any deviations from the symmetry are 

much more difficult to determine. 
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1.1 Structure of the Thesis 

This thesis consists of six chapters, this first one detailing the motivation 

behind the project and what is hoped to be achieved. Chapter 2 deals with 

the development of relativistic SU(6) theory (and generalization to arbitrary 

flavour number) which we exploit in later chapters. This development traces 

the conception of the model based on Wigner's SU(4) theory of nuclear in-

teractions applied to the elementary particles. Since the SU(6) quark model 

is an extension of the popular SU(3), we directly compare the properties and 

predictions of both, revealing the many advantages of the SU(6) ideas. To 

use it as a computational tool, we detail its relativistic generalisation which 

leads to a meson wavefunction encompassing the vector and pseudoscalar 

mesons as well as an interaction Lagrangian for the three point coupling of 

mesons applicable to two-body strong decays. Toward the end of Chapter 2 
we discuss the many similarities the method has with some modern tech-

niques, as revealed by several other workers. 
Chapter 3 is where we apply the scheme to the ground state meson de-

cays. From the general interaction Lagrangian of Chapter 2, the vertex spe-

cific forms are obtained, namely vector to two pseudoscalar (VPP), vector 

to vector and pseudoscalar (VVP) and vector to two vector (V VV). These 

in turn yield decay rate formulae which along with experimental data of ac-
tual decay widths can be used to extract the coupling constants. However, 
before doing this we incorporate electromagnetic interactions in the scheme 

using the notions of vector meson dominance to obtain suitable decay rate 

relations. After identifying the observed vector and pseudoscalar mesons in 

terms of the appropriate relativistic wavefunction indices and discussing some 

of the subtleties of extracting the relative weight of a given decay's coupling 
constant to the universal couplings we proceed with the analysis of the ex-
perimental data. The results show the couplings are quite regular, but there 

is some scattering of values. However, in most instances any deviations are 

systematic, and a simple symmetry breaking mechanism effectively restores 

the universal couplings. With these couplings several predictions are made 
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about the (presently unmeasured) decays of the D* mesons, and several of 

the predictions are compared with other methods. 
The decays of the orbitally excited mesons are the focus of Chapter 4. 

We firstly detail the incorporation of the orbital excitation states into the 

relativistic SU(2N1) method and then proceed to derive the permitted in-

teractions and decay rates of the scheme, up to L = 3 or the F-wave mesons. 

With the correct assignment of wavefunction indices to observed mesons we 
extract couplings from the experimental measure of decay widths. There 
are a very large number of processes considered and in most cases they sup-
port the notion of the universal couplings. However, there are also numerous 

uncertainties with the data and possible interpretation of states; until the 

experimentalists reach greater consensus with their data we have problems 

making conclusive findings. Nonetheless, there are some very encouraging 
results and we hope the analysis will be performed again in the future. 

In Chapter 5 we adopt a new method, that of a quark loop diagram 

and associated Feynman amplitude. This is applied to the electromagnetic 

interactions of the ground state mesons, with considerable success. It in-
volves use of effective meson-quark-antiquark couplings constants for various 

quark flavours and mesons. To the extent that some predictive power is lost 
due to the prolification of coupling constants, the method offers insight into 
the symmetry breaking mechanisms at play which may be applicable to the 
earlier method. It also offers several predictions in the heavy meson realm, 

and these are directly compared with others. 
Finally, Chapter 6 is comprised of a summary of the thesis together with 

suggestions for further avenues of study. 
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Chapter 2 

History of Relativistic SU(6) 

This chapter discusses the progression from the SU(3) symmetry of the 

strong interactions (for three quark flavours) to the nonrelativistic SU(6) 
model and then the relativistic generalization of this scheme. We detail sev-

eral of the predictions of the SU(3) symmetry and then contrast these with 

the extended predictions offered by the 'larger' symmetry of SU(6). After 

developing the relativistically covariant version of this symmetry, applicable 
to an arbitrary number of quark flavours, we elaborate on how many modern 
techniques are very similar, and almost equivalent, to the forms we use. 

The SU(6) symmetry scheme of particle classifications was devised in 
the mid 1960's when researchers were interested in understanding the higher 
symmetries of the strong interactions. The approach was much like that of 

Wigner's SU(4) of nuclear structure [117], except applied to the structure 

of elementary particles. It is therefore convenient to begin with Wigner's 

SU(4) theory as applied to nucleons and then translate the theory to the 
elementary particles. We shall also compare the predictions of the SU(3) 
symmetry scheme of the elementary particles, the so called 'eight-fold way', 

against those of the SU(6) scheme. 
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2.1 Wigner's SU(4) of nuclear structure 

A fundamental tool of modern particle physics is the use of symmetries to 

simplify treatment of the ever enlarging 'particle zoo'. These symmetry tech-

niques were first applied to the proton and neutron; the observed charge inde-
pendence of the nuclear forces implied the proton and neutron were effectively 
indistinguishable to the nuclear forces (and hence in some sense symmet-
rical). Thus Heisenberg [67] devised a scheme in which they were considered 

as different states of the same particle; he gave them a new quantum num-

ber called isotopic spin (or isospin). The proton was said to be the isospin 

up state, while the neutron had isospin down. The observation that the 

nuclear forces were approximately equal between nucleon pairs is therefore 

equivalent to saying that the nuclear forces are isospin independent, or they 

preserve isospin symmetry. 
The invariance of the nuclear interactions under isospin transformations 

was mathematically described by the group SU(2) (the same group as normal 

spin). These notions of symmetry can be extended by neglecting the forces 
involving the ordinary spin of the nucleons (tensor and spin-orbit); the spin 
and space variables are decoupled with regard to the nuclear interactions so 

that they are invariant under a group SU(2) 0 SU(2), the direct product 

of the ordinary spin group and the isospin group. A further approximation 
can be made if the fundamental part of the nuclear force does not depend on 

spin and isospin at all (only space) then the interactions are invariant under 

the larger group of transformations SU(4). The fundamental constituents of 

the group are a spin-up proton, spin-down proton, spin-up neutron and spin-

down neutron and the SU(4) group transforms these amongst themselves. 

A basis of an irreducible representation of the group SU(4) characterises 

a supermultiplet of nuclear levels. Such supermultiplets can be reduced to 

bases of irreducible representations of a subgroup of SU(4), namely SU(2) 0 

SU(2). This reduction is useful for showing what spin and charge multiplets 

belong to a supermultiplet. Importantly, different spin and charge multiplets 

can be in the same supermultiplet, as the neutron-proton systems in the 3 S1  
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and 1 S0  states are (i.e. all spin and isospin states become degenerate). 

2.2 Symmetry Groups of Elementary 

Particles 

Provided one is only concerned with isospin and its conservation in nuclear 

(strong) interactions, SU(2) provides a rudimentary classification of the eight 
spin 1/2 baryons and eight spin 0 mesons in terms of two doublets and a quar-
tet. Interestingly, the isospin classification of SU(2) was used to predict the 
existence of the E°, E° baryons and of distinct K° and k° by Gell-Mann [58] 

and Nishijima and Nakau [88] in 1953. However, the conservation of strange-
ness (or more correctly hypercharge) by the strong interactions demanded an 
extended symmetry group beyond SU(2). Gell-Mann [59] and Ne'eman [90] 
independently produced such a scheme known as the octet model or eightfold 
way based on the group SU(3). This group transforms components of a fun-
damental triplet among themselves by unitary unimodular transformations. 
In such a 3-component representation of SU(3), the mesons were identifiable 
from the direct product between 3 and -3-  (3 0 .g = 1 8) to produce the phys-
ically observed multiplet structure of singlet and octet, while the baryons 
were obtained from 3 ED 3 I@ 3 = 1 ED 8 ED 8' ED 10. 

In 1964 Gell-Mann [60] and Zweig [120] realized the eightfold way could 
be more than a convenient classification scheme and might indicate the ex-
istence of fundamental constituent particles. Since a triplet was needed to 
generate SU(3), three elementary particles had to exist and they must pos-
sess fractional electric and baryonic charges if they were to comprise the 
integer charge baryons and mesons. These were named quarks by Gell-Mann 
and have since received much indirect experimental support. They are ne-
cessarily spin 1/2 particles and hence their behaviour with regard to strong 
interactions possesses some spin dependence in the same way that nuclear 
forces do. However, if such dependence is minor we may regard the strong 
interactions as predominantly spin-independent and we can proceed with the 
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discussion of the elementary particle structure in a way parallel to the nuclear 

structure mentioned in Section 2.1. 

The first approximation we may make is to ignore the tensor and spin-

orbit forces so that the strong interactions are invariant under a group 

SU(3) SU(2). A further approximation is to neglect all spin dependency 

so that the strong interactions become invariant under the group SU(6) 

and we have effectively mixed the SU(3) unitary spin and ordinary spin 

[65, 94, 101, 64]. The basic representations of SU(6) have dimension 6 and 

consist of three SU(3) states (quark flavours) having spin up, and three 

quark flavours with spin down. Thus one can obtain spin 0-  mesons from 

q4 combinations in the IS0 state, 1-  mesons from qq• in the 3Si  state, spin 

1/2 baryons from qt qt q4,, spin 3/2 baryons from Os qt qt. Interestingly, 

because SU(6) mixes the spin and internal SU(3) spin coordinates, particles 

with different spin may belong to the same supermultiplet. For example, we 

will proceed to show that the pseudoscalar mesons and vector mesons are in 

the same supermultiplet in SU(6). 

To this end we denote an irreducible representation of the SU (6) group by 

the dimension of the representation as was done in our discussion of SU(3). 

Hence 6 will denote a fundamental representation and 6 its conjugate. We 

wish to reduce various direct products of these into bases of SU(3) 0 SU(2) 

so that we can identify SU(6) supermultiplet members with their familiar 

SU(3) multiplets. To denote such representations of SU(3) SU(2) we use 

a pair of numbers (a, a), where a and a characterises the dimension of the 

SU (3) and SU(2) groups respectively. Hence the spin of a particle belonging 

to this representation is given by 1(a — 1). With such notation an irreducible 

representation of SU (6), "A" may be reduced to irreducible representations 

of SU(3) 0 SU (2), (a, a), (b, /3), . . . in the following manner: 

A = (a, a) e (b, /3) 	 . . 

and must satisfy the relation A = aa + bi3 + . . . 

As stated earlier we assume the pseudoscalar and vector mesons are bound 

states of a quark and antiquark in the 1S0 and 3,90  states respectively. Such 
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a bound state will belong to the representation.  6 0 6-  which can be reduced 

to 1 and 35 (6 0 = 1 e 35). The representation 35 maybe further reduced 

to (8, 1), (1, 3) and (8, 3) representations of SU(3) 0 SU (2) which we identify 

with the octet of pseudoscalar mesons, the singlet and octet of vector mesons, 

respectively. Hence the octet of pseudoscalar mesons (K+K°7+7r-71-0K-if on) 

and the singlet and octet of vector mesons (wK*+ K*° p+ K*-  k*° 4)) be-

long to the same supermultiplet in this theory. The singlet pseudoscalar is 

the ni meson and belongs to the singlet supermultiplet here. 

At this stage we have produced a convenient classification scheme for 

the mesons which groups the normal SU(3) multiplets into SU(6) multiplets 

by means of "mixing" the normal spin degrees of freedom with the internal 

degrees of freedom. But is such a scheme physically useful and give us testable 

predictions? To lead us to such tests we will revisit SU(3) and develop some 

of the necessary tools in this simpler arena. 

2.3 The SU(3) Symmetry Group 

In working with SU(3) we have a 3-component spinor 

qi = (d); 	 i 	 (71-7  C 8) ) 

with the quantum numbers 

/3  Y Q B 

(2.1) 
1 
2 
_ 1 
2 

0 

1 
3 
1 
3 
_52 

2 
3 
1 —5 

_1 
3 

1 
3 
1 
3 
1 
3 

and construct mesons from the direct product 

uu clq  0  . qi4 i.n.  d  u  u ug 

(   dd d 

su 	

§ 	 , 

sit sg 
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which can be separated into scalar and traceless components by manipulation 

of the diagonal elements: 

ufz-l-dci-Fsg 	 2utl— dci— sg 

3 	 I 	 3 

•  dü 

sf.i 

—ufh-1-2a—s.f 
3 	 I 	 3 

sc-1 3 	 I 	 3 

(  

0 	 0 

0 	 ug+dri+sg 0 	 ) 

0 	 0 	 uft+dii-f-sg 

scalarsinglet 

ud 
—u11-1-2dit—sg 

3 

sd 

us 

d. 
—ufi—dci+2.5g 

3 

tracelesstensoroctet 

The scalar singlet state is identified as the 7/' meson while with the octet we 

perform further manipulations on the diagonal elements, 

2uU — dd — + dc-1) + (7.111 — di-1) — ss 

3 
+ dd — 	 u'-L — dc-1 	 77 	 7r° 

	  — 
6 	 2 	 -16 

3 

where we define n = (ufl + 	 2.9.01\16 and ir° 	= 	 — dd)1\12-. The n 

and n both have zero isospin (I = 0 from uu + dc-0 while ir°  has I = 1. 

The requirement that 7/1  be symmetric while n and 7r0  be antisymmetric 

combinations of wa, dj, and .sg gave us the above definitions. The remaining 

matrix elements of M; are easily assigned using the quantum numbers of 

Table 2.1 : 

uci = irk, 	 dü7r, 

ug = K+, 	 K°, 

sü K-, 	 = k° 
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so that for the 0-  mesons 
0 
lr- ± 3- 	 7r+ 	 K+ 
./-. 	 ../ 1 

M;(0-) = 	 5,17/1  + 	 7r 	 — m-,-°  + 3.- K° 	 , 	 (2.2) 

K- 	 ko 	 _11_ 
N/6 

to produce the pseudoscalar meson nonet. In a similar fashion the vector 

meson nonet is obtained: 

P+ 	 K*+ 

Mall 	 1. 
= 	 + 	 p 	

J._ K.0  

K*- 	 k.o 
Nig 

Thus the SU(3) formalism naturally separates the meson nonets into singlet 

and octet multiplets (with the assumption that mesons are qq,  bound states). 

Similarly the baryons (qqq bound states) may be separated by the decom-

position 3 0 3 0 3 = 1 e 8 ED 8' ED 10. The two octets are of mixed SU(3) sym-
metry while the decuplet is symmetric. We may identify the decuplet with 

the ten JP = 3/2+ baryons: (5-i-  , E*-, E*o, E*-, E*°, E*+, A-, AO, A+, A++),1  

while one or a mixture of the octets contains the eight JP  = 1/2+ baryons: 

(n,p,  E-,  Eo,  Ao,  E-F,  E-,  so,. ) As of yet we cannot say which octet contains 

these baryons. 

So far it has been established that SU(3) is capable of classifying the 

ground state mesons and baryons into what appears to be sensible groups 

sharing the same spins, parity and similar mass values. However, if SU(3) 

were an exact symmetry for the strong interactions these multiplets should 

each be degenerate in mass (that is, members of multiplets should have 

identical masses). Experimental observations show that not only are there 

large splittings amongst the various isospin multiplets composing an SU(3) 

multiplet, but also small splittings due to the electromagnetic interaction's 

influence on the strong interaction. These deviations from perfect SU(3) 

symmetry have many interesting consequences with tangible predictions and 

we will investigate these with the aim of applying similar ideas in the SU(6) 

realm. 

'where 7.-2* -a-- :::(1530) and E* E- E(1385). 
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2.3.1 Meson mass relations 

The fact that multiplet members are not degenerate in mass led to the famous 

Gell-Mann Okubo (GMO) mass formula. To derive the relation, we must first 

define some quantities related to the group structure of SU(3). 

Generators of SU(3) 

An SU(3) octet {8}, can been written in terms of a set of eight linearly 

independent 3 x 3 Hermitian matrices, 

1 
{8} = —

1
(Ai)baMz =  

1/ 

where {8} is a SU(3) octet, /17/ is an object with 8 components and Ai  are the 

traceless Gell-Mann matrices [59], given in Appendix A.1.1. An infinitesimal 

SU(3) transformations will then be 

U = 1 + ieiFi  

where Fi  = Ai/2 are the infinitesimal generators of the group (the Ai  being 

traceless ensures det U = 1 and hence that we are dealing with SU(3)). They 

obey the commutation relations 

[F, F] = ifFk 	 (2.3) 

where fikj  are the structure constants of SU(3). An alternative representation 

of SU(3) can be obtained by taking linear combinations of Fi, 

iF2  

U. = F6 i 

17± 	 F4 iF5  

r 	 V-g L-1 
— 	

r 
p--37 V3 = 45F8 F3) 

to produce eight independent generators.2  These generators are the shift 

operators of SU(3) as they have a one to one correspondence with the particle 

2Although we have nine generators, 13  + U3 + V3 = 0 so they are not independent. 

= F3 
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states. Importantly, they show that SU(3) is made out of 3 SU(2) subgroups, 

/-spin, U-spin and V-spin. Subsequently, an SU(3).  triplet can be taken as 

being made up of an SU(2) doublet plus singlet with respect to each of the 

spin spaces. For the quark triplet (u, d, s) we find three SU(2) doublets, 

(u, d) , (s, d) , and (u, s) corresponding to /-spin, U-spin and V-spin space 

respectively. 

There are some important commutation relations of I±, V± and U±, 

[13,1±] = ±I±, 	 [Y, /±] = 0, 

[Y, U] = ±U±, 	 [Q,U±J = 0, 	 (2.4) 

so the I±  operators change.  13  but do not change the hypercharge Y = (U3  — 

Vi), while U± change Y, but not the electric charge Q = 13  + Y. Thus 

SU(3) multiplet members belong to /-spin multiplets if they have the same 

hypercharge, or to U-spin multiplets if they have the same charge. 

The Medium-Strong Interaction 

The fundamental observation which led to the GMO relation is that within 

SU(3) multiplets /-spin multiplets are almost degenerate in mass (the small 

difference in mass between isospin multiplets is due to the electromagnetic 

interaction), while U-spin or V-spin multiplet members have large mass dif-

ferences. Thus, if we attribute the splitting to a medium-strong interaction 

(MSI), it must behave as a scalar in /-spin space, but as a vector in U-

or V-spin spaces. If we choose to study the MSI in the U-spin space an 

appropriate mass operator is 

OM = Mo  + aU3, 	 OmOi. = 

where //), is an SU(3) state of mass Mi  and /1/0, a are scalars. To obtain 

U-spin multiplets we rotate the usual baryon octet Y-13  representation by 

—1200, as shown in Figure 2.1. 

The UP and U8 states are the central eigenstates of U and are found by 
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+1 	 P. 
Eo 

0. E—. 	 : 	 •E+ 
A 

+1 

UP 

	

- Eo. 	 •n 
ug 

• 

	

—1 	 0
. 	

+
.

1 

 U 3   
—1 	 0 	 +1 

multiplets: Y constant 	 U3 multiplets: Q constant 

Figure 2.1: Rotation of the usual baryon octet Y-13  representation by —1200  

(from [83]). 

Eo 
rotating 	 by —1200: 

A 

(up 27r  cos -COS 	 sin —27  3 

U8) 7 -sin  -32' cos —27  3 	 3 A=  
(  1/2 —0/2 	 E° 

0/2 1/2 ) ( A 

so that UP = (E°  — 0A)/2, U8 = (0E°  —A)/2. Thus if we operate with Om  
on the neutral U-spin triplet (E°, n) with U3 = (-1, 0, 1), respectively we 

find, 

(E,,o lom1E0) _ mo  _ a 	 (2.5) 

Mu? =( E°-2VAI°mIEcl-2V5A  = 
	

(2.6) 

	

(E0 10 mi I L 	 (AlOm I = IME0 + MA  

Mn = (n 10ml n) = Mo + a. 	 (2.7) 

Combining (2.5), (2.6) and (2.7) we obtain the Gell-Mann Okubo [59, 93] 

sum-rule for the baryon octet 

2(Mn  + /1/.0) = 3MA0 + ME0. 	 (2.8) 

In the context of the quark model, the realization that the MSI is a vector 

in U-spin space (and therefore Om = MO + aU3) indicates the s quark mass 
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differs from the u and d quark masses (which must be equivalent if MSI is 

a scalar in /-spin space and we ignore the electromagnetic interaction). For 

the pseudoscalar meson octet (2.8) reads 2(MK0 + MR0) = 3Mn  + Miro, but 

since MK° = MR0 by CPT invariance we have 

MK° = (3M,)  + M,0) . 	 (2.9) 

When we actually use these mass rules (2.8) is satisfied very well (4509 MeV 

compared with 4540 MeV) while (2.9) is only correct to 11% (498 MeV to 

444 MeV). But if we replace the mass values by the square of the masses, 

that is 

Mko = (3472  + M0), 	 (2.10) 

the agreement is much improved, being of the order 4%. If we try and apply 

the GMO relation to the vector meson octet, neither the appropriate linear 

or quadratic forms are satisfied to a reasonable accuracy. Does this mean 

we must abandon the GMO relation? Fortunately not, as an explanation 

exists from the mixing of SU(3) states so that the particles we observe are 

not pure SU(3) states. We note there exists a unitary singlet having the 

same quantum numbers as the 13  = 0, I = 0 member of the octet. It may 

be possible that these members of different unitary multiplets have been 

'mixed' by the MSI. Thus the discrepancy between the GMO relation and 

the observed masses may be due to the fact that the physical mesons are 

not pure SU(3) states, but mixtures of singlet and octet states. A mixing 

angle 0 can be defined in terms of the pure SU(3) octet and singlet states, 

08  and 01  respectively and the physical octet and singlet states, IA and VI  

respectively 

= 114 cos + oil  sin 9 

= —11)8 sin + 1/4 cos 0, 

Or 
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The angle 9 is calculated from the known physical state masses and assumed 

validity of the GMO relation in the following manner. Since the Hamiltonian 

for pure SU(3) states 08, '01  is not necessarily diagonal, but only real, we 

may write HO = /VAG where m is the mass matrix operator (linear in the 

masses for baryons, linear in the squared masses for the mesons) given by 

The observed particles are eigenstates of H so 

Hi  ( 	 = M8 

1 O 

The similarity transformation H' = MHM-1  diagonalizes the mass matrix 

by m = Af-im'M from which we obtain m8  + m1  = m18  + m and 

tan 9 = (
17/

m's — m8 	
(2.11) 

) 2  

8 - Mg.  )  

for the baryons. For the mesons, as m is linear in the squared masses we 

have mi + m? 

1 
(  /2

- 
 2 ) 1 

M 8 ms  t an 0 = 	 /2 	 (2.12) 
2 

M8 - ml 

Although we do not know m8, we assume the GMO relation is accurate so 

that 
1 m2 = (A A4-2 _ 420),  

8 3  

-  

k' Ku 

for the pseudoscalars and 

= (A 71,2 _ 
-.8 	 3  

-  

k--iv.K.o 

for the vector mesons. If we use the known meson masses [13] we find 

10.5° for pseudoscalar mesons, 9 400  for the vector mesons, indic-

ating the pseudoscalar mesons are relatively pure while the vector mesons 

are substantially mixed. 

= m182  + m? and 
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2.3.2 Magnetic moments of baryons 

The small mass differences between members of isospin multiplets within a 

unitary multiplet are due to electromagnetic interactions. We recall that 

the U±  operators change the hypercharge Y but not the electric charge, as 

shown by (2.4), so that U-spin multiplets are made of particles with the same 

coupling to the electromagnetic field. Thus electromagnetic effects should be 

scalar in U-spin, and consequently the magnetic moments of U-spin multiplet 

members should be identical. Thus from Figure 2.1 we anticipate 

Pp = PE+ 	 = /L-, Pn = PE° = AU? • 
	 (2.13) 

However, the electromagnetic effects are vector in /-spin space, so that an 

appropriate form of the magnetic moment p, is 

ii = Ito + 2/3. 

This immediately gives an "equal spacing rule" upon application to the Y = 0 

/-spin triplet (E-, E°, E+) with 13  = (-1, 0, 1), respectively 

iLE-F 	= PE° — PE-  • 
	 (2.14) 

By combining (2.13) and (2.14) we can obtain some interesting relations, but 

we first need to show how puo is related to p,A  and pEo. To this end, 

PA = (A I ii I A) 

ZIELLI 
2 

 

 

VR/P-U8 	 (3pup Au8)/4, 
2 

   

and in a similar fashion pEo = (pu? + 3pu8)/4, so that 

2puo = 3pA — pEo = 2. 

This combined with (2.14) and the condition imposed by SU(3) symmetry 

in the octet, demanding the sum of magnetic moments of the octet members 

must vanish Eipi  = 0, leads to the predictions 

= Pn/2) Pp ± 
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which show some limited adherence in experimental observations [13]: 

ttni2  
—0.613 —0.957 

±  

0.8798 0.6507 

We conclude this section with a summary of SU(3) observations and 

predictions: 

• On the assumption that mesons are bound states of qq pairs and bary-

ons are qqq bound states, SU(3) predicts the existence of meson singlet 

and octet structure. In the ground state mesons such structure is seen 
in the pseudoscalar and vector mesons, which each possess nine mem-
bers and whose quantum numbers and mass values separate them into 

octet and singlet groupings. However, the SU(3) model on its own 

does not reveal how the different spins of the pseudoscalar and vector 

mesons came about. 

• The mass splittings between multiplet members (ignoring electromag-
netic differences) appear to be adequately explained by a heavier s 
quark and equal mass u and d quarks. Such an SU(3) breaking mech-
anism also explains deviations from the GMO relation, allowing for 

• mixing between octet and singlet members. Observation suggest this 

mixing is substantial in the vector mesons, but less so in the pseudo-

scalars. 

• The ground state baryon combinations form singlet, octet and decuplet 
groupings, of which the observed particles occupy the decuplet and 

octet. However, there is some ambiguity over which theoretical octet 

is filled by the observed octet of baryons. Nonetheless broken SU(3) 
produces some predictions for the baryon magnetic moments which are 

roughly confirmed. 
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2.4 The SU(6) scheme 

In the preceding section we introduced the notion of quarks as a more in-

tuitive way to discuss concepts of SU(3). We now extend their application 

by making more assumptions about their dynamics and interactions with 

themselves and other quarks. To begin with we recall SU(6) has a basic rep-

resentation of dimension 6 which is comprised of three SU(3) states (quarks) 

with spin up and three SU(3) states with spin down. Thus the ground state 

mesons are realized as bound qq states; the pseudoscalars being in the 'So 

state, the vectors in the 351• Now the decomposition 

• 	 6 0 6 = 1ED 35, 

and the subsequent reduction 35 = (8,1) ED (1,3) ED (8,3) implicitly shows 

that the vector meson octet and singlet belong to the same representations, 

while the pseudoscalar octet and singlet belong to different representations, 

1 and 35. This is a possible explanation of the large mixing observed in the 

vector meson masses compared to the comparatively small mixing in the 

pseudoscalars. The larger degeneracy in the vector meson nonet is a natural 

consequence of the mass-breaking effects of SU(6), of which the vector mesons 

are more susceptible than the pseudoscalars. The baryon states in SU(6) 

formed by three quark states decompose as 

	

antisym 	 sym 	 mixedsym 

	

6 0 6 0 6 = 20 ED 56 ED 70 ED 70', 	 (2.15) 

and the symmetric 56 reduces to 56 = (8,2) ED (10,4), an octet of spin 1/2 

and a decuplet of spin 3/2! Where SU(3) inherently possessed an ambiguity 

about which octet, 8 or 8', contained the observable particles, in SU(6) the 

problem has disappeared. Subsequently it appears SU(6) is more successful 

as a classification scheme than SU(3). • 

There is however, a very important problem with this picture. The dec-

uplet of spin 3/2 baryons has three interesting states; the A-  made up of 

three dt quarks, the A++ of three ut quarks and the S2-  of three st quarks. 
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Given that the parities of the quarks are identical and defined as even (which 
is the only interpretation consistent with the even parity of the baryons), 

which also implies there is no relative orbital angular momentum between 
them, all the quarks appear to be in the same quantum state. This immedi-
ately suggests they are violating the Pauli exclusion principle in contradiction 
with their fermionic nature (i.e. the quarks are spin half objects). The only 

way to restore consistency with the well established exclusion principle is to 
introduce a new quantum number for the quarks. By necessity this quantum 

number must be three-valued; each of the quarks in a baryon state must 
have a different value of this quantum number, but paradoxically it must 
vanish in the bound state as the quantum number has never been physically 

observed. That is, a baryon (hadron) state must not possess the quantum 

number even though their constituents do. This suggests an analogy with the 

three primary colours which when combined produce white (or an absence 
of colour). Thus the new three-valued quantum number was given the name 

"colour". This picture can be consistently applied to the mesons; if they 

are qq,  combinations the colour of the quark cancels the anti-colour of the 
antiquark (e.g. 'red' + 'anti-red' = 'white') to produce a colourless bound 
state. Importantly, this quantum number imposes the condition that only 
colourless combinations of quarks can be observable hadrons. This restricts 

us to qq and qqq bound states', which in turn offers some explanation of the 

binding mechanism of the hadrons. 
The common view is that the colour quantum number of the strong inter-

action has an equivalent role as the charge quantum number does to electro-
magnetism. Whereas photons are absorbed and emitted by electric charges 

(the exchange of which leads to the electromagnetic interaction), so to the 

strong interaction arises by the exchange of gluons between colour charges. 

The gauge field theory of colour, quantum chromodynamics (QCD) along 

3 However, exotic states such as Ogg and qqqqq are colourless and thus viable quark 
combinations. The search continues today for the observation of such states, with some 
potential candidates in the ao(980) and fo(980) and others. 

22 



with its electromagnetic counterpart, quantum electrodynamics (QED) are 

two crucial parts of the (generally accepted) modern theory of the element-

ary particles, the so-called Standard Model. We emphasize that the notion 

of colour was only introduced when models like SU(6) related the spin of the 

constituent quarks to the overall spin of the hadron, exposing the conflict 

with the exclusion principle in the baryons A-, A++ and Sr. 

2.4.1 SU(6) Mass Relations 

As was the case with SU(3), many of the predictions of the classification 

scheme come not from its strict adherence in nature, but rather from the 

way in which it is broken. Obviously SU(6) is more severely broken than 

SU(3), otherwise we should expect all members of a supermultiplet to be 

degenerate in mass. Under this condition we would expect the ground state 

mesons to have identical masses as would all the ground state baryons, which 

is far from what is observed. Nonetheless, it is possible to quantify the 

transformation properties of the symmetry breaking interactions and extract 

some predictions. 

Naturally we can reproduce the SU(3) mass relations as the SU(3) mul-

tiplet structure is encompassed within the SU(6) supermultiplet structure. 

The most interesting mass relations are those which span SU(3) multiplets . 

In the ground state mesons there is the "equal spacing" rule [94, 82, 101] 

Mk.  _ 4 	 -M2 
	

(2.16) 

and the more advanced rule [18] 

42,4 	 (m: + M. - 	 (34. - M, + 4 -  itf!) 

-26-- (44. - 	 (54. - M + M - M. - 2M,2„ — 24)(2.17) 

Present mass values [13] show both of these to be well satisfied, with (2.16) 

and (2.17) yielding 2.09 x 105  = 2.27 x 105  and 6.35 x 1011  = 6.34 x 1011, 

respectively. The baryons also have "equal spacing" rules: 

M. - ME. = ME - ME, 
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and by substituting actual mass values 148 = 127, we see the prediction is 

fair. 

2.4.2 Baryon Magnetic Moments in SU(6) 

One of SU(6)'s well-known successes is in the prediction of the proton to 

neutron magnetic moment ratio. As in SU(3) it is assumed the quark mag-

netic moment operator is proportional to its electric charge so that the d and 

s quark magnetic moment operators are identical; 

Md = Ms) 

and that Mu  + Md ± Ms  = 0 as required by SU(3) symmetry and that the 

electromagnetic interaction is known to be scalar in /-spin. These determine 

that the magnetic moment operator has the form 

mg  = 
eq  

where eq  and o-q  are the charge and spin operator of quark q and is a scale 

parameter. A hadron's magnetic moment operator is assumed to be given 

by the sum of the constituent quark magnetic moment operators and hence 

the magnetic moment of hadron A would be calculated from the expectation 

value 

(P) = (0(A, sz) EM 0(A, se)), 	 (2.18) 

where CA, sz) is the SU(6) wavefunction of hadron A with spin sz. The 

baryon decuplet states are fully symmetric under permutations of the three 

quarks (from Equation (2.15)) and the quark spins must be parallel to give 

total spin 3/2. Hence the unitary-spin wavefunction must be symmetric 

to combine with the spin wavefunction to produce an overall symmetric 

SU(6) wavefunction. One can easily manufacture the wavefunction 0(A) 

for a ground state decuplet baryon by combining the spin wavefunctions, 

Spin 
—3 
— 

1 
oz 

Wavefunction 

tj.[1111-) + Int) +1-1-11)l, 
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with the quark content of the baryon, for example 

sz  = = 	 [lu futd f)-Flutdful)+Idfutuf)]. 

The octet of baryon states also have an overall symmetric SU(6) wavefunc-

tion, but since the total spin of the baryon is 1/2, the spin and unitary-spin 

wavefunctions must separately have mixed symmetry. To construct a suit-

able wavefunction for the spin 1/2 baryons, one can put two quarks in a 

spin singlet state and add a third quark with spin up. For example, to build 

the SU(6) wavefunction for a proton with spin up we would begin with two 

quarks in a spin singlet state: 

(if - if).  

To produce an overall symmetric combination the quarks have to be in an 

antisymmetric unitary state and hence for the proton the only possibility is 

1 
(ud — du). 

When we add the final quark, in this case a spin up u flavour we find after 

symmetrization and normalization that 

1 
0(p, s =) = 	  

—lutul,df)—lutdful,)—lul,dtut) 

—Idtul,uf) —Idfutu,0 —lul,ufdt”. 

In a similar fashion, the neutron SU(6) wavefunction is 

= —
1 
( 2 Id f u d t) + 2 Id fdfu 1.) + 2 lu 4.dfdf) 

N/T.8 
+lutd.j,dt)+Idtutd4)+Idl.ufdt) 

+Idtduf)+ 

Thirring [114] supplies a complete list of these constructions for the ground 

state baryons, as well as the SU (6) wavefunctions for the ground state 

mesons. With these wavefunctions one can use Equation (2.18) to obtain 

lip = 	 itn = 

luidfd + Id 4.d t u f)) . 
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to give 	
Pp _ 3  
fin 	 2' 

first quoted by Beg, Lee and Pais [15] and which is in excellent agreement 

with the experimental ratio of —1.46 [13]. 

2.4.3 Summary 

We summarise aspects of the SU(6) theory discussed above: 

•the classification of states is more intuitive is SU(6); the pseudoscalar 

and vector mesons are bound states of quark and antiquark in the 1,50  

and 3S1  states, respectively. The spin 1/2 baryons are bound qt qt 
states, spin 3/2 baryons are Tt.q qf states. 

•There is a lack of appreciable mixing in the ri and Ty mesons as they 

belong to different supermultiplets (the 1 and 35, respectively). There 

is substantial mixing between (1) and w because they belong to the same 

supermultiplet, the 35. The mixing should be 'ideal' [18, 82] in which 

case cb = s 	 f, w = (u f 2t +d t dt)/ N/ corresponding to 

Ov  = 35.5°. This is close to the experimental value Ov = 39.40 • 

•Predictions such as Aphin  = —3/2, M. — ME. = M= - ME and M. 

= M — M,?, all of which are well matched by experiment. These 

results cannot be obtained from SU(3) considerations. 

The mass breaking effects are substantial from the obvious lack of degen-

eracy in the masses of the supermultiplets; the pseudoscalar mesons do not 

have the same mass as the vector mesons, nor do the ground state baryons 

have all the same mass. Nonetheless, SU(3) is badly broken in the mul-

tiplet masses, and yet other aspects of the symmetry are regularly applied to 

provide predictions well matched by experiment. In the same fashion, we in-

tend to apply SU(6) (actually the flavour number independent version) to the 

two-body decays of the mesons and establish how well prediction compares to 
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experiment. To this end we must first discuss the relativistic generalization 
of the symmetry, a necessary step if we wish to obtain an S-matrix theory. 

2.5 Covariant SU(6) 

Our discussion of SU(6) symmetry has been in the non-relativistic domain; 

in the formulation of the theory the total angular momentum of the hadron 
was separated into its spin and orbital parts which is not a Lorentz-invariant 

manoeuver [35]. There were numerous attempts at the relativistic generaliza-

tion of SU(6), along several paths. Early on, U(6)0U(6) appeared an eligible 

candidate [57, 8], but it led to parity doubling for the mesons [9] which has 
the undesirable consequence of the mass term in the free Lagrangian break-
ing Lorentz invariance [27]. Soon after it was realized that invoking ideas 
of parity conservation helped alleviate the problems, but at the expense of 
lack of invariance of the interaction terms [44]. If this group was extended 

to the non-compact group U(6, 6) (appearing as SU(12) E  [97, 17] M(12) 

[36, 102], and U(12) [105, 104] in the literature) a fully covariant, SU(6) 
invariant S-matrix could be constructed. There followed discussion about 

the conflict these methods had with the principle of unitarity of the phys-
ical S-matrix [21, 16], leading to a growing loss of enthusiasm for finding a 
relativistic generalization of SU(6). At the forefront of these concerns was 
that the finite-dimensional representations of the non-compact U(6, 6) were 

not unitary and so could not be associated with physical particles. However, 

a physical interpretation could be achieved by subjecting the representations 

to some equations of motion, effectively projecting out the definite sectors 

and making the offending terms redundant [105, 104]. In this approach, the 

authors realized that although the S-matrix could not be U(6, 6) invariant, 

the theory was useful for producing U(6, 6) invariant interaction Lagrangians 

between the corresponding fields. It is for this reason that we shall exploit it 

in the two-body strong decays of the mesons. We proceed with the derivation 

of the U(6, 6) meson fields and interactions. For a more complete review of 
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the relativistic generalisation of SU(6), the reader is recommended to that 

by Dyson [49]. 

2.5.1 The U(12) Symmetry 

We begin with a discussion of the group 0(12) (or more exactly, U(6,6)) and 

its algebra. To this end we construct the smaller group U(2,2) from which 

the larger algebra is readily generalizable. The sixteen 4 x 4 Dirac matrices 

-y R, R = 1, , 16 consisting of 

1, 7/1, 	 i71275 

where ji,v = 0, 1, 2,3 and o, = 	 7u1/2, 'Y5 = 70717273 along with 

{7 A, 71,} = 	 g, = (1, —1, —1, —1)diag  obey the defining property of the 

U(2, 2) algebra, namely, 

7R70 = 7R 

provided 70  is hermitian (70  = -A) and is anti-hermitian t = _ . This 

is achieved in the Pauli representation in which 

70 = (1, 1, 	 —1)diag• 
	 (2.19) 

The U(2, 2) algebra will be realized by a set of matrices JR which satisfy the 

commutation rules analogous to those of the 7R  (Appendix A.1.2). There 

exists an equivalent basis for the algebra which is useful for generalization 

to the U(6, 6) algebra, or indeed U(2N1, 2N1) as we will ultimately require. 

This basis is defined by the generators 

ja =1( 711)13 JR 	 a,fl= 1,2,3,4 
/3 	 2' 

from which all the commutation rules are summarized to 

[4, 	 = 6,5  J',5(  — 614 	 (2.20) 

and the defining property of U(2, 2) is the hermiticity condition 

(g)t  = (70)/g4(70) 	 ' 	 (2.21) 

28 



where -y0  is given in (2.19). It is now a simple step to the U(6, 6) algebra. 

With -10 	and generators J (A, B = 1, . . . ,12) 
g  

6 	 6 

we obtain the analogues of Equations 2.20 and 2.21, namely the generators 

satisfy the commutation relations, 

[4,41=ovs —ogg 
	

(2.22) 

and give the defining property of U(6, 6): 

(J)t  = (70),P8(70). 	 (2.23) 

It is useful to pass to a "hermitian" basis by using the -yR along with the 

unitary spin matrices Fi (i = 0, 	 , 8) which define the fundamental U(3) 

representation. The Fi = A'/2 (i = 1, 	 , 8) were introduced in Section 2.3.1, 

while F° = 1A/g. With these definitions, the Fi satisfy 

Fi  Fi = (c4i + i&)Fk; i,j,k = 0, ... 

which is a direct consequence of (2.3) and the anticommutation relations of 

namely {F,, Fi} = dFk where d, (i, j, k = 1, 	 , 8) are structure con- 

stants of SU(3), and gi = 0, c/Zi = N/Ifq. We then construct the generators 

4= (-yR),(F4, 

A = aa, B = f3b; ce, [3 = 1, 	 ,4; a, b = 1, 2, 3. 

Quark spinors in U(6, 6) 

We take as the fundamental particle of strong interactions a 12-component 

(Dirac) quark, 11),A = oac, (A = aa, a = 1, 2, 3, a = 1, ..., 4) which under a 
homogenous U(6,6) transformation undergoes the change 

A -> IYA  = SAIIPB 

with 

S = exp(ifidiR) = exp(i€11134)', 
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where all 144 E'S are real, ensuring 17)A14A is invariant under U(6, 6) trans-

formations, provided the antiquark spinor is defined by 

71baa  = (77bafi) (7(4 = (0c113)*  (70)cf31  

and the * denotes complex conjugation. To obtain fields of higher rank 

with the aim of describing particles of different quark number and spin 

(for example mesons and baryons) we construct multi-index spinor fields 

(multispinors). To this end, the direct products between quarks and an-

tiquarks produces finite-dimensional non-unitary representations of U(6, 6) 

which transform according to the rule 

c A' QV 	 0-1\C f cf--10 	 irrCi  
AB... 	 -'A L'B • • • l" 	 /C' lk-' 	 JD' • " A' 13' ...• 

Of particular importance to this project are the multispinor fields repres-

enting the ground state mesons (quark and antiquark), 415 = cp5 with di-

mensionality 143 (from the decomposition of U(6, 6) to SU(6, 6): 12 0 12 = 

1 ED 143). The baryons formed from the multispinor W{ABc},  have dimension-

ality 364 (from 12 0 12 0 12 = 220 ED 364 ED 572 ED 572). 

Physical Interpretation from the Bargmann— Wigner equations 

Since U(6,6) is non-compact, its unitary representations are infinite dimen-

sional and cannot be associated with physical particles. However the non-

unitary finite-dimensional representations can be tied to particle states by 

projecting out a particular sector through the application of equations of mo-

tion which the spinors must satisfy. Despite the apparent restrictive nature 

of such a projection, all presently known particles can be accommodated in 

the scheme so there appears to be no disadvantage in using such a method. 

We proceed along this path with the definition of the invariant scalar 

product between multispinors 0/Z -2...  belonging to some irreducible repres-

entation of U(6, 6), 

AB1... B:LI (.4A1Al2•••)*( 	 \ 	 NA
2 A2... 	 AiA2...a0)B • • ViiB' 	 l7011411a01A1  (1; 	 Vi 	 • ' • / 2 

(2.24) 
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where (70) = (yo)6. The form of the scalar product (2.24) is not positive 

definite but a definite subspace can be projected out by imposing the set 

eA1A2... l-.  to those on which 70  takes one value. For lower indices we choose 

and for upper indices 

(
'Y
O)A
itinn 
0AB:;. 12 	 = 

B1 B2 

(70)11;,:0A1... 	 • = 	 Ai 

.B2•••Bn••• 

(2.25) 

(2.26) 

The multispinors which satisfy (2.25) and (2.26) are not invariant under the 

full group U(6, 6) but instead belong to the subgroup consisting of those 

matrices S for which 

S-y0S-1  = 'yo, 

or equivalently 

S-1  = St, 

which is the maximal compact subgroup U(6) 0 U(6). Hence the original 

indefinite space of the U(6, 6),  representation has been reduced to a definite 

subspace invariant under U(6) 0 U(6). 

If these multispinors are taken to represent particle states at rest, we can 

set them in motion by applying the appropriate relativistic boost. Denote 

by Lp  a family of Lorentz matrices for which 

Lp-y0LT,1  = 14/m = poryi 

where m is the rest mass p2  = m2. Then a multispinor state with momentum 

pt, is given by 

A131.. (p) = (Lip) AN1(Lp) AA1 	 T —1\BI 

1/12..."jP 	 • • • • 

The boosted versions of (2.25) and (2.26) are 

f 
PAniP Ai 

for lower indices and 

Bi B2 .• •Bn • (p) 
FBV1/11... 	 k13) 	 —MO Al... 
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for upper indices, which with minimal manipulation are seen to be the 

Bargmann-Wigner equations [11] which describe particles of a definite mass 

m and definite spin. In the same way that U(6, 6) was reduced to the sub-

group U(6) 0 U(6) by (2.25) and (2.26), the Bargmann-Wigner equations 

have reduced the boosted multispinors to (U(6) 0 U(6))p, defined as the 

subgroup for which 

SAS-1  =j. 

If we then apply these equations to the specific multispinors we can simplify 

their form. For the moment we shall examine the traceless U(6,6) state 

meson forms. A multispinor of rank 2 (representing the ground state mesons) 

could be written in the most general form: 

74 =eFiba = (0j  + 750j5 + i7A7501,5 + 71* + 	 CtlivVkF jba 

and upon application of the B-W equations, where it is assumed the meson 

is free with mass m we find 

= 0, 

PA(fri5 = irrvg5, 
	

ecv,i5 = -ime5 
	

(2.27) 

PAO!, — PuOip.= 
	 pvojvp  = 

so that (05, 01,5) together form a 5-component field describing a pseudoscalar 

particle and (Ow  Opu) a 10-component field describing a vector particle [80]. 

By using (2.27) .1.5 simplifies as 

(DI/ Cbbal3a = 	 (34  M) WObiLa 750b5aVe 
	 (2.28) 

The relations (2.27) also show pAck = 0 and subsequently 0Ab a  and Ob  cor-

respond to the 1-  and 0-  parts of the multiplet respectively. Each contains 

an SU(3) singlet and octet4  so the meson supermultiplet field cI encom-

passes all known ground state mesons. The parity assignments have come 

'from the decomposition SU(6, 6) -4 SU(6) 0 SU(6) -4 SU(6) 0 SU(3) 0 SU(2). 
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about because the parity operation (which is contained within the U(6, 6) 

transformations) defined by 

01... 	 \ 
a2 • • ' 	 Gci • • ' (Pa1a2... a)) —> k70);111 (70)72 	

("Yn)131  

readily gives the intrinsic parity of a U(6, 6) multiplet as (-1)n where n 

denotes the number of upper indices [106]. 

Thus the 0(12) scheme naturally incorporates all the ground state mesons 

in a single supermultiplet, and from this perspective is very attractive if one 

is attempting to derive universal factors of the mesons. In this pursuit,we 

are particularly interested in strong two-body decays of the mesons and as 

such the 0(12) scheme provides a convenient framework for studying these 

vertices. 

2.5.2 Interaction Lagrangians in 0(12) 

The three point couplings of the ground state mesons form U(6, 6) invariant 

expressions [43] from which we form the interaction Lagrangian 

Lint  = 2G(D(p1)43(p2)(1.6(p3), 

with G having the dimension of mass. If we implement the ideas of charge 

conjugation invariance (a property external to the scheme, unlike parity 

which belongs to the U(6, 6) transformations) we can show the three meson 

term is unique. Firstly we require a lowering operator Co and raising oper-

ator (C-1)'/3  which are defined by (C-1)"13(71,)73C7,5= -(71,)g and (C')afiC/3.7  = 

5'; [106]. Then under charge conjugation 

caa,c41).(c-')0'fl, 

to be consistent with the 'normal' C-parity (C7°C-1 = +707  cpoc-i = 

or 05 	 05 , 	 t,) so that 4:131(p1)(DS(p2)(I)(p3)  

and TOM.] can be replaced by -Tr[(1){(14, 4}]. This leads us to the phe-

nomenological interaction Lagrangian for the three-point meson function, 

Lint = G.I1(p1){(DS(P2)(1)(p3) + (1)(p3)(1)(p2)} . 	 (2.29) 
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2.5.3 Extension from 3 to N1 flavours 

Although our development of the covariant meson wavefunctions has assumed 

three quark flavours, the theory can be easily extended to an arbitrary num-

ber of quark flavours, Nf. The U(2N1, 2N1) algebra with 

=(1) •• 	• 71)-1) •• 	• —1)diag) 

and generators 43 (A, B = 1, 

2/V1 

. . 	,4N 

2N1 

f) obeying (2.22) and (2.23) will yield 

multispinors (2.28) applicable to the charm (N1  = 4) [401 and bottom (N1  = 

5) mesons as well as their Zweig allowed interactions (2.29). 

2.6 Covariant SU(6) as the basis for other 

models of hadrons 

There are many modern applications which have at their core the 0(12) 

scheme. Some are used with this knowledge by the researcher, others without. 

In this section, these applications are highlighted and discussed as further 

evidence of the power of the scheme. 

One of the large obstacles in constructing relativistic hadronic wavefunc-

tions is in the number of degrees of freedom which arise when the quarks and 

gluons are permitted relativistic velocities. Nonetheless, the many successes 

of the non—relativistic quark model empowered the search for a relativistic 

version of the constituent quark model. The typical approximations that 

necessarily enter involve regarding the quark composites as almost moving 

collinearly with equal velocity. This, as we shall see, is intrinsically related 

to the dynamical interpretation of the 0(12) fields. 

The multispinor fields we have constructed did not, per se, depend on 

quark constituents. Moreover, they are relativistic fields describing pointlike 

particles of definite mass and spin. It is difficult to relate such fields with the 

modern perception of the hadrons consisting of physical quarks and gluons. 

Such internal structure naturally excludes description of the hadrons in terms 
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of a local field. Present day endeavours work around this problem by giving 

the constituent quarks an effective mass with the gluons incorporated into 

some confining potential. A necessary condition is that in the limit of zero 

momentum the wavefunction reduces to those of non—relativistic SU(6). 

Many of these simplifications are inherently related to reinterpretation 

of the multispinor fields in terms of physical quark constituents with the 

necessary condition that the quarks all have the same velocity [70]. This is 

the only means by which a relativistic wavefunction satisfying the Bargmann-

Wigner equations can be attributed to a hadron with internal structure. To 

explicitly see this consider a system of N free massive quarks and antiquarks 

with momenta pi, i = 1, . ,N, total mass m = EiN_1m (mi  0 0 Vi), and 

total momentum p = pi. The mass—shell condition p2  = m2  infers that 

all the quarks and antiquarks are moving collinearly with the same velocity, 

as in a rigid body, 
P1 	 P2 	 PN 

ml m2 	 MN m 

At rest, the wavefunction of the whole system can be written as the direct 

product of free quark and antiquark wavefunctions at zero momentum 

41,73:.(0) = Ta(0)W0(0) . . . 	(0)V(0) 	 , 

with n lower and N — n upper indices corresponding to 71 quarks and N — n 

antiquarks. A general product wavefunction for N free quarks and antiquarks 

with momenta pi  is 

(P , p 2 , • • • , PN) 	 41« (131)WgP2) • • • WP(Pn+i)Wa(Pn+2) • • • , 

but is related to the rest wavefunction by individual Lorentz boosts applied 

to each quark so that 

PN) = Saa' (A1)4(A2) . . . . 

However, in the rigid body situation all the composites are moving with 

the same velocity (2.30) so that all boost factors Ai  are identical and the 

(2.30) 
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wavefunction transforms covariantly, 

(P) WZ4::. (Pi , P2 , • • • , PN ) 

= S:1(A)Sgi  (A) ... xli;::.(0)S-1(A)Pp,S-1(A), 

where A is a boost from rest to p. Now since each quark satisfies the Dirac 

equation, 

(th - mi) W; 3*:..(p) = 0 

the Bargmann-Wigner equations readily follow as pi/m = p m for all i so, 

(j4 — 771)cc:1 	 = O. 

Hence our relativistically covariant multispinor does not necessarily describe 

a point particle, but rather may describe the centre of mass of a system of 

quarks all moving collinearly with the same velocity! Another important 

point is that the composite quarks do not have to have the same mass, only 

the same velocity. 

The interpretation of the multispinor wavefunctions in this fashion ex-

plains why many seemingly different methods for generating relativistic had-

ronic wavefunctions produce similar results. Hussain et al. [70] discuss several 

models in the modern literature with the common thread of a weak-binding 

approximation, 771 = Em, which in turn implies the free motion of the con-

stituent quarks all having the same velocity. It is shown that many of the 

preferred tools of today are nothing more than the one model with slightly 

different perturbative methods and for this reason it is hardly surprising 

that they give results within 5% of each other. They discuss Bethe-Salpeter 

wavefunctions for onium , the null-plane method and the helicity match-

ing method in a relativistic spectator quark model. In all these cases a weak 

binding approximation is used at some stage in the derivation, the only differ-

ence between them the way in which one perturbs around the approximation 

using different momentum wavefunctions, and distributions. 
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2.6.1 Heavy Quark Effective Theory 

The publication of two papers by Isgur and Wise in late 1989 and early 1990 
[71, 72] on the weak decays of heavy mesons was quickly followed by the ex-
tensive adoption of their technique in what is now known as the Heavy Quark 
Effective Theory (HQET). The method exploits symmetries which emerge in 

the low energy effective Lagrangian for QCD applied to heavy hadrons to 

obtain relations between weak hadronic matrix elements. In these heavy 

hadrons, containing one quark of mass much larger than the QCD parameter 
Awl), most of the hadron momentum is assumed to be possessed by the 
heavy quark and interactions with the light quark(s) are not believed to sig-
nificantly alter the heavy quark velocity. Thus in the hadron's rest frame the 

heavy quark effectively acts as a static source of gluons being characterized 

by its flavour and colour quantum numbers, but not its mass. The model 
also admits a spin symmetry so that the properties of the heavy hadrons are 
independent of the spin and mass of the heavy source of colour. The HQET 
translates these assumptions into an effective theory of QCD, whereby its 
Green's functions match those of QCD to leading order Aw D /mQ, where 
mc2  is the heavy quark mass. 

The HQET is undoubtedly a powerful machinery and has been applied 

to many aspects of particle physics, in particular the weak interactions of the 
B and D mesons. However, it's results can be obtained from other methods 
given the scenario of the dynamics outlined above. Hussain et al. [69] demon-
strate the equivalence between the Bloch—Nordsieck model, a Bethe-Salpeter 

wavefunction calculation and the HQET for the evaluation of semi-leptonic 

exclusive decays of heavy hadrons. However, their most relevant finding for 

this project is that the corresponding weak matrix elements, in the very 

heavy quark mass limit, can be written as a trace over 0(4N1) wavefunc-
lions like (2.28) multiplied by a universal form factor. This is because of 

the obvious similarities in the dynamical approximations exploited by both 
models. The supermultiplet scheme in the context of the quark model, (as 

we have seen) necessarily has the composite quarks moving collinearly with 
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equal velocity. In the special case of a heavy hadron with one quark much 
heavier than the other(s), this equal velocity condition implies it has large 
momentum by virtue of its large mass. In the limit of infinite quark mass, 
the quark momentum will be exactly the hadron momentum, as anticipated 

in HQET. 

The C/(4N1) approach is advocated as the most appropriate technique for 

formulating the first approximation of the decays of heavy hadrons; what is 
a few line calculation involving taking the trace of the weak current between 

0(4N1) wavefunctions can become a complex computation in other tech-
niques [70]. Although these techniques produce higher order corrections, the 

simplicity with which the 0(4N1) scheme yields the leading order contribu-

tion makes it a very attractive computational method. 

2.7 Summary 

We have established that the extension from SU(3) symmetry notions of 

the elementary particles to those based on SU(6) yields many additional 

predictions, often well matched by experiment. It also offers a superior un-

derstanding of the origin of the spin states of the ground state mesons and 
baryons. The observed nonets of vector (spin 1) and pseudoscalar (spin 0) 
mesons interpreted as bound quark-antiquark in the 3 ,50  and 'So  states, re-

spectively, which are beautifully accommodated in the SU(6) supermultiplet 

structure; the SU(3) octet of spin 1/2 baryons are bound qt qtqJ states 

while the SU(3) decuplet of spin 3/2 baryons are bound qtq Os states, both 

of which fill the symmetric 56-plet of SU(6). It also requires the existence 

of an extra quantum number (colour) to be consistent with Pauli's exclusion 

principle in states such as A++ = ut ut ut whereas SU(3) alone does not 

(unless the internal spin of the quarks is related to the spin of the hadron). 

To exploit the extra predictive power of the SU(6) scheme, we have used 

its relativistic generalization to obtain a usable field theory in the context of 

U(6,6) invariant phenomenological interaction Lagrangians and relativistic 
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multispinor fields describing the three meson vertex and meson supermul-
tiplet, respectively. To go beyond the three quark flavour limit of 0(12), 

we generalised it to C/(4N1 ) and we are now prepared to test the technology 

by applying it to the two-body strong (and electromagnetic with the help of 

vector meson dominance) decays of the ground state mesons. Importantly, 

the -0(4N1) scheme relates all such OZI decays by a single coupling constant, 

so it is very suited to the search for 'universal' couplings. 
The final section concentrated on the similarities between the C/(4Nf ) 

scheme and many modern techniques. It showed that these yielded identical 
predictions in the leading order to those of the supermultiplet method. Moreover, 

the speed and ease with which the leading order result could be derived with 
the C/(4N1 ) method proves its worth. 
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Chapter 3 

Ground State Meson Decays 

The ground state mesons are the natural starting point for the investiga-, 

tion of universal couplings of strong and electromagnetic decays. The decay 
widths of the mesons composed of u, d and s quarks are well known, especially 
in the strong regime, so they provide a stringent test of the 0(12) ideas. The 
heavier mesons composed of c and b quarks along with a lighter companion 
quark are presently under the scrutiny of experimentalists. With the simple 
extension of 0(12) to 0(4N1), up to N1 quark flavours can be supported al-
lowing us to provide testable predictions in the heavy meson arena (Ni. = 5). 
Unfortunately, most experimental interest lies in the weak—interactions of 
these heavier mesons due to the high number of decay channels and the sens-
itive tests of the Standard Model they offer, but strong and electromagnetic 

data are gradually being gathered. There has recently been considerable the-
oretical interest in the strong and electromagnetic decays of the D* and B* 
mesons from HQET and QCD sum rule perspectives. We provide a summary 

of these predictions and compare those which arise from our own work. Once 

the experimentalists reach a consensus on the results, many of the current 
theoretical methods will be resolved. 
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P1 

P2(3) 

P3(2) 

Figure 3.1: Duality diagram for incoming mesons with momenta A. The 

labels a, b and c correspond to the quark flavours. 

3.1 Ground state interactions 

Taking the ground state superfield4.11(p) of Equation (2.28) along with the 

general three meson interaction Lagrangian (2.29) we expand the implied.  

trace using Dirac's trace algebra (Appendix A.2) along with the momentum 

conditions 

Pi + P2 + P3 = 0; p = m22., gq54(P2) = 0, 
	 (3.1) 

as the mesons are on—shell and all momenta are incoming to be consistent 

with Zweig's rules and the duality diagram counterpart of Figure 3.1 [66, 

99]. In this figure flavour labels (carried by the line) have been included to 

demonstrate the automatic conservation of flavour. The momentum crossed 

terms arise under the exchange p2  p3. 

In the early stages of the expansion the various interactions are seen 

to emerge, namely the vector to two pseudoscalars (VPP vertex), vector 

to vector plus pseudoscalar (VVP vertex), vector into two vectors (VVV 

vertex) and pseudoscalar into two pseudoscalars (PPP vertex), 

Lint= GTr [(th + mi) (740b4a(PI) 759515a(131)) 

x 	 + m2) (7v46,b(P2) 75s55b(P2)) 
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x (143  + m3) (760(p3) — 7505(P3)) + terms with (1(p2) +4  CP3)] 

and we have not included the spin indices associated with vector wave func- 

tions as this does not affect the trace. To continue with the expansion we shall 
handle each vertex separately to clarify the methods used in each technique. 

3.1.1 Three Meson Vertex Expansions 

The four unique vertex types are expanded by use of general trace results and 

those particular to the Dirac algebra (Appendix A.2). The antisymmetric or 

Levi—Civita tensor Eiwpa is taken as antisymmetric in each pair of adjacent 

indices with 60123 = 1. 

VPP vertex expansion 

The VPP vertex is calculated using elementary Dirac algebra rules in con-

junction with the trace algebra result and when subjected to the momentum 

conditions of (3.1) expand as 

Lint= G. Tr [75174m275m375 + 971174  75275m375 + m1-y4m275 75375 + 

Are 74275 fi3751 O t;a(Pi) [b(P2)C(P3) + (P2 <4 p3)] /8 H 

= G E miq40(P1) [gb(P2)05tc(P3) — gb(P3)(i5c(P2)] /4m2m3, (3.2) 

where the negative sign on the final term cbgb (p3)gc (p2 ) arises from the pres-

ence of the momentum transfer term q = (p2  — p3 ) which is obviously an-

tisymmetric under the interchange /32  p3 . Hence, as expected by charge 

conjugation invariance of the strong interactions, the antisymmetric or "F—

type" Yukawa coupling of the VPP vertex is observed in the interaction 

term. 
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VVP vertex expansion 

The term which contributes to the VVP vertex requires somewhat delicate 

handling of the crossed term J(p2) 	 1'(p3) as shown, 

Lint = G Tr R/41714  1427vm375+ 14171ln/27v  i4375 Ml7P  /4271/  0373) 

Obp.a(Pi)Ocub(P2) 065Lc (P3) 

± (41'e/5375n/27v+ J41711712375 1427v + mce 14375 7427v) 

X ObAa (P1 ) 04 (P2) 	 (P3)1 /89n1M2M3 

= 	 101c/b(P2) c 3) ± 04(1)2) c 3) )(•3) 

and the interaction preserves the anticipated symmetric or "D-type" coup-

ling. 

VVV vertex expansion 

The trace algebra rules restrict the terms in the three vector interaction to 

those comprising four or six 7 matrices; all others vanish under the trace. 

Hence we are left with 

	 Tr[14174m27vm3-Yg  + ml? 142-Yvm3-Yff  + m1em27'143.-ya 
8 m, 

+ /4].? /427v  l53-yulema(m) {<,b(P2)0:c(p3) + (D(p2) 	 (I)(p3)} 

G Ez  mi  
[(P2  P3).q"mi + (733 — Pi)ve4m2 + (P1 — P2)6.9"m3 4 Ili  mi  

+ 
2

(P2 P3)14  (P3 — P1 r(P1 — P2)6] 
Ei mi 

Obi. (Pi) [Ocub(P2)eirc(P3) — gb(P3)1uc(P2)] , 	 (3.4) 

which preserves the anticipated F-type coupling. We also note that the 

interaction does not preserve gauge invariance if m1 0 m2 0 m3. 

Lint 
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PPP vertex expansion 

The three pseudoscalar vertex contains the trace, 

Tr RA. + mi)75(yi2 + Tri2)75(143 + m3)751 , 

and all terms fall into the categories of Equations (A.1) so that there are no 

non—zero terms. Hence the three pseudoscalar interaction vanishes, conform-

ing with parity conservation. 

Summary of three meson interaction terms 

The C/(4N1) scheme has reproduced the known three meson vertices, VPP, 

VVP and VVV (as well as confirming the vanishing PPP vertex). To 

provide a summary of these interactions we firstly associate the meson coup-

lings in (3.2,3.3) and (3.4) with their more familiar covariant equivalents, 

namely gvpp,gvvp and gvvv, 

G Ei  mi  

(3.5) 

gyvv = 
4mi  m2m3  

By compiling our results we see the overall three meson interaction Lag-

rangian is composed of the distinct vertices, 

Lint = gVPPq213(0A(P1)[05(P2)105(P3)1) 

+.9VV filv"PltcP2A(0 ii(P1){01/(P2) 05(233)1) 

±gVVV [613g"Ml q 1311g M2 gli2gAIIM3 

(01/ (PO[011(p2)1 Oa (P)]) 

2613 qi21 

Ei rni 

(3.6) 

(3.7) 

(3.8) 

where qii  = pi  — pi and () stands for a trace over the internal symmetry 

indices, corresponding to a joining of quark lines in a duality diagram. For 

instance, such a trace for flavour indices would expand as 

Ob,a(P1)Egb(P2)0ge(p3) — Ob(p3).(k5(P2)] 

9vpp = 
4m 2_m3  
G Ei  mi  

9vvp = 	  
2m022m3  
G Ei  mi  
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Figure 3.2: Vector meson dominance model. 

for the VPP vertex. We have introduced the three distinct covariant coup-

ling constants as at this stage we are alert to the possibility that symmetry 

breaking may affect each piece differently (that is, we have introduced three 

separate constants depending on the type of decay). 

3.1.2 Electromagnetic Interactions 

We now have an adequate formalism for describing various strong interaction 

decays amongst ground state mesons. To extend the applications of the 

supermultiplet theory we invoke the ideas of the vector meson dominance 

model to enable the study of the electromagnetic interactions of our mesons. 

Vector meson dominance (VMD) is derived from the fact that vector mesons 

with the same C-parity of the photon (namely p°, w, J/0, T) can undergo 

direct photon-vector transitions. In the standard way [103], we assume the 

effective coupling between a vector meson flavour singlet V, and a photon is 

of the form 

gv,y(k2  = 0) = emUg'vpp, 	 (3.9) 

as shown in Figure 3.2. With this definition the strength of the p resonance 

in the electric form factor of the pion is gyppigivpp, which is of the order of 

unity if the p resonance dominates the form factor [61], hence the notation. 

When extrapolating away from k2  = 0 we expect the coupling to decrease and 

as such have denoted the coupling by em?//g6p  to allow for such change. 

That is, we anticipate g,pp  will vary with k2  due to intermediate virtual 

particle contributions and its value at k = 0 equals the gvpp of Equation 
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V 

Figure 3.3: Photon dominated leptonic decay modes of vector mesons (ad-

apted from [107]). 

3.6. Direct measures of g6p  come from the electromagnetic decays p°  

11, co 	 /r and so on, via the photon pole graphs of Figure 3.3. 

Given the interaction 

e2  

/ PP 

the decay rate for such processes is 

e2 )2  (rri?/  44)1/2 ( 	 2 

Fit = 	 2 
/ PP 	 127r 	 "iv) 

3.1.3 Decay Rates 

(3.10) 

Since we only consider strong meson decays, tree-level calculations in per-

turbation theory given by (3.6, 3.7, 3.8) suffice which leads to the general 

formula for a two-body decay, 

ri-42,3 	
A1/2(m?, 74m3)

1M12, 167rml 
(3.11) 

where 1M12  = 1  2./1+1 z-A IGt. 12  and J1  is the spin of the parent meson and 

A(774, 74 7n3) = 774 + 7r4 + m — 27r47r4 — 2mT7n3 — 27T474 

Upon substitution of the interaction Lagrangian in the form of Equations 

(3.6,3.7,3.8) into the decay rate formula (3.11), we derive the following widths 
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for the various decays: 

0,pp  A3/2(m?, m3, 74)  
487rm? 

gYvp  A3/2  (m? , 77/3 , 74)  
967rml 

0,vv  A3/2(74  m3, 74) Y(mi  , m2, m3) 
1927rm? 	 71/371/3 

(3.12) 

(3.13) 

(3.14) 

where 

( 	

3 

y(ml, m2, m3) = 9 E (mi  + m;) 2  (Mi — Mi )4  — E 74 
1<i<j<3 	 i=1 

3 	 3 	 3 

+ H m i  98 E rn. —16 E (mi  +m3)) + 142 11 aq. 
i=1 	 i=1 	 1<i<j<3 	 J 	 i=1 

Electromagnetic decay rates 

The vector meson dominance model, used in conjunction with our decay rate 

formulae (3.12,3.13,3.14), gives the following rates for the various processes: 

(egVVP  )2  (74 — rn2P )3  
=  

gPP ) 	 96 m, ' 

(egvvp)  2  (7712p — m03  

gc/PP ) 	 327rm3 	 ' P 

(  e2gVVP  )2  M3p 

1-1V—>P-y 

FP 117 

rp-)ryry  g'vppgc,pp  647r 

thereby greatly extending the original scope of the supermultiplet scheme. 

In going from our purely strong interaction decay rates to the radiative ones, 

we have used the gauge invariance of our interaction Lagrangian and simply 

substituted a mass of zero for those vectors connecting with the photon. 

However, the three vector interaction (3.8) is only gauge invariant for the 

case m2  = m3  so strictly we should only apply it to radiative examples 

for which the virtual vector meson satisfies this condition. Unfortunately, 

since the photon only couples to flavour singlet states the condition m2 = 
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m3  also implies the daughter vector mesons are identical. Due to the F-

type coupling between daughter states in the interaction Lagrangian (3.8) 

such vertices vanish. It is for this reason we have not included a V V -y 

term above, despite possible experimental observation of such processes (e.g. 

rcb-p-y/rcb-4a1I < 2%; but we note this measure is only an upper bound so a 

zero width is not excluded, as expected by CI (4N M. We now go on to apply 

the formalism to the ground state mesons. 

3.2 Application of the U(4Nf) scheme 

In order to test the supermultiplet scheme to the two-body decays of the 

ground state mesons we must identify physical mesons with their ti(4N1) 

states and derive Clebsch-Gordan coefficients which relate the coupling con-

stant obtained from the analysis of a particular decay to the generic couplings 

gvpp, gvvp or gyvv• The first task is relatively simple, and is only complic-

ated by singlet-octet mixing, while the derivation of Clebsch-Gordan con-

stants can be somewhat more involved, particularly in the electromagnetic 

processes. 

3.2.1 Ground State Nonet Assignments 

A crucial step in using the supermultiplet scheme is in the correct identi-

fication of flavour labels with the mesons. This is a simple process for the 

ground states, but is significantly more difficult in the excited meson realm 

due to controversial quark model assignments, as we shall see. For the ground 

states, the pseudoscalar nonet is taken as: 

( o 	
K+ 

Ab 	 7r_ 	 ,0 	 ± 	 K° 

•

ca 	 %/ 

K 	 k° 	 _ ?DA + )  

(3.18) 

where 178  and rio  are the pure SU(3) octet and singlet states with 13  = 0, 

I = 0 and are related to the physical states 77 and ‘77' by the pseudoscalar 
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( 0 
J & J Q 

V-6 	 Nra 

to— 

K*—  

P± 	 K*1-  

_F 	
v 	 K*° 4 
3  

k *0 

(3.21) 

mixing angle Op defined by 

ins) = cos Op177) + sin Op ITO 
	

(3.19) 

ino) = — sin Op in) + cos Op1771). 	 (3.20) 

The vector nonet is similarly given by 

where 

iws) = cos0v10) + sin Oviw) 
	

(3.22) 

Iwo) = — sin 000) + cos Oviw), 
	 (3.23) 

and Ov  is the vector mixing angle as determined using the Gell-Mann-Okubo 

(GMO) mass relation, as discussed in Section 2.3.1. From the vector nonet 

(3.21) the octet and singlet fields are expressed in terms of the supermultiplet 

vector as 

.16w8  = 0,111  ± 0,122  _ 20,133,  3 VLO = 	 ± 0/122 ± 0/23 

Hence, from Equations 3.22 and 3.23 

.10-0 = (cos Ov  — Nh-  sin Ov)(01,11 + 021,2) — (2 cos Ov + 	 Ov) 3. 

In the case of "ideal mixing" 0 = 030  so that 

cos Ov  — "4-  sin Ov = 0 or tan Ov  = V1/2 

leaving us two options for Ov; either 0 < Ov < 7r/2 or 7r < Ov < 37r/2. The 

first case implies cos Ov = V2/3, sin Ov = j73 so that 0 = —0A33  while the 

second region gives the desired result of 0 = 01,33. Since the general solution 

to (2.12) is Ov + rir where n is any integer, the range r < Ov < 37r/2 is an 

entirely consistent choice of mixing angle. 
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The above arguments for the determination of the vector mixing angle 

can be applied to the pseudoscalar nonet with the substitutions w8  —> 78, 

wo  —* no, -4 n, w 7.1'. Using the condition ir < Ov < 37r/2 and a similarly 

derived expression for the pseudoscalar angle, —7r/2 < Op < 7r/2, we obtain 

the results 

Ov  = 219.4° ± 0.1° 

Op = —10.540  ± 0.050 , 

where the errors have been determined by assuming uncorrelated errors in 

the masses involved in (2.12). The mixing angles we have obtained may 

seem accurate, but as was pointed out in Section 2.3.1, the GMO relation is 

extremely sensitive to symmetry breaking mechanisms. 

3.2.2 Tests of the f/(4Nf) scheme 

With the structure now in place, it is a relatively simple process to test the 

supermultiplet theory. To do so we calculate the standard coupling constants 

gvpp and gvvp and compare their similarity between different processes. 

From Equation (3.5) we could in fact determine the coupling constant G 

from numerous channels. However, if we try and do this using physical 

masses mi, m2  and m3  in a decay 1 -4 2 + 3 the values tend to be wildly 

distributed. Instead we believe the appropriate masses to use should be 

= 771 where m is the so-called central meson mass and is defined as the 

degenerate mass of a supermultiplet, that is it is the mass all members of 

a supermultiplet have before mass breaking effects shift individual members 

apart. This assumption leads to the following relation between the covariant 

couplings: 

2gVPP = MgVVP = 2TrigVVV. 	 (3.24) 

and shall test for this in the results. This methodology contrasts usual prac- 

tice in which a value for the coupling is determined from a single channel and 

then the symmetry conditions are invoked to calculate decay rates for other 
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channels. The test of the symmetry comes when the predicted widths are 
compared with experiment. This technique has not been adopted because: 

• 1. we are investigating the universality of the couplings. Any universal-
ity will be much more apparent by presenting the couplings and not 
relations between decay widths, 

2. any systematic deviation from the symmetry is much more obvious. 

3.2.3 Clebsch—Gordan factors 

In practice we take the decay width and particle masses as input and determ-
ine the coupling constant associated with the decay via (3.12) and (3.13). The 
simplicity of the supermultiplet method is that Clebsch-Gordan type factors 
and mixing angles are automatically accounted for. One simply chooses an 
appropriate strong or electromagnetic decay process, determines the correct 
flavour indices a, b and c of the parent and daughter mesons via matrices 
(3.18) and (3.21). With these flavour indices substituted into the appropri-
ate vertex of the interaction Lagrangian (3.6, 3.7, or 3.8) the fields q5 05 

are then replaced by their matrix counterpart and after simplification one 
is left with the meson interaction and its relative strength in the form of 
Clebsch-Gordan factors. 

As an example, the decay p+ -+ 7+70 involves the field indices a = 1, b = 
2, c = 1, 2 and upon substitution of the fields into Equation 3.6 a factor of 
-4-  emerges, indicating the coupling of the interaction, gp+,+,0 is -\/- times 
the standard coupling of a VPP vertex, gvpp. Subsequently the coupling 
we determine for this decay process must be normalised by the factor N/2-  
to obtain the standard coupling constant. This procedure is repeated for 
all appropriate physical decays. Table 3.1 includes all such Clebsch-Gordan 
factors of V PP decays for which there is some experimental data. Mixing 
has been easily accommodated by using the relations (3.19,3.20,3.22,3.23) to 
replace the pure fields by the physical mesons. 
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Decay process 
	

Clebsch-Gordan factor 

p± 	 7±71.0 

p0 	 7r±RT 

Kt --+ Kir°, K7r±  

cb K±KT 

-4 K214)  
p070, pt7rT 

D.± Do D± ro 

D.o 	 Do7ro 

Table 3.1: Clebsch-Gordan factors for V —> PP decay processes. 

V -4 IT decay process 	 Clebsch-Gordan factor 

p0 	 e+e-,  /1-17.,C 	 J1/2 

e+ , bt+ 	 sin Ov 

e+e-,p+p,- 	 cos ev 

J/ 	 2/3 

T 	 e+e-, 	 ,T+ T—  1/3 

Table 3.2: Clebsch-Gordan factors for V 	 1-1-  decay processes. 

In radiative decays of the type V —> IT we allow for the coupling of the 

photon to the quark. Using the following electromagnetic charge projectors 

0 
1 
3 

0 0 

we may likewise determine the Clebsch-Gordan coupling factor as shown in 

Table 3.2. 

Radiative modes such as V -4 Pry require some delicacy in normalising 

the coupling constant. To elicit a clear understanding of the method we 

include an example of the procedure for the decay p° -+ Ty. Firstly, we 

recognise p° is a combination of 0011(pi) and 01,22(p1), so we require terms in 

Qba  

0 

0 

1 
3 
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the interaction Lagrangian (3.7) with a = 1, b = 1 and a = 2, b = 2. For each 

of these cases we determine the third flavour index c such that 0,(p2) is a 

flavour singlet which may couple to a photon (thus c = 1,2). Substituting 

these values into formula 3.7 we pick out the uncharged parts; 

Lin, cc gvvp [010  (PI) 10i(P2), i(P3)} + 021,41) {042), O2(P3)}1 

g"p  [P°(;_321)  2  (P°\(7r322) cos\()_)62)  ) (778\r  ± 770\([333)) 

p° (PO  2  ( P°  (P2)  ± ws (P2) (1743) 	 710(P3)  )1 

= 39vvPP°(131)P°(P2) [7/8(P3) + \fino(P3)] 

2 5  (cos Op — V2 sin Op) gvv P (P)P°  (P2)703), 

where, in particular, we have used relations (3.19,3.20) to arrive at the final 

result. The form shows that the coupling between two p° mesons and a 

pseudoscalar 77  is related to the standard VV P coupling by 

gpopo = —
2 
(cos Op — V2 sin Op) gvvp 
3 

The virtual vector meson is immediately identifiable as p°  (132), and we must 

necessarily allow for the coupling between this and the photon. Since p° = 

(wiL + 	 then gpo7  = gv7/Na which in turn implies gpiopp  = 

from (3.9). Subsequently, the coupling between a p°, n  and photon is related 

to our standard couplings by 

gporn, = egpoporigpf  opp 

ea (COS Op — sin Op) gVVP  

Nihcipp 

= 	 (cos p — V2 sin 0i) egli"  
gc/PP 

In other decays, it is possible that the radiative mode may proceed via 

more than one virtual vector meson. The above method is still used to 
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Radiative decay process Clebsch—Gordan factor 

p±,o _+ 7±,o 

P
o 

w 	 7r°7 

w iry 

ro,), 

-4 777 

7117 

K.±,° 	 K±'°-y 

D:±  D s±-y 

J/1P -4  nc-r 
P07  

ni -4 cv7 

7ro -ry 

Ti -4  77 

Ti'—> 

Tic —> 

1/3 

(cos Op — V2 sin Op)// 

(cos Oy + sin ev) /0 

(.4 cos(Ov +O) ± sin Ov cos 0 p)I3 

(cos 0 v — sin OW 

--(4 sin(9v  + p) + cos 0 v cos 0 p) 13 

(.4 cos(Ov ± p) — cos Ov sin 9 p) 13 

1/3, —2/3 

1/3,4/3 

1/3 

4/3 

(\5 cos Op ± sin Op)/0 

(sin Op sin Ov + ■,5 sin(Op + 00)/3 

NM3 

V2/3(-2-4sin Op ± cos 0 p)I3 

V2/3(2 '4 cos Op ± sin OAP 

8/9 

Table 3.3: Clebsch—Gordan factors for V -4 P7, P --+ V -y and P 	 'Ty 

process. 

determine each virtual vector meson contribution and the appropriate linear 

combination is taken to produce the Clebsch—Gordan factors given in Table 

3.3. 

3.3 Results and Analysis 

There is an abundant amount of accurate data on the two-body strong decays 

of the light-sector ground state mesons, as many of the processes have been 

under the scrutiny of experimentalists for up to 30 years. Fortunately the 

Particle Data Group publish a review of the known, experimental measures 
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pertaining to particle physics every even-numbered year, the current edition 
covering all data up to January 1996 [13]. Our approach is to adopt the 
measures provided in the Summary Tables which are the best values from the 
many studies they have analysed (often referred to as the "world averages"). 

Importantly, the data we use are particle masses, decay widths and branching 

fractions. In our tables of results we include additional columns which are 

derived from using world averages from earlier editions (namely 1992 and 
1994, [68, 87], respectively) as they show the change in our results with time 
as more experimental data is gathered on a decay process.' in situations 
where the 1992 or 1994 world average is the same as the 1996, (and hence 
our results have not differed) we use the 4— symbol to indicate the later world 

average applies to the earlier; the presence of an entry in the 1992 or 1994 

column indicates the old data has been used. Some of the results from the 
1992 data have been previously reported by this author [76]. 

3.3.1 VPP vertex coupling 

Table 3.4 summarises the experimental determinations of the V PP vertex 
coupling. The upper half of Table 3.4 details purely strong interaction two-

body decays, while the second lists the coupling constant 9q,pp  obtained from 
the vector meson dominance extrapolation. For the processes V -4 e+ e-  we 
use the widths Fee ee 11 17-4e+e-  provided in the Summary Tables of the Particle 
Data Reviews, while other leptonic decays like V —> tt+ p-  use the branching 

del fraction Br(V —> p+ rv,o+p- /r v-+an in conjunction with the full 
width rif,ali to determine the partial width 

Two important features are apparent: 

• the glipp coupling is reasonably regular, and the light meson sector 
obeys the symmetry quite well. Nonetheless there is some symmetry 

breaking mechanism at play, but fortunately it appears to be a regular 

'This is particularly true for results about the heavy mesons, as much of the world 
data is relatively new and is being constantly updated. 
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Decay process 	 gvpp (MeV) 

V -4 PP 	 1992 [68] 	 1994 [87] 	 1996 [13] 
o p 	 71- 	 4.24 0.05 	 <- 	 4.24 ± 0.04 

+ - p0 	 7r 7r 	 4.30 ± 0.03 	 4- 	 4.28 0.02 

K*± -> (K7r)± 	 <- 	 4.59 ± 0.04 

K*° 	 (K7r)° 	 4- 	 <- 	 4.55 0.03 

	

KK- 	 4.82 ± 0.05 	 4- 4.83 0.04 

	

KKg. 	 4.99 ± 0.06 	 <- 4.97+ 0.05 

D*-E 4 D°7r+ 	 <27.2 +2.9 < 10.6 ± 1.0 < 10.5+ 1.0 

D*+ 	 DIY)  <28.5 ± 3.2 < 10.6+ 0.9 < 10.4+ 1.1 

D*° 	 D°7r° 	 <44.9 ± 7.1 <50.2 + 3.9 < 49.6+ 3.9 

V -> 11 	 gc,pp  (MeV) 
po 	 e+e- 	 4- 3.56 ±0.08 
p0 _4 	 3.41 ± 0.11 	 3.41 0.10 	 3.41 0.11 

wee 	 <- 4.41 + 0.07 

>2.70 

-> e+e- 	 4- 	 E- 4.07+ 0.07 

	

4.46 0.31 	 4- 	 4.47+ 0.31 

J/0-+ e+ 	 7.57+ 0.21 	 <- 	 7.64 ± 0.27 

J/0 -÷ 	 7.72+ 0.31 	 7.63 ± 0.27 	 7.65+ 0.25 

T 	 e+ 	 13.23+ 0.20 13.33 ± 0.15 13.33+ 0.25 

T 	 p+//- 	 13.47+ 0.32 	 <- 13.42+ 0.30 

T 	 T+T- 	 11.63 ± 0.72 11.59 ± 0.71 12.23 ± 0.53 

Table 3.4: Determination of gypp and g6p  from two body strong and 

leptonic decays respectively. We take Ov = 219.4°,9p = -10.5° and 

3.4 x 10-3. 
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(MeV) 

Figure 3.4: The coupling g pp , derived from leptonic decay processes V —> 

plotted against parent vector meson mass, m y . The curve represents the fit 

g'vpp (V) = 0.1359m 1j2 . 

one as the numbers appear to be groupable in terms of the parent vector 

meson. 

• the g'vpp  coupling is more regular in the light meson sector, but deviates 

strongly in the heavy meson cases. However, there is a very obvious 

pattern to the symmetry breaking here. 

On closer inspection the coupling appears to obey, Yvpp  a 42  as seen 

in Figure 3.4 where a weighted fit (of Yvpp (V) = (0.1359 + 0.0036)7TiV 2 ) 2  

has been superposed on the experimental data of 1996. 
The fit is seen to be exceptionally well satisfied in the heavy meson realm 

with only the ,g,pp  from the r - -r(is)r+7-- data outside the fit. However, one 

should notice in Table 3.4 that in progressive data sets (1992—a994—>1996) 

this measure is moving closer to those from r - T(1S)-40-e- and FT(1s)+- . It 

2The notation gypp(V) indicates the 'universal' coupling constant gypp for parent 
vector meson state V with mass my. The indices VPP in gypp make no reference to the 
vector meson state flavour. 
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.1 

T—>e+e— 

J10-411±A—
J11p—>e+e- 

46-41÷1-t— 

w—>e+e—
po_4,-1-1,— 

po_,,e+e- 

/ 	 1/2 
gi/PP/ M'V 

Figure 3.5: Ideogram of the data fit for the givpp  results. 

is not so obvious from Figure 3.4 as to how well the fit matches the data 

in the light meson sector. This is more clearly seen in Figure 3.5 which is 

an ideogram, much like that found in the Particle Data Tables. Each 1996 

experimental determination of gc,pp  of Table 3.4 has been divided by 42  

(where V = p°,w,0,J10 or T(1S)). Then from each data set (xi, ai) we plot 

1 
	

exp 
	 (-x +  xi)2) 

and at the same time superpose the data xi  with error bars of width o-i. As 

can be seen the light meson results are distributed just outside the mean 

value, which is indicated by the shaded zone. The most controversial result 

comes from the width 1",,,,+e-, leading to a g'/pp which falls well outside 

the fit. Unfortunately the co -4 ii+p-  width is only known to an upper 

bound. More accurate experimental determination of this value would help 

in understanding this large deviation. 

It appears that regardless of the symmetry breaking mechanism at play, 

.gpp(V) a mV2. Importantly we will be able to exploit this regularity in the 

symmetry breaking to make predictions about other processes. Given that 

the coupling .gi„p  follows this pattern, should we not expect this pattern 
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gVPP 

(MeV) 

Figure 3.6: The coupling glipp, derived from purely strong decay processes, 

V —> PP, plotted against parent vector meson mass, my. The curve repres-

ents the fit glipp = 0.15319742  . 

to be repeated in the gvpp coupling? By performing a similar analysis as 

above, we first plot the glipp against the parent vector meson mass and at 

the same time superpose the weighted fit function gvpp CX mV2. This is 

shown in Figure 3.6 and demonstrates an adequate fit is achievable although 

it does not appear remarkably different to a linear fit over the mass range 

considered. However, the fit parameters slightly support an mv
1/2 
 relation 

over that of a my  fit as shown in the following data: 

n, 
my fit Fit Parameters: 	 Inv

1/2 
 ul 

Adjusted R2: 	 0.999893 0.96431 

Estimated variance: 1.8195 	 1.91978 

The estimated variance is x2I(N — 1), where x2  is the weighted residual 

sum of squares, )(2  = EiN_i  — xi)2. This results in the fit gypp(V) = 

(0.15319 ± 0.00065)mV2  where the original error was scaled by the factor 

S = fx21(N —1)1112  . (This is identical to the way in which the Particle 

Data Group handle their errors.) Once again an ideogram of the fit has been 

produced in Figure 3.7, and clearly demonstrates it is the 0 —÷ Kk measures 
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Figure 3.7: Ideogram of data fit for the gv pp results. 

which are the most problematic. 

If we adopt the fit gvpp(V) a mV2  we must ask ourselves are there any 

theoretical grounds behind the relation. Fortunately there are, and it is most 

easily shown by use of the heavy quark effective theory although the result 

can be derived from models of strong interactions. We begin by defining the 

pseudoscalar form factor fp for the pseudoscalar meson—vacuum transition 

(0 4))  I P(p)) = f ppm., 	 (3.25) 

where Ai, = 4i71,75q' is the axial current, and the meson P is normalized in 

the standard relativistic way, 

( P ( pi ) I P(p)) = 2E5(3)  (P - 
	

(3.26) 

Now if we were to formulate the interaction in the HQET, q' = Q, we would 

instead be working in velocity space and hence use an effective pseudoscalar 

decay constant fp defined by 

( 0 A (1)) P(v ) ) = fp 
	

(3.27) 

where A.(1.,°) --, MT)  is the heavy-light axial current. In the HQET, the pseudo- 
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scalar state is normalized to 2E/14 

(P(v1) IP (v)) = 2v°8(3)  (v — v') 

which, when compared with (3.26), shows the covariant states are related to 

the HQET states by 

ilD(P)) = MPI15(v)) 
(3.28) 

In the HQET the normalization of states and dynamics has been rendered 

independent of the heavy quark mass, MQ  so that fp is too. Hence we can 

assume that it is an invariant object with regard to quark content of the 

mesons, provided one is heavy, the other light. By writing vp, = pm/Mp and 

using the relation between normalizations of Equation (3.28), one can move 

from Equation (3.27) to (3.25) to show 

fP = fP/VMP, 

provided AV = 	 (techniques of renormalization can be employed to 

obtain an expression independent of this assumption [62]). The crucial point 

is that since fp is independent of MQ, then so is f p NrICG, and we conclude 

fp scales as 1/1/1—//p. We can now apply similar techniques to the interaction 

V -4 PP to determine a theoretical scaling behaviour in glipp• We begin 

with the definition of the matrix element in the covariant normalization, 

(P(P2)P1  (P3) I V (P2 + P3) 	 = g V PP(P2 	 fin 

which in the language of HQET would be expressed as 

(i3(v2)P1(v3) I -V.  (vz + V3  €)) 	 -JvPp(vz — va)ILEit• 

In the special case P = P' (daughter pseudoscalars are the same so Mp = 

Mp which in turn implies 4,3  = K3/Mp) we find 

(P(P2)P(P3) I V (P2 ± P3, 6)) = JVIT/§vPP(P2 P3)1Lftt 

which implies 

gvpp = VMv.-gyPP, 	 (3.29) 
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so that gvpp scales as V-M7 as observed. It is important to note that this 

scaling behaviour is evident in the light mesons, whereas the theoretical 

method above is only assumed applicable in the heavy meson arena. The 

scaling behaviour of .g, ,pp  mirrors that of gvpp, as it should based on their 

relation to one another. The data shows that the scaling is obeyed to some 
degree in the light meson sector (with the possible exception in w -4 e+e - ) 

with excellent adherence in the heavy mesons. 
We now move on to Table 3.5 which predominantly lists the estimates of 

gvvp using vector meson dominance and radiative decay data. The first entry 

in the table is from the decay 0 -4 frn-  and leads to a direct determination 

of gvvp. In fact, we use it to test the supermultiplet prediction 2gvpp = 

mgvvp, the results of which are shown in Figure 3.8 which has the difference 

mgvvp-2gvpp plotted against vector mixing angle Ov. Since all interactions 

we have examined involve a vector meson parent we have chosen an average 

vector mass of 866 MeV (average of p,w,K*,0) and an average gvpp %.-% 4.58 

from Table 3.4. The figure clearly demonstrates the supermultiplet rule is 

satisfied at Ov  219.35°, very close to the accepted value Eiv  = 219.4°. 

The remaining gvvp estimates in Table 3.5 are derived from radiative 

decays in which the coupling is related to the ratio gvvp/givpp . From our 

experience and understanding of the scaling behaviour of givpp  we safely 

employ the relation 0.1359mV2  to obtain gvvp on its own. This 

relation applies to the virtual vector meson so that any process mediated 

via the ideal field (.4.)8  we have to use its mass of approximately 932 MeV. 

The data shows that once again the coupling is quite regular, but now the 

symmetry breaking appears to obey a power law relation gvvp CX mri where 

1/2 < n < 3/2. It is worth noting that the estimates of gvvp from the 

processes J/7,b -4 77,-y and 77, -> -yy are in fair agreement, particularly for the 

1996 data set. This is reassuring as they are described by the same vertex 

in the C/(4N1) scheme. The results for the D* and D: radiative widths are 

derived from the upper bounds on the full widths and as such await more 

accurate measurement. 
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Decay process gvvp ( X 1 0 - 2  MeV-1) 

1992 [68] 	 1994 [87] 	 1996 [13] 

-4 pr 1.062 + 0.030 1.062 ± 0.030 

p± ± 0.922 + 0.057 0.924 ± 0.056 0.921 ± 0.057 

po 	 713
7 1.214 + 0.157 1.217 ± 0.157 1.212 ± 0.157 

P
o 

 0.982 ± 0.094 0.986 ± 0.094 0.982 ± 0.095 

w 	 71"
o 0.877 ± 0.035 0.880 ± 0.034 0.878 ± 0.035 

w -± 777 0.916 ± 0.028 1.221 ± 0.157 1.218 ± 0.158 
_÷ 7ro,.y  0.729 ± 0.041 0.730 ± 0.041 0.722 ± 0.041 

q5 	 7ry 0.603 + 0.021 0.605 + 0.021 0.608 + 0.022 

77''Y < 1.68 < 1.69 

K*±  4 K±7 0.903 + 0.047 0.906 ± 0.046 0.904 ± 0.047 

K*° 	 K°-y 0.732 ± 0.037 0.734 ± 0.037 0733± 0.038 

D*± 4 D±7 < 130 ± 15 < 11.1 ± 7.9 < 11.0 ± 11.1 

D*°  4 D°-y <4.68 ± 0.34 <4.24 ± 0.19 < 4.34 ± 0.20 

D:± 	 Ds±-y <349 ± 9 < 350 ± 8.7 < 228 ± 6.3 

.110 -4 71c7 0.308 + 0.050 0.313 + 0.050 0.310 ± 0.050 
po,), 0.691 ± 0.041 0.699 ± 0.036 0.698 ± 0.037 

771  ury 0.697 ± 0.051 0.702 ± 0.048 0.701 + 0.049 

7ro -> 77 0.908 ± 0.040 0.914 ± 0.040 0.910 ± 0.041 

-> 77 0.865 ± 0.051 0.873 ± 0.050 0.866 ± 0.052 

-> 77 0.724 ± 0.052 0.725 ± 0.044 0.722 ± 0.045 

-+ 77 0.480 + 0.334 0.484 ± 0.337 0.385 ± 0.106 

Table 3.5: Determination of gvvp from two body strong and electromagnetic 

decays. We take Ov = 219.40,0p = -10.5°. 
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mgvvP 29vpP 

Figure 3.8: The 0(12) relation, 2Thipp = m,gvvp receives strong experimental 
support near the vector mixing angle Ov  = 219.4° for m = 866 MeV. 

Arguments similar to those which lead to the predicted scaling of glipp in 
Equation (3.29), if applied to the VV P interaction lead to the expectation 

gvvp(v,v , P) V MP  - 

MvMv, gVPP) 

but this does not appear to be reflected in the experimental results. However, 
it is difficult to draw reasonable conclusions from the data because we are 
using many decay processes along with the uncertainties inherent with vector 
meson dominance. There is a very real chance that higher order effects play 
a more significant role in the electromagnetic processes, and this notion is 
supported in Chapter 5. 

3.4 Predictions 

With the newfound understanding of the effect of the symmetry breaking on 
the coupling constants gvpp and Yvpp  we can make numerous predictions. 
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We concentrate our efforts on making predictions about non-Zweig allowed 

decays and heavy meson strong and radiative decay widths and branching 

fractions. 

3.4.1 Non-Zweig allowed Decay Widths 

There are several non-Zweig allowed decays which may proceed by virtual 

photon mediation. For example w —> 7F+7T— 	 71-±7r-  and T(1S) —> 

can be realized by a virtual photon coupling between the parent vector meson 

and a p° meson. Thus in the case w —> ir+r-  we have the overall coupling of 

e2inzpogpoir+7_ 

and for 0 —> 71+7-  we have 

2 2 e mpogpo,+,- 

	

gor+7- = 	 2 / 
glopp (M20 — Mpo )gpopp 

and for T(1S) —> 

2 2 e mpogpo,+,- 

	

gro.$)r-Fr- = , 	 2 	 2 	 / 	 • 
gT(1S)PP

(„,
Y'"T(lS) 	 nip° )gp0 pp 

gum+ = gu.,/ pp  (7710)2 	 mp20  gp/ 0 p p  

Using 

gpoir+7— 

gpi  Opp 

gw/ pp  

gyhi  PP 

= 

= 

= 

= 

gTi  (1S)PP 

we predict 

.V(0.15319 0.00065)m2  

2(0.1359 ± 0.0036)mpl2  

V6(0.1359 ± 0.0036)rnu,1/2/ sint9v  

V6(0.1359 ± 0.0036)m10/2/ cos Ov 

3(0.1359 ± 0.0036)m-1421s), 

= (1.58 ± 0.17) x 10-1  MeV 

= (5.86 + 0.62) x 10-4  MeV 

= (1.87 ± 0.20) x 1078  MeV, 
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which compare favourably with the 1996 accepted values [13] 

= (1.86 + 0.25) x 10-i  MeV 

= (3.5 ± 2.8) x 10-4  MeV 

< (2.63 ± 0.09) x 10-5  MeV. 

3.4.2 Heavy meson coupling constants 

There are many works which concentrate on the calculation of the heavy 

meson-7r meson coupling constants, gipir, where H is a heavy meson (i.e. 

H = D or B). In our case, these couplings are simply derived from the rela-

tion gH.H7, = c(0.15319 ± 0.00065)mV*2  where c is a Clebsch-Gordan factor. 

We tabulate our predictions against those of other research in Table 3.6. The 

table details the couplings gp*Dir  and gB.B, where 

gH•117, gip+How+ 	 = gH•0H+,— = —V4H•oHoiro. 

Many of the other research papers use a different coupling constant (often 

indicated by g, g4, but this can be related to our covariant coupling by 

comparison between their and our decay rate formulas. Any work marked 

with an arrow next to their coupling value have had it rescaled by us. The 

rescaling used is indicated by: 

Symbol 

-4 

Rescaling factor 

mil* /fir 

mH f7, 

Onip mit/fir, 

where fir  131 MeV. For any research which only details a coupling value in 

reference to D* decays, we only apply the rescaling to produce their equival-

ent gD.D7, and do not use it to estimate gB.Bir• For papers which only produce 

a decay width prediction, we use (3.12) to convert this to a coupling constant 

and indicate that we have done so with the symbol: r. In some instances 

other research will quote a coupling constant gmH,'and a decay rate value 
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which are not consistent with our formula. In such works the decay rate for-

mulas are typically a factor of 4 smaller than ours so their coupling constants 

are a factor of 2 greater to achieve the same width result. For these cases we 

list their quoted value of wpm,. and ours determined from the decay width 

using (3.12). Once again we mark these with the r symbol. At present there 

are no experimental measures, apart from upper bounds, with which to val-

idate our predictions. Our predictions fare quite well when compared to the 

numerous other ones, although our value gB.B, appears to be consistently 

lower than most. Unfortunately there is unlikely to be a direct measure of 

this coupling as the process is kinematically forbidden by the available phase 

space. 

3.4.3 H* H-y decays and coupling ratios 

The symmetry breaking effects we have observed also lead to a measur-

able consequence in the radiative decays of heavy mesons. We begin by 

re-examining the decays K*1  K±7 and K*° K°7. Experimentally, the 

K* branching fraction is 

FR-.0_,Ko.y/FR,±_+K±1, = 2.31 ± 0.29, 

and allowing for phase space factors this translates into a coupling constant 

ratio of 

1.9K•oico-y/Df•±K±71 = 1.514 ± 0.095, 

and as such is far from the exact SU(3) ratio of 2. Under the supermul-

tiplet scheme, one can show the decays proceed via two intermediate vector 

mesons, p°  and w8. Following the procedure we described for determining 

the Clebsch—Gordan factors, one finds 

gtc•±K±7= e 
(gif.,±poK±  

+ 	  , 
gpiopp 	

gwi 8  pp  (3.30) 

	

gif.opoKo 	 g1c.0,„810 
9if.0K07  = e 	  

gpiopp 	 Yw8pp' 
(3.31) 
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Research 

and methods 

Paper's constant 

arid scaling used 91).  Dr g 13° Ihr 

This 6.87 ± 0.03 11.18 ± 0.05 

Exp. [13] < 10.5 ± 1.0 

[75] RQM 8.78 22.92 

[38] B-S 8.29 

[79] SQM(c) 6.97 

[98] 8.35 

[100] H-LS 8.36r  

[50] H-LS -•• 8r  

[91] H-LS :4 11.8 :::-., 36 

[78] H-LS ", 4.2r  

[89] HHCT 0.25 - 0.5 3.54 - 7.08 

[81] QCDSR 
12.5 ± 1 

29 ± 3 
6.25 ± 0.5r  

[113] SU(4) 
6.34 ± 0.22 

4.48 ± 0.16r  

[63] HHCT 
t 0.2 -0.7-4   3.0 - 10.7 

[52] QCDSR 6.1 ± 1.4 

[5] HHCT < Vii: 	i> < 10.8 

[109] RQM 0.28(D), 0.32(B) 2x  8.29 25.96 

[19] QCDSR 
12.5 ± 1 

29 ± 3' 
6.25 ± 0.5r  

[31] HQET 0.4 ± 0.08 6.1 ± 0.2 16.1 ± 3.2 

[34] QCDSR 7 ± 1 15 ± 4 
2xt 

[32] RPM 
-4 

0.4 { t  
12.3 31.7 

6.2" 16" 

[10] HHCT 0.56 -  - 8.38 

[92] RLFQM 0.6 9.23 

[73] HHCT 0.53 i> 8.07 
22/ 

12 - 18 32 - 48 
[28] RQM 0.4 - 0.6 	 t  

{ -> 6  _ 9r 16 - 24r  

[48] QCDSR 6.3 ± 1.9 14 ± 4 

[30] HHCT 
0.66 ± 0.47 1 V=It 	 1 9.7 ± 6.9 

0.58 ± 0.41 	 8.5 ± 6.0 

[951 QM 3/4-4 11.5 

[86] Bag 8.1 ± 0.8" 

'Abbreviations: R=Relativistic, QM=Quark Model, 

B-S=Bethe-Salpeter, SQM=Simple QM, H-LS=Heavy-

Light System, HHCT=Heavy Hadron Chiral The-

ory, QCDSR=QCD Sum Rules, PM=Potential Model, 

LF=Light Front 

Table 3.6: Summary of theoretical estimates for couplings gi•mr• 
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If one assumes givpp  is constant then 

(1/\/ -1/1  ± 
gic•±K±7  = e 	 9vvP/91vpp - gvp7/3, 

.12 

(-1/\/- 	 -1/Vg)  
= e     9vvPigivpP = -29vp7/3, 

and we arrive at the exact SU(3) prediction. If instead we use a symmetry 

breaking givpp we must substitute gp'opp  = ,r2-  k mpl(,2  and g%pp  = .V6 k mg2  
in Equations (3.30) and (3.31). Thus 

-1/2  + m-1/2/3 gK•01(07 	 m0 	 Lt18 
	  = -1.868 ± 0.001, 	 (3.32) —1/2 	 —1/2 /0  

gK.±K±-y 	 711 0 — M w8 / 

and notice the result is independent of the proportionality constant between 

gvpp and 742. Although not matching the experimental result, it is an im-

provement on exact SU(3). Actually, the most satisfactory explanation of the 

symmetry breaking mechanism comes from Bramon and Scadron [25]. They 

attribute the deviation from exact SU(3) to the constituent mass difference 

between the strange and non-strange quarks in the loop of a quark triangle 

diagram. As K* -4 K7 excite both strange and non-strange quarks, such a 

difference must be accounted for. With these corrections, the experimental 

ratio is found to match theoretical estimates very well. We shall develop this 

method and apply it to many other meson cases in Chapter 5 as a contrast 

to the (/(4N1) scheme. 

Let us continue to use the observed mass scaling of gypp and gc,pp  in the 

heavy meson sector. Upon application to the D* and B* mesons we obtain 

gp•OD0.7  
—m -1/2 
po 

_v2 m
W8 

4,„-1/2 
" 'WO + (3.33) 

(3.34) 

913*+D+7 

gg•ogo7  

_3m;01/2 

_37np-01/2 

ni,;81/2 

mw-81/2  

A,,,-1/2 	 59.16 	 1.48, 

'1".1/0 
2mT-1/2 

+ 3mp-01/2 mu.j_81/2 2mr-1/2 	
Pea 
—
0.7973 	 0.0002, 

which are significantly different from the exact SU(5) predictions of 

gp•ODO7  /gD• +D+7  =4, 

gB•OB07/gB•4-13+7  = -2, 
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and as such require better experimental data to test the results. 

3.4.4 D* and B* Decay Widths 

In addition to these relative decay rate predictions, the supermultiplet scheme 

can be easily adapted to decay width calculations. Scattered amongst Tables 

3.4 and 3.5 are various constants determined by extending the supermul-

tiplets to include the charm and bottom quark mesons. In particular, using 

the upper bound of 131 keV for the D*+ decay width (ACCMOR Collab., 

[12]) we have found gypp < 10. Conversely, we can use our knowledge of the 

effects of symmetry breaking to predict the VPP coupling constant for D*+. 

We find 

gypp(D*1 	 (0.15319 ± 0.00065)(2010)1/2  = 6.87 ± 0.03, 

similar to a heavy quark prediction of 7± 1 by Colangelo et al. [34]. We can 

use the value for D*4-  to calculate the total decay width of the D*+ 

channels": The 0(4N1) trace technique provides all the Zweig allowed decay 

channels of D*+ into two pseudoscalars; however, the available kinematical 

phase space restricts these to D*+ -4 D°71-+ and D*+ --+ D+7°  so that the 

width must be 

rp•+->PP = rD•+-*Doir+ 	 ->D+703  
2 

gVPP  [ A312(171.1.+,7712D0,7nr2+) + -
1
A3/2(m2D.+ , m2D+, m0) 

4871-m5  EP+ 	 2 

= 55.88 ± 0.47 keV. 

We compare this with the radiative width D*+ —> D+7 in the following ratio: 

rD*-F-D+7  

rD•4---WP 

(gvp7igivpp)2(m2D.+  — m2D+)3/967m3D—F  

{A3/2 (7712 	m2D0 m +) 	A3/2  (m.4., r n2D+ ,77:127rol ) /487m, 

-1/2 -1/2 	 2 
[e(-3mpo  + 77c81/2  + 4m jio  )/(6 x 0.1359)1 (m2D..4_ — m2D+)3  

A3/2 (74.4. m0, m+) 	 .A3(2 (m2 	 m2 m2 
k D*4-) 	 D-F, 	 Tro) 

(9.90 ± 0.52) X 10-5, 
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where in particular we have used the supermultiplet prediction gvvp/gypp = 

2/mD.+. Here we have assumed that the central meson mass m is significantly 

higher when the charm mesons are included in the supermultiplet. Since 

= r 1)*+-WP±r D*+-D+-y the above result implies that the dominant 
decay modes in D'H-  decay are the PP channels and therefore approximately 

compose the full width, that is riy-F_ypp r=" Thus the radiative 

branching fraction rD,D+7/rD.,a1, is very small which is not inconsistent 

with the present experimental fraction of (1.1 ± 2.1 ± 0.7)%[13]. However, 

our prediction does conflict with other theoretical models [79, 32, 92, 73]. 

Under the assumption r D.+_wp = branching fraction calculations 

for the two PP channels yield 

68.8%, 

31.2% 

which compare well with other models and the present experimental result 

[13]: ' 

= (68.3 + 1.4)%, 

= (30.6 ± 2.5)%. 

We are able to employ similar methods in the decays of the D*°  vector 

meson. In this instance, the possible PP decay channels are restricted by 

phase space to D*° 	 D°7°. We calculate this width to be 24.9 ± 0.2 keV, 

where we used gpoporo = (0.15319 ± 0.00065)(2006.7)1P/ 	 To determine 

the radiative width D*° 	 D0-y we apply relation (3.33) along with a small 

correction for the change in phase space to derive 

(3630 ± 182) x r D.+,D+7  = (20.1 ± 1.5) keV. 

Thus if these two partials are the only decay channels available for D*°  decay 

the total D*° width is (45.0 ± 1.5) keV, although the result is sensitive to the 

supermultiplet prediction gvvp(D*)/gypp(D*) = 2/mD.. Consequently we 
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predict the following branching fractions: 

rE"°-4D°71-0 1D•0-+a11 — (55.3 ± 1.9)%, 

rD*°-4D°7/rD•+—>all — (44.7 + 3.7)%, 

which are in fair agreement with the Particle Data Group's average [13] data: 

rD")-4D(171.° irD*0 
	

(61.9 ± 2.9)%, 

rD*0_,D07/rD.+—>all 
	

(38.1 ± 2.9)%. 

3.5 Summary 

This study of two-body ground state meson decays has shown that the super-

multiplet method unifies meson decays quite well, even for the light quarks. 

The most significant finding is that the coupling between mesons is suscept-

ible to symmetry breaking mechanisms, but in a regular way, allowing us to 

successfully extrapolate to decay rates for other processes. In particular, the 

methods are readily applicable to heavy quark examples, as highlighted by 

our examination of D* processes. 
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Chapter 4 

Excited state meson decays 

The excited mesons are the next testing ground for the (.1(4N1) method 
and associated investigation of universal coupling constants. The Cf (4Nf ) 
wavefunctions for the excited mesons are constructed by combining the spin-
flavour symmetry with the 0(3,1) group corresponding to relativistic orbital 
angular momentum. The methods we shall use to determine the coupling 

constants of various decays closely resemble those of Chapter 3, and it is the 
ease with which notions of Clebsch—Gordan factors, mixing angles and so 

forth are accommodated that the U(4N1 ) trace method once again demon-
strates its appeal. 

4.1 Excited meson wavefunctions 

The extension of the U(4N1) scheme to include orbital excitation states (and 

not "quark-excitation" types) was first considered in the context of incorpor-
ating higher—symmetry ideas into the phenomenology of Regge poles [45]. 
These ideas were latter refined by Delbourgo and Liu [41] and we follow 

their derivation of the excited state meson wavefunctions. These are most 

easily constructed by boosting quark-antiquark systems at rest. In the rest 

frame, the meson's four-velocity is a unit timelike vector pointing along the 

time axis with spatial SU(2) (the little group of the full Lorentz group) the 
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only surviving space-time symmetry, of which the mesons are irreducible rep-

resentations. The quantum numbers of the meson can only be the SU(2)j  

labels, so that the meson state is given by 

L 

where m is an 0(3) vector index corresponding to orbital excitation L, and 

a, b are the usual two-component spinors corresponding to flavour. {...} 

signifies a symmetrised tensor product and it is assumed that all Kronecker 

traces over the m indices are zero to ensure the orbital state is irreducible with 

respect to 0(3). As the quarks and antiquarks can be acted on by different 

spin groups, we need to reduce the multispinors into total spin states, that 

is101.00311, 

	

= [o56+ (am)baom] , 	 (4.1) 

where the orbital quantum numbers have been disregarded. 05 and Om  are the 

familiar pseudoscalar and vector states (in the rest frame). To produce the 

orbital excitation states, L is combined with spin S to form representations 

of total spin J. The pseudoscalar meson excitations are simply 05{,,I.,L} 
while the vector meson excitations (1 0 L) are reducible to states with J = 

L +1, L, L — 1 as shown 

Orn{rn1.-770 	 0(11:77111)...n/L} 

V2L-1 \--"̀ 
L 2L+1 	 vmmk 	 2L-1 	 k 

A(L-1) 	 2  \--̀ 	 m  A(L-1).._  
, (4.2) 

where a bar over an 0(3) index, like signifies that mk  is missing from the 

tensor. The pseudoscalar and vector excitations have parity P = (-1)L+1  

and charge conjugation C = (-1) L+S  . If we boost these non-relativistic wave-

functions we shall obtain the fully Lorentz covariant wavefunctions. The 

important point to realize is that an incoming meson must contain the pro-

jection factors [(1 + -y0)/ 2][1(1 — -yo)/ 21 in the rest frame. This ensures the 

upper two components of the quark and the lower two components of the 

1 	 ie 	 A(L) rn   
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antiquark (which form the meson) are picked out. By these considerations, 

we obtain the boosted version of the wavefunction (4.1) 

(142+777)  

which, as expected, is identical to the original,  derivation (2.28). Hence an 

excited meson of orbital angular momentum L and momentum p has the 

C/(4/V1) 0 0(3, 1)L structure 

I  (bB 
= 	

( 	
1.  
r 
711Wb14111.-IlL}a(P) 	 7501{111•••AL,}akPl] 	 0' 31

\ 
a 

and from (4.2) the vector meson excitations reduce to states with J = L + 

1, L, L — 1 in the following manner 

011{111 —IA[1(P) = 0({L:11+111)..gL}(P) 

ly1 L 

L.4 m kE=1  fAiliihvgvV(k{L121-..k...AL (P) 

1 \i/2L — 1 L  

+ L 2L + 1 kE=1[(-9"k m2)(1){11.1...141(P)  

2 k 
7.1 	 ,n  

/ m )p 
2L — 1 	

\ 	 AL}(p)] (4.4) 

where (/)(J)  denotes the J value of the state. 

4.2 Excited meson interactions and decays 

The interaction Lagrangian for the excited meson decays are similar to that 

of the ground states, except for extra terms which must be introduced to 

contract the new indices associated with the orbital momentum quantum 

number and hence construct a covariant interaction. The majority of data is 

for decays of the type 

1( — p2) + (1)(-133), 
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1) (qii 	 913m  1P2114  ) ((I", 	 Lp±IL\  
m2 

2J 	 irn9  2 2 
k 	 m2, m3)/m2  

(4.6) 

where p, is incoming, so that the final states are both ground state mesons. 

In this instance, the only U(2N1) U(2Nf) 0 0(2) symmetry conserving 

covariant interaction consistent with Bose statistics is 

qt"‘Vit{mi...„}(pi)[( I ic3(p2)431)(p3) + (-1)41c3(p3)4)(p2)] . 

Since these momentum terms are external to the trace many of the derivations 

of Section A.2 are valid here. For other decay types, where daughter particles 

involve excited meson states as well, the forms of covariant interaction are 

more complex and cumbersome. Nonetheless, they are still describable in 

terms of the (/(4N1 ) 0 0(3, 1)L  wavefunctions signifying the adaptability of 

the scheme. 

As stated previously, the experimental data for two-body strong decays 

of the excited mesons is most abundant in decays to the ground states. Al-

though this leads to the 'simplest' of the excited interaction Lagrangians, the 

increased complexity enters in the derivations of the decay rate formulae, as 

polarizations sums become progressively more difficult. Fortunately, general 

methods for calculating the polarization sums of a spin J meson have been 

devised [41] and we use various guises of these in the proceeding sections. 

The two main results we use are 

	

2 	 2J( j!)2 AJ(,2 m2 ,,,2) 

= E 	 • • gm.' 	 (pol 	
27 ""3/  

A 	 (2J)!  (4.5) 

for a summation with all indices contracted (where q = p2  — p3) and for 

instances in which an index remains uncontracted, 

E qi-L2 
A 
.e0(tiAt12...A., (POO 1(2;̀,2  

x[

(J + 1) 
 d (p) + 

2J I'm 

(230e2 	 gm, j =2- I  (J!)2  A112)2(j-1)  
•••Aj 	 (2J)! 	 ) 

where ClitAt (P) = 	 + pop, / rn2 p2 = m2.  

We shall investigate mesons of L = 1 to L = 4 and thus span a consid-

erable range of the known mesons. There are many Zweig allowed two-body 
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decays of the excited mesons, but not all of these have been experimentally 

observed. Since we are always "chasing" experimental measures to calculate 

the universal couplings, we concentrate our study on the observed processes; 

but it is important to realise that there are many potential channels which 

could be studied in terms of the C/(4N1) 0 0(3, 1)L scheme which may not 

be mentioned in our analysis simply because of the lack of data. 

4.2.1 L = 1 meson interactions 

There is considerable data on two-body strong decays of the L =1 excited 

state mesons PPG' = 2++, 1++, 0++, 1+1. Most channels are of the type 

P PP or P —> VP where P denotes an L =1 meson (from the 2s+1L j  ter-

minology) while V(P) denotes a vector(pseudoscalar) meson. Subsequently, 

we need only consider the interaction Lagrangian 

Lint  = Gp(p2 — P3)'44,t (Pi) [4.(p2)0(p3) — (PS'(P3)0(P2)] 
	

(4.7) 

where (11(p) is a ground state wavefunction of Equation (2.28). The L =1 

superfield as derived from (4.3) and (4.4) is 

1  
ELLi (Pi) =2mi 

(1O1 + m1)(7110Ati1 (p) — 7505m, (P)) 

where ckiii„ decomposes as 

• 	 A 
,  

= (1A1 	
(0) 

}
(i)
l i - ----fAppitcYCIC 	 kpi) + 	 op— d,1°(p1) 	 (4.8) 0144 (P1) 	 02A) 	

P1 

V 2 mi 

The trace in (4.7) is expanded in much the same manner as those of the 

previous chapter, it is only in the final stages of the expansion that one need 

substitute the form (4.8). 

P —> PP interactions 

The P -÷ PP interactions (where P denotes the ground state pseudoscalar 

mesons) compose the major fraction of the L = 1 two-body strong decays. 

Fortunately the 0(4N1) trace methodology and corresponding wavefunctions 
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EqILqLl
C6{A)t11}(131)(k({V;11}(P1)qie  2.2 + 1 A  

Linti2  
gliPP 

account for many of these channels. To begin with we consider decays of the 

type 1+- 	 PP, of which the interaction term, 

• Gp 	 1,1  
3 	 (P2 — P3).  ir RP' + 77/075kP2 + TrizaskP3 + m3)75  

8 	 mi  

X 05A (P1) (042)043) — (P2 <—> P3 ) )1 

disappears in agreement with parity conservation considerations, so we pre-

dict strong suppression of such widths in the experimental data. The other 

P --+ PP terms do not vanish, but expand like Equation (3.2) so that 

	

Gp 	 Mi 
Lint = 	  7,„ e e l 	 (P1) 1042)) 043)}) 

where qP = (p2  -  p3)A. Upon substitution of (4.4) into this term, we find the 

surviving terms 

Lint 
p Ei 	 1 G 	 0(2)b {Aiii}a(pi) 	 irnDo(ao)b (pi  )1 
4m2m3  

X  [04 (232) 0651c (P3 ) 04033 )0gc(P2 )1 

so that 2++ -* PP and 0++ 	 PP decays are adequately described by the 

above Lagrangian, while 1++ 	 PP processes are suppressed. This finding 

is supported by the experimental data as we shall see. 

We define a universal coupling gppp in terms of the Gp and meson masses 

via 

gPPP = 

 

4rn2rn3 

to determine the decay rate forms for the two processes as follows. 

2++ 	 PP decay rate From the general two-body decay rate formula 

(3.11), along with the general polarization sum (4.5), the sum in this instance 

reduces to 

Lint = 

2  
gPPP k4 

o2to!)2 A2(7724, 	 mi) 

4 5 	 (2.2)! 	 rni 
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so that the decay rate is 

r2++->PP 
a>pp  A5/2(774, 74, m3)  

1207r 7  
"11 

(4.9) 

0++ -4 PP decay rate There is no polarization sum in this instance; we 

have the simple contraction 

iL 2  int 1 = q 3 ( 
n2 
SPPP 	 Ail  

giipp )2(774, T/13, TT/3) 

, P1/2191,4 	 „r 
ql-• 

	

2 	 gi2121 	 2 

	

7711 	 7n1 

   

3 	 4 
mi 

resulting in the decay rate formula 

glipp  A5/2(74 7n3, 74) 
110+-1--rPP 7 487r 	 m1 

P -+ VP interactions 

(4.10) 

Lagrangian terms for decays of the type 2++,1++, 0++ -4 VP are similar to 

those of Equation (3.3) and after expansion and substitution reduce to 

Lint GP 	a  mi.  qttlettvP'PipP2, (Opiii (Pi) [0,(p2)7 05(P3)1) 
277/1M27713 

•  Gp 	 mi 	 .(2)b 	 _ 	 (1)b 

2mi7n2m3 	
Ct‘  PiPP2C7 	 {ttAl}a( 1 	

pA 	

fr 71fAttilliCgC  Olea (P1) 

x kgb(P2)0gc(P3) 04(P3) Oct; c(P2)] 

accounting for 2++, 1++ -4 VP decays, while the 0++ —> VP interaction is 

absent. The decays 1++ 	 VP are contained within the term 

Gp 
Lint = 

8m1m2m3
qPirrrRibl 7711)7542 7712)7v(142 + Tri2)75 

x 05/41 (Pi) {q(p2)j5(p3)  + (P3)042)}], 

and by standard trace methods reduce to 

Gp mi  pl  
Lint — 	 2,m1rn3  q 	 — P3)11  (05tti (P1) {042), 05(P3)}) • 

The definition 

gPvp = 
2m1m2m3' 

allows us to express our decay rate forms in terms of a universal coupling 

constant. 

Gp Ei  mi  
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2++ —* VP decay rate The sum 

gPVP  Avoif3 
2 

1Lint12  = 2.2 + 1 	 f 	
(A) 

PlaPZel  0{„i} (P1) 0(vA)  (P2) 

X (k({A1
)
7,1,11  (pi) v(',\)*  (P2  ) EA'  Vi  CO'  n 

 
t• la' P2M 

is most easily solved using the first principles, 

E 0({);,),„}  (pi)0({A,2,*„0  (pi) = 	 (pi) + dAtel(pi)clti, Ai  (pi) 
A 

so that 

— 

E ge(P2)0(v);)*(P2) = dvv' (P2)7 
A 

glivp  A5/2(m, m,  m3)  
112++ P = 	 • 5 3207r 	 mi 

(4.11) 

1++ —> VP decay rate The sum 

,2 
PVP  V-• ;wag 	 —i PA 	 (1) 

1Linti2 	
Y
2.1  + 1 2c 	

pio2,3q 	 Oki (pi) (A)(p2) 

	

Ai 	 -1 

x  0(,c)*  (P1)0)*  (p2) 	 a 	 , 

	

■,/2 	 9 	 € 	 Pla119204-111, 

is best solved using the properties of the antisymmetric tensor (using in 

particular (A.3)), to obtain 

glivp A512(1474,  m3) 
= 	 • 5 1927r 

(4.12) 

VP decay rate The polarization sum 

2 	 2 

IL.  12  — gPVP7713  E 	
(A) 	 (A)

() 	 ( 
(A)* 	 A * 

q (P1 P3) 05 P10 P20 	 P )0(  ) (P 	 p 	 te  , A  int — 
2.1 	 1 + 	 I/1 () 	 1 	 vi 	 1 	 3 	 q 

is relatively simple and upon expansion and reduction enables us to derive 

2 	 5/2 (,2 ,2 
.9131/P  A 	 k"̀13 	 '"3/  = 	 • 5 1927r 

(4.13) 
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P VV interactions 

The final case of L = 1 meson vertices we wish to investigate is that account-

ing for decays into two vectors. The expansion of the interaction term trace 

for the 3P mesons follows that of (3.4), reducing to 

Lint = 
Gp Ei  miqi  

4 mi 	 { (P2 P3)AgvPm1  ± (P3  - P1)gPilm2  

+033 - PIY9"m3 + zi2mi  (P2 - P3)(P3 - P1r(P3 - POP} 

x (014,1 (Pi) {042), Op(P3)}) 

and all 3P parent states can decay into two vector daughters. Although we 

have shown that interactions of this sort are permissible in the C/(4N1) 0 

0(3, 1)L scheme, experimental observation of such processes has not oc-

curred. This is mainly due to the lack of kinematical phase space available 

for these decay types to proceed, thus suppressing the widths. Therefore we 

shall not continue to derive the possible decay rate relations. 

4.2.2 L = 2 meson interactions 

The D-wave or L = 2 mesons (JPc = 3—, 2—, 1—, 2-+) undergo transitions 

to the ground state mesons, but in addition some members also decay to 

combinations of L = 1 excited states and ground state mesons. This provides 

another hunting ground for universal couplings; however, the predominant 

data is in decays to the ground state. Hence we are primarily interested in 

the interaction Lagrangian, 

Lint = GOP' q/12  etii2A (P1) 10(P2)0(P3) 02P3)0C(P2)} 

and this combined with the L = 2 meson superfield, 

1 
01,31A11L2(P1)2mi 	

+ mi) (71̀04izip2(P) 	 7505A1/12(P)), 	 (4.14) 

accounts for all the Zweig allowed two body strong decays of the D-wave 

states into ground state mesons. The vector components of (4.14) decompose 
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to J = 3, 2 and 1 states as: 

OAA1 A z (P1) = 	 ({3A)A Az } (P1 ) 
. 	 , 	 As(2) 	 I 	 ,A(2) 

2V-2-  mi 9 	 GAlitileP{A2pci} kPl 	 6)4102 ICIP1/11 	
)) — — 

LIL /VC 	 (4.15) 

+ A 	 (P1)(612) (pi) + dt2(pi)el)(pi) - 2d11I2 (P1) (ti(A1)  (Pi)) 

D PP interactions 

In the same manner that the expansion of the L =1 parent to two pseudo-

scalar trace led to the exclusion of 1+4-, 1+-  —> PP interactions, so too are 

the 2—, 2-+ PP decays suppressed. The non-zero terms in the expansion 

are 

GD Eirniqq1q2  rpb 

	

t°{Ailiii2}a(P1)  ± 	 (41210)1)0Al2)!(Pi)± 
4m2m3 

± 4/12 (p1)0ii)(bz (P1) 	 41,12(730(41(lb  (Pi))) 

X  kgb 032)0(5Lc (P3) — Ogb (P3)0(51c (P2)] I 

clearly attributing for 3—, 1-- 	 PP decays. We define 

GD Ei mi  
91313P = 

4m2m3 

and proceed to derive the 3—, 1--  —* PP decay amplitudes. 

3-- 	 PP decay rate By use of (4.5), the polarisation sum 

2 	 YDPP 	 (A) 	 12 

ICint I = 
2.3 + 1 
E 	 qA2  0‘ 	 (P1)1 filititi2) 

is readily reduced to obtain the decay rate 

912)pp )7/2(m2  m3, TT13) 
=  	 • 9 2807r 	 mi 

(4.16) 

1—  --+ PP decay rate The sum 

2 

'Lint 12  = gDP 	P  E leele2  2.1 + 1  

• • 11'1) 
X  (CIPPI(P1)C (pi) clAti2 (Pi ) el)! (Pi) -d 3 1t11L2  

• 

Lint 
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is relatively simple despite the quantity of terms, and ultimately leads to the 

decay rate 

(4.17) 

D -÷ VP interactions 

The S = 1 D-wave states may decay into a vector plus pseudoscalar state, 

the corresponding interaction Lagrangian reducing to 

GD Ei mi  
EtWafl  PlaP2P {0{3:11A2}a(Pi) 

2 Fli  rni  

• 	 i 	 (, 	 KA(2)b 	 tztl2K0({21)11b is, }a  (Po) 
y 	 t 	 (I.1{,21s  }a  WI. 1 I c  A 

2 \ rril 

115 	 g II 1.,2 	 7n0 (1)b  (pi)} 

X {b(P2)i(P3) 	 gb(P3)0(11/c(P2)} 

accounting for 3 , 2—, 1—  --+ VP decays. The S = 0 D-wave state, ./Pc = 

2-+ can also undergo transitions to a V + P final state and the term 

Lint 	

GD 	 el 122 
(131 —P3r0b5pima (P1) [oc,b(p2)ogc(p3) —  

2m1m2m3 

describes such a vertex. After defining the coupling g Dv p = 
Go 

, we 
2mon2m3 

proceed onto the decay amplitudes. 

3—  VP decay rate In this case the polarisation sum 

2 2 

t1 	 2.3 + 1 t 

g DV P 	 lei gill fitvai3 piap200{A
ii) 2  = 	 A1112)031) e )  (P2)1 

is best solved using (4.6), and leads to the decay rate 

awp  A7/2(74 74,7n3)  
r3--  -417P =  	 • 

8407r 	 mi
7  (4.18) 

,2 	 17/2(.4 m3,7713) 
YDPP "  

= 
18071 	 in? 

Lint 

E 
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2--  —* VP decay rate The numerous terms of the sum 

2 

ILint12 	
9DV P  E 	 1L2 "wag 	 —i Pi\  

2.2 + 1 	 q q 	 PlaP2/3 
A 	 2/ mi  

x q"'  (EAtipos0{2p),„,}(P1) 	 € A 11  FL2 14({) 	 } (1)  1)) (15(vA)  (P2)12  

involve extensive use of (4.6) along with the properties of the antisymmetric 

tensor, to yield 
n2 	 17/2 	 m2 m21 
DV P " 	 k""17 27 3/  

= 	 • 7 6407r 	 mi 

1—  VP decay rate The sum 

n2 	 1 	 12 
ILint12  = .11311P 	 E riee"ai3pi.p2041.(poo„(poot,(p2)1 2.1 + 115 A  

is relatively simple, and leads to the rate 

q6vp  A7/2(mi, 74,77/3)  
7 14407r 	 mi 

2-+ —> VP decay rate 

From the basic sum 

IL1nt12  = gilvr+31/4  E lee (pi - p3r0(4). (poe)(p2)12  
A 

the decay rate turns out to be 

P A7  / 2  (ML  m,7713)  
r2-+-4VP 	 • 7 4807r 	 mi 

4.2.3 L = 3 meson interactions 

(4.19) 

(4.20) 

(4.21) 

As the kinematical phase space increases with increasing parent meson mass 

the possible daughter mesons can attain higher masses and in conjunction 

different excitation states, unfortunately experimental investigation of these 

high excitation mesons is limited, and we are mostly bereft of useful decay 

width measurements, except in the JPc = 4++ case. For this reason alone we 
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shall restrict the daughter mesons to the ground state, L = 0, but future ex-

perimental results could fuel useful application of the supermultiplet method 

to these interesting channels. The interaction Lagrangian for the vertex we 

are primarily interested in is thus 

Lint = Gq qA2e301/Aii,21A3 (Pi) [OS' (P2)0C (P3) — 	 (P3)Ø(7)2)] , 	 (4.22) 

where the L = 3 supermultiplet wavefunction has the form 

1 L., 
OLIA2A3 (Pi = —27711  ( Pi + mi) (711(fiAtzip2A3 (PI) — eY5O5A1p21L3 (Pi )) 

of which the S = 1 components decompose into their J = 4, 3 and 2 com-

ponents as 

44) 
Ottilitt2A3 	 W1LiL1i121/3 

pA 

m  g"'  ((AAA' 	 (131.1)2 1.13 	 f  At1112  °( {1A3)1 ti3K1 	 f AAA 3 	 {/1  (3)1112 Ki} 

+ -1 	 { 	 42,L3, dit m o({2i)12/13}  ± 4121 OLL3). 

+ dAiii30([2ii)p2} + dti2p30a,}1} • 1d 	
,(2) 
'Cb({2/L 

Since there only exists some experimental data for the JPc  = 4++ mesons we 

further restrict the derivation of interaction vertices to these cases, but as one 

can see the supermultiplet scheme produces wavefunctions and interaction 

vertices for all the L = 3 mesons, so one can in principle obtain any required 

Zweig allowed interaction from the above. 

4++ PP interaction and decay rate 

Expanding and calculating the implied trace in (4.22) one obtains 

GAF Ei 
Lint = 	

mi  eel gA2 ■,113 
LtM2M3 	 II  Wi1it2A3 (P1) 105 032) ) 043)1) , 

and with the identification gFPP = G:r4 71—Zli  along with the polarization sum 

calculation, 

'Lint 12  

2 
gF PP 	(el (e2 A(A) 

r 	 A2A3 (P11 )12  2.4 + 1 	
q 

t 

8g pp 
 

).4(m, 7713, m3) 

 

315 	 m8 
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the decay rate is found to be 

= Y 

n
FPP 
2 A9/2 (m2 

) 
m2 
 ) 
m\ 2 

1 	 2 	 3/  
• 11 6307r 	 mi 

4++ VP interaction and decay rate 

In this channel, the interaction vertex reduces to the form 

(4.23) 

A 	 CF Ei mi  Pi P2 p3 puckfl nt = 
2m1m2m3

q q q E 	 PlaP213 (4).-,-1112A3 (P1) [01,032)7 cb5 (P3)1) 

and by using the rule (4.6) along with the definition gFv p = 
CF E rni  
2mon2m3, the 

polarisation sum calculation is completed: 

2 

I.Cint 12 
= gFV P 	

q(12  qi13 	 P1aP2S OA A2113 (P1) OL/A)  (P2) 2.4+ 1 

x  0(4,2023  (P1)0 )*  (P2 )qatill  q122V23€1ilvia'131Pia,P20,  

= 8.9Pvp A4(m 	 in ?, mL3)  

126 	 6 

from which the decay rate formula is obtained 

gFV P  A912  (n2?)m,"13)  
= 
20167r 9  

ml 

4++ —+ VV interaction and decay rate 

(4.24) 

From the expansion of the vertex 

CF  Ei mi  el ego (p2  733  ylgVP m1  + (733  pi  )ig m2  
2mim2m3 

2 
+(P3 Pi)Pevm3 + 	 (P2 — P3)A(P3 — Pi)v(P3 — POP  

Ei mi 

x (d1p,2„(n) {042), 043)1) , 

the polarisation sum calculation is quite complex and employs relation (4.6) 

to produce the decay rate 

gkv A9/2(mi,m3,77/3)  ( 
= 	 0)(M17 7712, 77/3) — 6TT4774M3) , (4.25) 
2520 milmmi 

CF  E mi 
2nt1 m2m3 • 

Lint 

where gFvv = 
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4.2.4 Summary of decay rate formulae 

We quickly list the multitude of decay rate formula we have generated. We 

shall shortly use these in conjunction with experimental data to obtain es-

timates of the coupling constants involved. 

= gl2PogP A512 ("4 '"13 '74)  P -4 PP: 	
M7 
1 

_-= 4PP A512(74,74,m3)  

L= 	
487r 

	

1 
	 m7 

1 

112++ -WP = 931i2VorP A512 	(1474M3  ) 
mesons 	

5 
1 

= 911" A512 	(M774M:23)  1927r 	 m5 
1 

r1+--iVP = 
	

A512(M?'74"13 	) 1927r 	 m5  

r3-  - -WP = 211F-2807r A712 (M? '1;713'"13  ) m 

= giggPo; A71 	2(M? '1  4)  747  M9 1 

r3-  - -)VP = g81270: A712 	(rq 'n13 'n4  ) L= 2  

	

m7 	 (4.26) 1 

112----wp = 9614vo: 	 7 	 A712(mLm3'm3)  
D --+ VP: 	 M 1 

1-11---+VP = Ito:  A712("ILM3'74)  

	

77i7 	  

	

 

PP:  111-'2  4-  ++ +Iv  pP  plg41:62v°30:  7,A712(17713'm° 	
A9/2(mtimpn3) 

	

= 3 	
m11 

L 4++ -4 VP: r4++.4vp = 2
9
0
i
1
V
6
Pir  A912  (M1,74774)  

m9 

r4++-07V = 
gFVV  A9/ 2  (M? /77/3)M3)  

1 

2520 MilM3m3  VV: 
x (Y(mi, m2, m3) — 6rri?mm3) 

The supermultiplet scheme predicts 

29LPP -= mgr,vp = 2m9Lvv, 

where L = P, D, F for the P, D and F-wave mesons, respectively. m is the 

central meson mass. 

P —> VP: 

D —> PP: 

mesons 

mesons 
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4.3 Application of CI (4N f) 0 0(3, 1)L to excited 

meson decays 

As in the previous Chapter, derivation of Clebsch—Gordan type factors is 
crucial to the normalisation of our coupling constants. As demonstrated in 
Section 3.2.3, these factors are easily generated in the 0(4N1) scheme using 
the trace over flavours in the Lagrangian, and precisely the same technique 
is used for the excited mesons. We begin with the identification of multiplet 
members with our 0(4N1 ) fields. 

4.3.1 Excited meson multiplet identifications 

In the excited mesons, there are many as of yet, unidentified or missing mul-
tiplet members. Some experimentalists report observation of these mesons 
and the data appears in the full listings of Particle Data tables. However, the 
Particle Data Group stipulate that for many of these cases, the assignments 
of </Pc values are not confirmed so there is always some uncertainty as to 
which multiplets these mesons belong. Additionally, very few of the heavy 
excited mesons have been observed so we will mainly restrict ourselves to 
N1  = 3 and hence with the identification of nonet members to the super-
wavefunctions' flavour indices. Section 4.5.2 details some predictions about 
excited heavy meson interactions, where we consider up to Nif  = 5. In mak-
ing our nonet identifications, we mention all of the mesons which complete 
the structure, using the naming scheme as used in the 1996 edition of the 
Particle Data Review [13]. 

The medium strong interaction continues to operate at the excited meson 
level, and leads to the mixing between the central states, namely the I = Y = 
0 members of the nonets. We use the standard definitions of the mixing angles 
and derive their present mass determined values once we have identified our 
multiplets. We use the unambiguous naming convention Okic  for the mixing 
angle of the meson multiplet with angular momentum L, total spin J and 
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( 0  b1(1235)  i_ AL  _i_ AL 
./ 	 ' ./ 	' ./ 

bT (1235) 

bt(1235) 
*1235) 	 AB, _ 4_ 

-1–(1313 

K?„3  
4_ AL  
o 

rbb 	 1+–  
7-Ng a — 

Ki-B 

sign C under charge conjugation. Note that the C label is only used to 

distinguish between the S = 0 and S = 1 meson multiplets (e.g. between the 

1++ and 1++ multiplets in the L = 1 mesons); if there is no ambiguity the 

label is not included. 

L 1 multiplets" 

The L = 1 mesons have been extensively studied; their masses and decay rate 

widths are usually well-known and there are few missing multiplet members. 

A noticeable inclusion in the 1996 tables was the cr-meson (or fo(400 —1200)). 

This leads to significant problems of interpretation in the 0++ nonet, as we 

shall see. We begin with the 1++ mesons, and work our way to the 2++ states 

via the 0++ and 1++ mesons. 

Several of the axial-vector mesons, JPc = 1++, have been experimentally 

observed and some of their properties measured. Unfortunately there are 

some suspect spin assignments in the multiplet, particularly the h1(1380) 

meson. There is the additional complication of more complicated mixing 

phenomena in this multiplet, whereby the strange members of the 3P1  nonet 

mix with the strange members of the 'Pi  nonet through SU(3) breaking 

of I = Y = 0. We shall discuss this further when the mixing angles are 

determined. The nonet of 1++ mesons is thus taken as 

where 

and 

1h8) = cos Bpi_ 'hi  (1380)) + sin Opi_ 'hi (MO)) 

Ih1) = — Sin Opi_ I hi(1380)) ± COS Opi_ IMMO)) , 

Wig) = COS OK IK1(1270)) — sin OK 	 (1400)) . 
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Particle assignments in the scalar meson nonet ./Pc  = 0++ are very 

difficult. There is an abundance of non-0 meson candidates and the re-

introduction of the a meson to the tables confuses the issue even further. In 

the 1994 tables the following assignments were speculated 

ao(9so) 
NA- 	 dol-(980) 	 K(I±(1430) 

ao-(980) 	
428) 

	

K°(1430) 	 , (4.27) 

lq-(1430) 	 4)(1430) 	 _,_ 
'/ 	 v/  

where 

1108) = cos Opo  I fo (1370)) + sin Opo  I fo (980)) 

If01)= — sin Opo  I fo (1370)) ± COS Opo  If° (980)) . 

The 1996 review contests this picture following improved support for the a-

meson (listed in the Data Tables as fo(400 - 1200)). The K*(1430) retains 

its assignment as the / = 1/2 member of the nonet, but the identification of 

the / = 0 and / = 1 members of the nonet is very controversial. There are 

two main models [13]: 

1.The fo(980) and ao(980) are Kk bound states [116], the /0(1370) is 
the 01 + 03 state, the ao(1450) is the 0q.  state and the mainly 03 has 
still not been observed (possibly the M1710)). The fo(400 - 1200) is 

then left as a background structure. 

2.The physically observed light scalars are different manifestations of the 

quark model qq,  states. An application of this model [115] fits the 

fo(400 - 1200), fo(980), /0(1370), ao(980), ao(1450), and K*(1430) as 

unitarized remnants of qq 3P0  states. The fo(400 - 1200) is simultan-

eously the trii + a state, the chiral partner of the 7r , and the Higgs 
boson of QCD; fo(980) and /0(1300) are two different manifestations 

of the unitarized sg state; ao(980) and ao(1450) are two manifestations 

of a. 

0(0)6 0++  
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Given the confusing experimental status of this nonet, we choose to limit 

our analysis to the 1994 interpretation of the states, despite how unsatis-

factory this may be. In the future, if a clear understanding of the scalars 

emerges, the supermultiplet scheme could be readily applied to the decay 

modes. We wish to state that this omission in the analysis is not significant. 

Even if we had managed to incorporate one of the potential interpretations 

of the scalars given above, the experimental data on branching fractions and 

decay widths (and in some instances masses) is so scant to render analysis 

almost impossible. 

The axial vector nonet JPc = 1++ is reasonably well accounted for and 

has as its multiplet structure 

0(1260) 

A(1)b 1++   
'PAla 	I 	 aT (1260) 

K 

4(1260) 
0(1260) La  La  

where 

1118) = COS Opi+  If 1(1511)) + sin Opi+  111(1285)) 

If ii) = - sin Opi+  1/1(1510)) ± COS Opi+  If' (1285)) , 

and 

IKIA) = sin 9K  1K (1270)) ± COS 19 K IK1(14°°)) • 

The tensor nonet, JPc = 2++, is probably the most extensively studied 

of the excited states with well determined multiplet masses, decay widths 

and branching fractions. The multiplet structure is 

A(2)b 2++  

where 

(  

(1,72 .32c9 	 ,t2A  La  
./6± 	 a-21-(1320) 	 Iq+(1430) 

(1320) 	 _,_ 
■fi 

	 K °(1430) 	 , 

IG-(1430) 	 Kr (1430) 	 _ 
'  

1128) = cos 0p2  IA(1525)) + sin 0p2  112(1270)) 

1121) = — sin Op2  IA(1525)) + cos Op2112(1270)) . 
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(4(167o)  

7q (1670) 

lq (1820) k23(1820) 

Nri 
2-+ 

W5A1A2a 

7rif (1670) K (1430) 
(i_0) IfA1820) , 

(We realize 91)2  is commonly called On but we use our labelling scheme for 

consistency.) 

L = 2 multiplets 

The L = 2 meson multiplets are somewhat sparser than the lower states, in 

particular the 2--  nonet is mostly empty, with only the strange members, 

K2(1820) having been observed with any real certainty. The 3—  multiplet 

is full, while the 1--  and 2-+ are partly complete. Following are the identi-

fications: 

A(1)6 1L- 
- 

( p°(..r7200)  ± 01).1  ± c,721  

p-(1700) 

K*-  (1680) 

p+ (1700) 	 K*+(1680) 

K4(1680) 

0 

e(1700)  -L 4-aa -L 
m  

K*°  (1680) 

The singlet I = Y = 0 symmetric and antisymmetric states have not been 

confidently identified in the 2-4  multiplet and only the w(1600) particle in 

the 1--  multiplet, where 

lw(1600)) = sin 01311(.010 ± cos OD bi 1 I-11) • 

The 2—  multiplet is mostly empty, with only the strange candidate K2(1820) 

being identified, 

Ifl" (1820) ) 
Az)b 

K(1820)ntva 

iq (1820) g(1820) 

Finally the 3—  nonet has the assignments, 

dp)b 	 3L- 
si-ItLiziA2}a 

	

( p(169O)  _i_ 
	

_i_ yial  

	

0 1 	' 0 

pi (1690) 

Kr (1780) 

/4(1690) 	 K;±(1780) 
p(169O)  

V6 0 
Kr (1780) 

Kr (1780) 
	 _ 21.4_218_ 	 (.1,11 

92 



where 

1w38) = COS OD3103  (1850)) + Sin 0D3  1w3(1670)) 

Pm) = — sin 9D3  103(1850)) + cos OD3  P3(1670)) • 

L = 3 multiplets 

The few F-wave mesons identified so far belong to the JPc = 4++ multiplet, 

and are labelled as 

 

(  

0(2040) 

+ 	 + 
f_gt 	 at (2040) 
 N/ c,(243(2_1o) , 	 , 

	

cCI  (2040) 	 Vg 7-  
(2045) 	 k° (2045) 

K:i'+  (2045) 

K:i°  (2045) 
_ 

Nid 

 

fil(4)6 	 4++ 

A2/13 }a 

 

  

with the SU(3) pure octet and singlet states 148  and hi  related to the phys-

ical states via the mixing angle definition, 

1148) = COS OF41f4 (2220)) + sin 9F4  114(2050)) 

1141) = — sin OF4  1/4 (2220)) + cos 19F4  14(2050)). 

4.3.2 Excited state mixing angles 

The determination of the mixing angles follows the procedure established in 

Section 2.3.1; we assume the GMO relation is obeyed by multiplet members 

and use it to calculate the mass of the I = Y = 0 octet member, m8  from 

the mass of the I 0 0 members, mg = 1(4774=112  - mL1) and then solve 

tan 

	

9= 
	/2 — 2 ) 
M'8 ms 

	

= 	2 	 /2 
7711 

where mi8  and mil  is the mass of the physical I = Y = 0 octet and singlet 

members respectively. To first determine the mixing angles 91,1_ and Opi+  we 

need to know the masses Km and Kim the ideal SU(3) 3P1 and 1P1  strange 

states. The same medium strong interaction which leads to mixing of the 

I = Y = 0 members of a multiplet can also mix these ideal states. Thus 
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with masses mK1A  and mK,,, the angle OK is given by 

m2 	 m2 

	

KiA 	 KlB cos 20K  =  2  

	

MK1(1400) 	 "̀ KI(1270) 

(4.28) 

Unfortunately, we cannot easily derive OK as there is an undetermined system 

of equations; to compute the masses miciA  and mKlB  one must know the 

masses of the pure states m8  and m1  which are given by the GMO relation 

using the masses mK1A  and mK1B! To overcome this conundrum one must 

make assumptions about the singlet-octet mixing (e.g. it is ideal [110]) or 

use a model-dependent calculation to derive the masses mK,A  and mK,B  

(e.g. via the relativized quark model [22]). Another approach is to use an 

experimental result which is sensitive to OK. Such a sensitive, yet reliable 

measure is given by the ratio 

ri-+KI(1270)/r,-K1(1400), 

but the limited data available only restricts the angle to —30° < OK < 50° 

at 68% confidence level [14, 22]. We decide to choose a mixing angle of 

OK = 45° which is consistent with the majority of results [22, 13]. By the 
center-of-gravity rule, 

2 	 2 	 2 
7K1(1270) 	 MK1(1400) 	

,, 
 

and the degeneracy mKIA  = mKia  inherent to the choice OK = 45° (from 
(4.28)), we find 

mKIAB = 1339 ± 5 MeV. 

We can then use this value to derive the singlet-octet mixing angles for the 

1+-  and 1++ nonets. 

In Table 4.1 we list the masses of all the excited meson nonet members 

used to compute the singlet-octet mixing angle (errors are derived from the 

uncorrelated errors of the meson masses). Controversial meson assignments 

are signified by italic face. The masses used are those given in the 1996 

edition of the Particle Data Tables [13]. 
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jPc  Experimental input masses (MeV)[13] 

m1.1 	 M1=1/2 	 8 	 1 

Mixing angle  

OLjc 

1+-  

0++ 

1231± 10 1339 ± 5 1380 ± 20 1170± 20 11° ± 16° 

1++ 1230 ± 40 1339 ± 5 1512 ± 4. 1282.2 ± 0.7 -37.9°± 3.50  

2++ 1318.1 ± 0.7 1428 ± 1 1525 ± 5 1275 ± 5 31.1° ± 1.1° 

2+-  1670± 20 1773 ± 8 

1— 1700 ± 20 1714 ± 20 1649 ± 24 

2— 1816± 13 

3— 1691 ± 5 1770± 10 1854± 7 1667± 4 34.7° ± 4.7° 

4++ 2037 ± 26 2045 ± 9 2225± 6 2044± 11 -8° ± 20° 

Table 4.1: Mixing angles of the excited mesons. n = 0, ±1, ±2, .... Masses 

for controversial meson assignments are shown in italic face. 

The absence of several mass values prevent the determination of all the 

mixing angles. For these cases we will be unable to adequately account for 

the potential mixing of states in the decay rates. The mixing angle for scalar 

nonet JPc = 0++ has not been determined because their understanding in 

terms of q bound states is clouded at present. If we use the 1994 assignments 

(4.27) and corresponding masses the mixing angle is imaginary as m8  > 

4.3.3 Excited state Clebsch—Gordan factors 

With the multiplets identified and the mixing angle relations defined, we can 

now resume compiling the Clebsch-Gordan type factors crucial to normal-

ising the coupling constants. The method for determining these factors is 

identical to that for the ground states as the form of the trace over the fla-

vour indices has not changed. Hence given a Zweig allowed two-body decay 

process and via the matrices in Section (4.3.1) we can determine the flavour 

indices in the process and substitute these into the interaction Lagrangian. 

After simplification the coupling constant for the process may effectively be 
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scaled by an isospin or mixing angle factor. Experimental decay width meas-

urements lead to the determination of this scaled coupling, so to return to 

the standard coupling we normalise the results by each channel's Clebsch-

Gordan factor. We once again provide all these factors in table form, and 

as r « g2, the sign of the Clebsch-Gordan factors is not so important to us 

so the entries in the tables are not always of the correct sign'. Unless the 

table specifies the charge characteristics of parent and daughter mesons, the 

reader can assume that any charge assignments not in conflict with conserva-

tion of charge are permissible and that the single Clebsch-Gordan coefficient 

associated with such entries applies to all these possible charge assignments. 

The large range of mesons we now consider lead to numerous such factors. 

Factors for L = 1 meson two-body decays 

Table 4.2 lists the normalisation factors for the experimentally observed 

transitions of the type P -> PP. 

In contrast with the ground state mesons, the L = 1 mesons readily 

undergo P VP type transitions due to the extra phase space available 

with increasing parent mass. Table 4.3 details the Clebsch-Gordan factors 

for these interactions. There are an additional two processes which could 

not be listed, namely K1(1270) coK and K1(1400) wK, because these 

involve a combination of 1+-  and 1++ -4 VP processes. Recall K1(1270) 

and K1(1400) are mixtures of the pure 1+-  and 1—  states, Kig and Km, 

and after combining the contributions of each channel one finds 

rKI (1270)-4wIf 
= gPvp  cos2  OK 

1927r 	 6 (2
■,/ cos Ov - sin 902  + -3  s112  OK sin2  

2 

x A5/2( 2, .771,,i(1270) ; ma,,M2K) /7175Ki (1270); 

gPVP  sin 2  Olf  
(212-  cos Ov - sin Ov)2  + -

3 
cos 2  OK sin2  

1927r 	 6 	 2 

A5/2( Inn 1(1400) 772(42) 7  MDM  /K x 	 ' (1400) 
'The choice of signs for some channels is quite arbitrary, and because we cannot de-

termine the sign of the coupling from decay width measures this arbitrariness does not 

affect our results. 

rK1(1400)-kliK 
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Decay process P — > PP Clebsch—Gordan factor 

ao  (980) —> rnr 

4(980) —> KIK°  

4(980) —> (Kk)°  

fo(980) 	 71-7 

fo(980) Kk 

fo(1370) 	 71-7 

fo(1370) —+ Kk 

KI;(1430) —* 	 , Kirk  

4(1320) KIK° 

4(1320) —> (Kk)° 

a2(1320) -4 rpr 

a2(1320) 	 nirr 

/2(1270) —> rrrr 

12(1270) K K 

/2(1270) 	 777/ 

M1525) — > irir 

M1525) -4 Kk 

M1525) —> 7177 

K;(1430) Kr°, KrrI 

K;(1430) 

(cos Op — N5 sin Op) 

1 

\11 
(-1-2-  cos Opo  ± sin Opo) 

(2cosop0  _ sin Opo) 

a(cost9p0  — N5 sin Opo) 

_4(cos0po  ± 2\5 sin Opo) 

V1/2, 1 

1 

(cos Op — ‘12-.sin Op) 

(N5 cos Op ± sin Op) 

4(,/cosop2± sine!), 

ii(2,/cosop2_ sin Op,) 

- {sin Op, cos OpX 

X (2V2 sin Op ± COS0p) _ 

a(cosop,_ .4 sin 01,2) 

—1-1- (cos Op, + 2 .\5 sin Op, ) 

—4{cosop,cosepX 

x (2 N5 sin Op +COS0p) 	 sin 01.2} 

IT.12, 1 

(cosOp 2i2-  sin Op) 

‘.1. COS OP2 

Table 4.2: Clebsch—Gordan factors for P — > PP processes. 
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Decay process 	 VP Clebsch-Gordan factor 

b1(1235) -> unr 

b1(1235) 	 ATI 

b1(1235) -> (Pr 

h1(1170) -4 pir 

K1(1270) -4 p°K,p±K 

K1(1270) 	 K*70, K*71-± 

a1(1260) 	 /Er 

a'°(1260) -> 	 k 

h(1510) 	 if*.k + c.c. 

K1(1400) p°K,p±K 

K1(1400) -4 KY, K*R-± 

a2(1320) 	 pr 

K;(1430) -> K*70, K*R-± 

K;(1430) p°K,p±K 

K;(1430) w K 

(.4 cos ov ± sin 0 v) 

(cos Op — Vsin Op) 

(cos Ov - V2 sin v) 

(.4 cos Bpi_ + sin Op1_ 

1 

012,  1  

1, V1/2 

COS Opi+  

1\/, 1 

V1/2, 1  

072,1 

sin Ov 

Table 4.3: Clebsch-Gordan factors for P -4 VP processes. 

Factors for L = 2 meson two-body decays 

With the increase in mass associated with going to even higher excited states 

one anticipates a greater variety of decay channels to sample, but unfortu-

nately we are also moving into less well-charted territory. The experimental-

ists are overwhelmed by difficulties of broad resonance peaks and a deluge of 

processes to observe, so unfortunately the data does not match our expecta-

tions. Nonetheless there are some interesting channels to study, particularly 

in the strange realm where results are more easily determined. In Table 4.4 

and 4.5 we provide the Clebsch-Gordan factors necessary for the normalisa-

tion of the processes we can analyse. 
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Decay process D PP Clebsch-Gordan factor 

p±,°(1700) 

p±(1700) —> KIK° 	 1 

p°(1700) K K 	 V1/2 

K*  (1680) K , Kirk V112, 1 

f)'°(1690) 4 7r±7r0' 	 v--2-  
p(169O) K±K° 	 1 

p3(1690) K K 	 1\1 
03(1850) K k 	 a  cos 0D3 
IC; (1780) ---÷ K , Kirk 	 1 

K(178O) K 	 cosep 

Table 4.4: Clebsch-Gordan factors for D -+ PP processes. 

Factors for L = 3 meson two-body decays 

The F-wave mesons are only experimentally known by the 4++ mesons and 

hence we restrict the determination of Clebsch-Gordan factors to this set, 

and they are given in Tables 4.6 and 4.7. 

4.4 Results and Analysis 

During the course of study into the excited mesons, two releases of the 

Particle Data Reviews occurred, the 1994 edition [87]' and the 1996 edition 

[13]. From the experimental decay widths along with the appropriate decay 

rate formula (4.26) and Clebsch-Gordan factors the coupling constants were 

determined for both the 1994 and 1996 data sets. Errors quoted for the 

coupling constants are calculated from the assumption of uncorrelated errors 

in the meson masses (parent and daughters), decay widths and branching 

fractions. The contribution to the error from the mixing angle uncertainties, 

shown in Table 4.1, are not taken into account; for processes involving mixed 

states we typically comment on the sensitivity to the angle. In situations 
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Decay process D -4 VP Clebsch-Gordan factor 

71-'°(1670) 

i4'±  (1670) —> KK + c.c. 

K2(1770) -4 K*ir°, K*7r± 

K2(1770) -4 wK 

K2(1770) 

p°,± (1700) -4 KK + c.c. 

p(1700) 

w(1600) —> p7r 

K*(1680) —> K*70, K*7r± 

K* (1680) —> K , K 

K2(1820) —> K*70, K*7r± 

K2(1820) —> coK 

K2(1820) —> 

	

p3(1690) 	 wit 

	

w3(1670) 	 pit 

	

4)3(1850) 	 KK + c.c. 

K;(1780) -4 K*70, K*7r± 

K;(1780) p°K,p±K 

_ sin ev 
acosev  

012,1 
A(cos Op - V-2-  sin Op) 
1 

V1/2, 1 

V1/2, 1 

(2\5 cos ov _ sin Ov) 

_ (cos ov  2\5 sin  00  
(,5 cos ov ± sin 9v) 

(.,5 COS ON + sin eo3) 

_ 	 (cos 9D3  + 20-sin OD3) 

V1/2, 1 

V1/2, 1 

Table 4.5: Clebsch-Gordan factors for D —> VP processes. 

Decay process F —> PP Clebsch-Gordan factor 

14(2050) —> 7r7r 

f4(2050) -4 K K 

f4(2050) -4 im 

K:(2045) —> Kir°, KR-±  

A (0-  COS OF4  ± Sin G1:4) 

(20-  cos oF 4  — 51n 0F4) 

(N/1 cos oF 4  ± sin OF4) (cos Op - N5 sin Op)2  

V1/2,  1 

Table 4.6: Clebsch-Gordan factors for F —> PP processes. 
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Decay process F VV Clebsch-Gordan factor 

f4(2050) ww 	 14(0- cosoF4+ sin OF4) (N/ cos Ov  + sin 002  

K:(2045) -+ OK* (892) _,IT6  (2V-2.  sin Ov + cos Ov) 

Table 4.7: Clebsch-Gordan factors for D 	 VV processes. 

where the 1994 world average is the same as the 1996, (and hence our results 

have not differed) we use the symbol to indicate the later world average 

applies to the earlier; the presence of an entry in the 1994 column indicates 

the old data has been used. 

In some instances there are problems associated with calculating the coup-

ling constants. These spring from large uncertainty of masses (and this is also 

related to the determination of mixing angles), decay widths and branching 

fractions. Often the only test we can apply to these difficult cases is to use re-

lative branching fraction measurements where the problems of mixing angles 

and decay widths are irrelevant. This method assumes a universal coupling 

constant exists and then we predict relations between branching fractions. 

Then any experimental deviation from the prediction indicates the deviation 

from universality. 

4.4.1 Coupling constants of the P-wave mesons 

The L = 1 supermultiplet is probably the best studied of all the orbital angu-

lar momentum excitation modes of the mesons. Decay widths are reasonably 

well determined, but there are some notable gaps in the data set. As men-

tioned earlier, the most troublesome mesons are the scalar mesons, and our 

analysis assumes the assignments are based on the 1994 Data Tables [87]. 

Experimental measures of gppp and gpvp 

Table 4.8 lists the determination of the gppp coupling constant from 0++ —* 

PP and 2++ -4 PP processes via the decay rate formulae (4.10) and (4.9). 

There are several problematic mesons in the 0++ nonet. 
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Decay process 

P - > PP 

ao(980) 	 rpr 

/0(980) -4 7t7r 

fo(1370) 

fo(1370) -4 KR 

Kt;±(1430) 	 (Kir)± 

Kr(1430) 	 (Kir)° 

a(1320) K±K°  

4(1320) (Kk)°  

a(1320) 	 rpr±  

4(1320) -> mr°  

4(1320) -> 

4(1320) -> 77'0 

12(1270) 	 7r7r 

/2(1270) -4 KR 

12(1270) -+ 7777 

M1525) -> ir7r 

f(1525) Kk 

f(1525) 

K3±(1430) 	 (Kr)±  

Kr(1430) 	 (1(70° 

IG±(1430) K177 

Kr(1430) icon  

gppp (x10-3  MeNT-1) 

1994 [87] 	 1996 [13] 

	

< 19.7 	 < 11.4 

depend on 

unknown mixing 

angle Opo  

	

<- 	4.33 ± 0.30 

	

<- 	4.32 ± 0.30 

<- 2.63 ± 0.22 

2.63 ±0.22 

<- 2.66 ± 0.13 

2.65 ± 0.13 

4- 2.58 ± 0.26 

2.54 ± 0.25 2.55 ± 0.25 

2.84 ± 0.16 2.84 ± 0.16 

4- 3.61 ± 0.32 

<- 2.61 ± 0.33 

1.86 ± 0.22 1.86 ± 0.21 

3.56 ± 0.26 3.98 ± 0.28 

4.04 ± 0.36 2.47 ± 0.40 

<- 2.95 ± 0.05 

<- 3.06 ± 0.08 

<- 1.82 ± 1.91 

<- 1.90 ± 2.00 

Table 4.8: Results from P - > PP decays. 
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•the fo(1370) mass has a large uncertainty (m = 1000 to 1500 MeV:1994, 

1200 to 1500 MeV: 1996) and decay width (r = 150 to 400 MeV:1994, 

300 to 500 MeV: 1996). 

•the fo(980) decay width has large uncertainty (r = 40 to 400 MeV:1994, 

40 to 100 MeV:1996) 

•the ao(980) decay width has some uncertainty (F = 50 to 300 MeV:1994, 

50 to 100 MeV:1996) 

The P ---+ VP decays are well represented, particularly in the JP  = 1+ 

nonets and the strange members therein. The branching fractions for the 

decays b1(1235) wr and b1(1235) —> Or are only known to upper bounds. 

Also the fraction for ai  (1260) pr is only known to dominate the possible 

channels from a given total width of r 400 MeV. Hence we simply assume 

rai(1260)—>pr < 400 MeV. In a similar fashion the process M1510) —> K*k 

has only been 'seen' in the total width of F = 35 ± 15 MeV, so we assume 

rfici510),K. k <35 ± 15 MeV. With these approximations, we obtain upper 

bounds on the coupling constants for these processes. These as well as better 

determinations of gpvp from more accurate channels are given in Table 4.9. 

The electromagnetic decays of the L = 1 mesons also provide some estimates 

of the gpvp coupling constant. The decay rate formula 

ah  (m12, — 7712p)5  
32o7 	 m5 

when used in conjunction with the VMD relation, gph  = egpvp/gc,pp  and 
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Decay process 

-> VP 

gpvp (x10-6Mer-2) 

1994 [87] 	 1996 [13] 

q(1235) -> unr±  <- 	< 16.22 ± 0.99 

4(1235) 	 wr°  < 16.07+ 0.97 

b1(1235) 	 pn phase space limited 

q(1235) 	 cbr±  4- < 245 ± 49 

14(1235) -> Or°  <- < 230 ± 44 

h1(1170) 	 pr 4- < 21.4 ± 2.9 

K(1270) 	 (pK)± 4- 435 ± 1041 

Ki)(1270) 	 (pK)° 4- 359 ± 722 

KP(1270) -> (K*70± 4- 8.67 ± 2.07 

4- 

 

K(1270) 	 (K*7r)°  8.59± 2.04 

K1(1270) 	 wK phase space limited 

	

c/(1260) 	 (pir)± 

4(1260) -4 p±71 

fi (1510) -4 IC*I? C.0 

	

.1((1400) 	 (pK)± 

	

K(1400) 	 (pK)° 

K(1400) 4 (K*70± 

KR1400) 4 (K*7r)° 

IC(1400) -4 w±K 

K(1400) woK 

4(1320) -4 pi)r±, p±r°  

4)(1320) -> 

If(1430) 4 (Kr) 

Kr(1430) -> (K*70° 

lq±(1430) (pK)± 

Kr(1430) (pK)° 

lq±(1430) -4 wK± 

Kr(1430) wK°  

< 17.9 ± 8.9 

4- 	 < 18.0 ± 3.7 

<- 	 < 9.3 ± 2.0 

4- 	 5.29 ± 2.77 

<- 	 5.23 ± 2.74 

<- 	 14.24 ± 1.34 

4- 	 14.15 ± 1.33 

<- 

5.9 ± 3.1 

6.1 ± 3.1 

6.67 

6.67 

± 0.21 

± 0.20 

4- 

4-- 

4- 

<- 

4- 

<- 

6.68 

6.68 

6.44 

6.54 

7.14 

7.04 

7.11 

7.25 

± 0.21 

± 0.21 

± 0.25 

± 0.28 

± 0.38 

± 0.39 

± 0.99 

± 1.02 

Table 4.9: Results from P -4 VP decays. 
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Yvpp(V) = (0.1359 ± 0.0036)m,P yield the following estimates: 

Decay process 

P -4 Pry 

Conversion 

factor 

gPVP (X10-6MeV-2) 

1994, 1996 [87, 13] 

b1(1235) —> 

	

ai(1260) 	 7r7 

	

a2(1320) 	 r±-y 

K;±(1430) —> K±-y 

Kr(1430) --÷ K°-y 

e/(0. 1359m2) 

e/(0.1359m1‘,2) 

e/(0. 1359m2) 

3.12 ± 0.40 

<119 

4.8± 1.0 

3.52 ± 0.40 

3.61 ± 0.38 

<47 

(11 Vmpo-Fll Vr-n,78) 

—2x0.1359 
(1/Vmpo-1/0,8) 

—2x0.1359 

Analysis of the gppp and gPvp experimental measures 

The L = 1 meson results support the notion of excited meson supermul-

tiplets as the coupling constants are reasonably uniform, even though we 

have spanned several JPc multiplets. The following general observations can 

be made: 

• The gppp coupling determined from P -4 PP decays is quite uniform, 

with only a few channels producing spurious results. These include 

channels with a high sensitivity to mixing angles, such as M1270) -4 

77 which with A0p2  = 1.5° leads to gppp 2.88 x 10-3  MeV-1, put-

ting it much nearer the other calculated values. The scalar mesons 

require more experimental attention to help resolve the confusion over 

multiplet assignments. The Kj(1430) results are inconsistent with a 

uniform gppp, but this may be due to the lack of experimental study 

of this meson, with only one project [7] successfully measuring the full 

decay width and branching fraction. It is difficult to determine if sym-

metry breaking leads to a predictable mass variation in gppp because 

the parent meson masses are quite similar, and the data is not precise 

enough. The results of Table 4.8 suggest an approximate average of 

gppp f2-2 2.65 x 10-3  MeV-1. 
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•The gpvp coupling constants are also mostly uniform, with only the 

K1(1400) -4 Kr channel data in conflict with an approximate aver-

age of gpvp 6.65 x 10-6  MeV-2. The unusual values obtained from 

K1(1270) 	 pK have arisen because the decay mode is at the point 

of exclusion given the available kinematical phase space. Fortunately 

the large err-ors associated with these channels indicate the results are 

still consistent with our approximate average. Not forgetting the su-

permultiplet prediction, gPPP/gPVP -= m/2, these two averages imply 

m ,-- 800 - 900 MeV. 

•The electromagnetic processes P --+ P-y give us more estimates of the 

gPvp couplings via VMD. These are very uniform, but tend to be some-

what less than their counterparts determined from purely strong inter-

actions. The upper bound from ai  (1260) -> 71-7 corresponds to using 

the full width raj(1260)all,  while the smaller value gpvp = (4.8± 1.0) x 

10-6  MeV-2  is obtained from the partial width ra,(126o)->vy  = 640±246 

keV [119]. 

•The L = 1 mesons have provided us with the first true test of the super-

multiplet scheme; we are no longer combining the scheme with VMD 

to get some idea of the 01,0,05  vertex; we now have direct measures 

which, with the exception of a single channel, are remarkably uniform. 

This implies the supermultiplet scheme could describe all P -+ SS in-

teractions (where S is a L = 0 meson) by a single coupling constant. 

•We make the observations gpppigypp 1700 MeV and gPvP/gvPP 

1600 MeV for future comment. 

4.4.2 Coupling constants of the D-wave mesons 

The L = 2 supermultiplet has significant gaps in the data set. Unfortunately 

many channels have only been observed without direct measure of the decay 

width. At present, the 3—  nonet is the most comprehensively studied for 
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which the branching fractions of most of the viable processes are known. 

For the other nonets, data for the strange members is typically forthcoming, 

while for the non-strange entities it is mostly nonexistent. 

Experimental measures of gDpp and gpvp 

Tables 4.10 and 4.11 list the determinations the couplings constants gDPP 

and giwp,respectively. In these Tables the upper bounds have come from 

the branching fraction bounds: 

rp(1700)-4 KR, K R 235 ± 50 MeV, 

r p(i700)-> irp(1700)—>a11 0.04, (4.29) 

rw(1600)-+pr 

{

280 ± 24 MeV (1994) 

220 ± 35 MeV (1996), 

rK2(1820)—>K*r, cdK,OK 

" FK2(1770)-4K*Tr,coK,OK 

Lo3(1670)—> pir 

r03(1850)—q‘K,KR* 

276 ± 35 MeV, 

186± 14 MeV, 

173 + 11 MeV (1994) 

168 + 10 MeV (1996), 

87 ± 36.2 MeV, 

where the measure (4.29) comes from the Particle Data Group full listings 

[47]. We also assume w(1600) = (01 + .03)/ (ideally mixed) as there is no 

means to obtain a GMO mass determined mixing angle. 

There are also some other interesting results in the full particle listings 

of the Particle Data Tables. For instance the measure [6] 

r03(1850-af•k/r030.850—,KR = 0.55 ± 0'85  0.45 (4.30) 

gives a direct determination of the gDpp I gDvp ratio via the relation 

2 (cos 	 2v 'sin 2 	 sin OD3  ) 2  ( 

27 COS2  9D3 	

gDVP)
2 
 2 

gDPP 	
"603(1850) 

{V/2  (7743  , 774.± 7712KT 	 A712  (71203  m.0, M2ko )]  
X 

[A7/2  (Tqb3  7712K± 7712KT 	 A7/2  (M203  , m0, M2ko)i 

11030.850),K•  

(1)3(1850)-3.K K 
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Decay process 

D P P 

	

p°(1700) 	 71-17r 

pI(1700) KIK° 

p°(1700) (K k)° 

K* (1680) — > K71 

gDpp (X10-6  MeV-2) 

1994 [87] 	 1996 [13] 

< 2.27 ± 0.25 

<6.33 ± 0.75 

<6.33 ± 0.71 

<— 	 2.50 ± 0.45 

	

p(1690) 	 7rI7r0  

4(1690) —> 7rI7r 

p(1690) -4 KIK°  

4(1690) (Kk)°  

	

03(1850) 	 (KK)° 

W(1780) -4 (K7r)I 

Kr(1780) –÷ (Kr)°  

.W(1780) —> Kr 

Kr(1780) K°77 

1.331 ± 0.073 1.148 ± 0.049 

1.333 ± 0.073 1.150 ± 0.049 

0.971 ± 0.093 0.838 ± 0.074 

0.971 ± 0.094 0.838 ± 0.076 

< 2.37 ± 0.50 

4- 1.415 ± 0.089 

1.412 + 0.089 

<— 1.425 ± 0.157 

4-- 1.435 ± 0.158 

Table 4.10: Results from D 	 PP decays. 
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The result in (4.30) leads to gDppigDvp = 275 ± 240 MeV or m = 550 ± 480 

MeV after invoking the supermultiplet prediction gDppigDvp = m/2. 

Analysis of the gDpp and gDvp experimental measures 

The L = 2 mesons have provided some useful estimates of the coupling 

constants gDpp and gDvp, from which we make the observations: 

• The depth of experimental results for determinations of gDpp is limited 

and we would benefit greatly by more accurate measures, particularly 

in the JPc = 1--  mesons. This aside, the 3—  mesons suggest a uni-

form coupling constant is apparent, with an approximate average of 

gDpp eNd 1.4 x 10-6  MeV-2. There are two estimates noticeably outside 

this average, that from p3(1690) -÷ KI? and K*(1680) —> Kir (the 

latter with a comparatively large error). However, investigation of the 

p3(1690) full listing entry in the Particle Data Tables show the measures 

of the KR and 7r7r channels are quite volatile. The total width changed 

from 215 ± 20 MeV in 1994 to 160 ± 10 MeV in 1996 and more interest-

ingly in both years the branching ratio rp3(169o)-afkirp3(1690-77 signi-

ficantly varies between the overall data fit of all decay channel measures 

(fp3(169o)-afkirp3(169o)-w, = 0.067 ± 0.011) and the average of the dir-

ect measures of the ratio (r °0:°03392). p3(1690)-41f irp3(1690)—>rir = 0.118 ±  

If we assume a uniform coupling constant exists, then this branching 

fraction is given by 

rp3(1690)-4Kk 
= 

1  [A7/2(m2p3,  ,m2K±  ,7n2K) 

L 

A7!2  (m3, Tri2K0, ni2k0)] 

11'p3(1690)—>irr 4 	 A7!2  (m3, 
7 

m2,r) 

which with present mass values calculates to 

rp3(1690)_+KR/rp3(1690)„ = 0.126, 

much closer to the average value than the fit value. Importantly it is 

the fit value which is used in the summary listings so this inconsistency 

may be the main reason for the mismatched p3(1690) KR result. 
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• There is a large number of gDvp determinations in Table 4.11, but 

most of them are upper bound values. The most important aspect of 
these results is that all parent D-wave states have been represented, 

that is all 2+- , 1-- , 2— , 3--  --+ VP channels have been studied in 

the context of the excited supermultiplet wavefunctions with a single 

coupling constant gDvp. The poorest results come from 1 --  —> VP, in 

particular K* (1680) --+ VP. We wish to add that this is a controversial 

identification, being a possible candidate for the 23 S1  nonet. Also, there 

is much uncertainty in the full width measure (r = 323 ± 110 MeV, 

where the very large scale factor of S = 4.2 has been applied [13]). 

Hence it is hard to say if the poor results in Table 4.11 reflect a fault in 
the supermultiplet scheme, or if it is simply due to incorrect assignment 

or poor experimental data. The D-wave mesons certainly deserve more 

intense experimental attention. If we ignore the K*  (1680) results, the 

data suggests a very approximate average gDvp rNa 3 x 10-9  MeV-3 . In 

turn this, along with our estimate gDpp rsi 1.4 x 10 -6  MeV-2 , implies 

m --, 900 MeV via gDppigDvp = m/2. As a final note, we remark that 
there are no observed electromagnetic interactions of the type D 
with which to make extra determinations of gDvp via VMD. 

• The ratio gPPP/gDPP or gpvp/gpvp is of the order of 2000 MeV which 

compares well with the ratio gVPP/gPPP or gvpP/gpvp. 

4.4.3 Coupling constants of the F-wave mesons 

As mentioned earlier, only the 4++ nonet of the L = 3 supermultiplet has 

been experimentally studied to any degree. Hence the results are limited to 

those given in Table 4.12 and 4.13. 

Analysis of the gFpP and gFVv experimental measures 

Given the lack of experimental results only the following generalizations can 

be made: 
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Decay process 

F  PP 

f4(2050) 

/4(2050) Kk 

 

gFPP 

x 10 -1°  MeV-3) 

1994, 1996 [87, 13] 

4.90 ± 0.28 

4.67± 1.34 

 

f4(2050) 3.08 ± 0.60 

K:1(2045) (K7r)± 5.60 ± 1.09 

K°(2O45) -4 (K7r)°  5.59 ± 1.09 

Table 4.12: Results from F ---+ PP decays. 

Decay process 

F — > V V 

f4(2050) 	 cow 

K',1 (2045) 	 OK*  (892) 

gFVV 

(x10-13  MeV-4) 

1994, 1996 [87, 13] 

7.31 ± 0.87 

28.6 ± 7.5 

Table 4.13: Results from F VV decays. 
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• The gFpp coupling constants are quite uniform; the only result incon- 

sistent with the value gFpp 	 5 x 10-10  MeV-3  is from the channel 

14(2050) 	 nn. This calculation depends on the mixing angles 9F4 = 

—8° ± 20° and Op = 10.5° so there is room for variation in this value 

by symmetry breaking effects. We also note that gDpp/gFpp rNa 2500 

MeV from our rough estimates, which is similar to the previous ratios 

gPPP/gDPP and gVPP/gPPP- 

• We are finally provided with a direct measure of a coupling constant 

of the type gLyv in the decays F VV. The large disparity in the 

measures in Table 4.13 is most likely due to the fact that the process 

K(2045) OK*(892) is not strictly applicable in the supermultiplet 

scheme as the daughter mesons have unequal masses; in the scheme at 

least two mesons must have the same mass to form a gauge invariant 

vertex interaction. If we use the value gFVV = (7.31 ± 0.87) x 10-13  

MeV-4  and the average gFpp 5 x 10-1° MeV-3, the supermultiplet 

relation gFpp/gFvv = m yields m -2 680 ± 80 MeV. 

4.5 Beyond Nf = 3: Excited heavy mesons 

The extension from N1 = 3 to N1 = 4 and 5 is not a difficult one, but the 

number of excited heavy mesons identified are so few as to make such an 

extension unwarranted in the preceding sections. Here we wish to report and 

analyse these few excited heavy meson states and where appropriate, make 

some predictions about decay rates and branching fractions. 
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4.5.1 Excited heavy meson states 

The identified excited meson states are assigned the following super-wave-

function flavour indices: 

1Pi  mesons, /Pc  = 1+-  

a, b 

4, 1 

4, 2 

4, 3 

gmia  

/4(2420) 

Dt(2420) 	, 

D;li (2536) 

4,4 11,(1P) 

a, b 0(2)b  

3Po mesons, jpc 0++  -4 4, 4 

{ 

x,0(1P) 	7 

575 Xbo(1P) 

a, b 0(t,12b  

311 mesons, JPC 1++  

{ 

4, 4 xi(1P) 	, 

5b 

xi(1P) 

 (1) (1, 2  1:. 

4, 1 Dr (2460) 

3P2 mesons, JPc  = 2++ 
4, 2 /4(2460) 

4,3 7  DL(2573) 

4,4 x,2(1P) 

x

(1)b

(1P)   ob21()b  

3D1  mesons, jpc 1— 
{ a (a  

4,4 0 (37 7 0) 

where any charge conjugate mesons are obtained by swapping a 	 b. Any 

mesons shown in italic face are controversial assignments and are awaiting 

confirmation of /Pc values. There is some experimental data available on the 

strong decay modes of these mesons, namely in the form of upper bounds 

on the decay widths and observations of the decay channels. We provide 

the corresponding upper bounds on the coupling constants determined from 

these interactions in Table 4.14. For brevity we include the Clebsch-Gordan 

factors in this table. 
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The main purpose of Table 4.14 is to show the upper bound measures are 

consistent with the light meson results, and it is unfortunate that no definite 

measures of branching fractions have been collated for us to study. However, 

there are a few interesting results in the full listings of the Particle Data 

Tables, 

rD;+(2460)-"Doir+ irD;+(2460)-4 D*1--)  (2007)7+ = 1.9 ± 1.1 ± 0.3, 	 (4.31) 

rDr(2460)->D+r-  iran2460)->D•i-  (2010)7r- = 2.3 ± 0.6. 	 (4.32) 

These ratios in the supermultiplet theory 

PP 
2 

2 

are given by 

8 	 A5/2 (m2 
2 

9712D° 7M2r+) 

rD;÷(2460)->D*0  (2007)r+ 

rar (2460)-4D+ r 

(gP 

gpvp  

(gPPP 

	

3m2 	 A5/2 (7722.1_  
D;+ 

	

8 	 A5/2 (m2 
k 	 D*° 

m2D.0  m2714) 7  

M2D+ 7 77127-  

D°(2460)- D•A-  (2010)r - gPV P 2  31712  0 A5/2  (M2  D; 	 Dr 
M 2  
D'-f 	M27-)'  

and from the symmetry condition gpppi gpvp = m/2, the results (4.31) and 

(4.32) imply 

m = 2153 + 623 ± 170 MeV, (4.33) 

m = 2368 ± 309 MeV, (4.34) 

respectively. These are significantly different from the mass determined from 

the studies of the light mesons for which Nf = 3. They are consistent with 

m —> MD ;(2460) which may be associated with an increase in the central 

meson mass in going from N1  = 3 to N1  = 4. It may also be indicative 

of some symmetry breaking mechanism which leads to a mass scaling be-

haviour in gp pp and/or gpvp. Unfortunately, the results (4.31) and (4.32) 

provide no means of determining whether both or only one coupling is sub-

ject to mass scaling behaviour. This restricts our ability to supply predictions 

about decay widths and so forth. Nonetheless, we can make some interesting 

predictions after some reasonable assumptions about the decay modes of the 

heavy excited mesons. 
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4.5.2 Predictions of excited heavy meson decay widths 

If we assume two body strong and electromagnetic interactions are the pre-

dominant decay modes for the excited heavy mesons we can use the measured 

full width to calculate the coupling constants involved. This enables us to 

easily make partial width predictions. 

We begin with the D;(2460) meson as the results (4.31) and (4.32) give us 

crucial information about the ratio gppPigPvp. If we account for all two-body 

strong and electromagnetic decays permitted by phase space then we should 

have an approximation to the full decay width as these processes should 

dominate over non-Zweig allowed and weak interactions. Unfortunately, the 

method ignores the three-body meson decays, which may be a significant 

contribution. This may be particularly true for the two pion widths like 

EY; D*7r7r (as seen in the K;(1430) decays where Br(K; K*77) = 

13%), so at best we shall produce upper bounds on the two body processes. 

However, there is some theoretical evidence to suggest the two pion width for 

D;(2460) is small [53] so our predictions should be comparable to those of 

other studies which also ignore the three body decay modes [51, 33]. If this 

project had included study of three-body processes in the 0(4N1) scheme we 

could have included these contributions in the prediction. 

The allowed two-body transitions of the D;(2460) meson are listed in 

Table 4.15 along with corresponding Clebsch-Gordan factors. If these are 

the only contributions to the full width, then 

Fry; (2460)—m11 = rD;(2460)-WP FD(246o)WP ± rD;(2460)—>P7. 
	 (4.35) 

Using the experimental full widths, • p (2460)—>all .± 	 = 25 ± 8 ± 7 MeV and 2   

= 23 ± 5 MeV [13] along with the CJ(4N1)  ) x 0(34 relation rDr(2460-all  

.9PPP/gPvp = m/2 and VMD, we can evaluate all the kinematical factors in 

Equation (4.35) to evaluate gppp. We choose m = 2330 ± 280 MeV2  to derive 

gppp = (4.94 ± 1.21) x 10-3  MeV-1  from rp.± 
2  (2460)--m11) 

2the weighted average of (4.33) and (4.34), so our mass value is consistent with the 

results (4.31) and (4.32). 
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Decay process 	 Clebsch-Gordan factor 

D;(2460) -4 Dir±'' 

D;(2460) -4 

D;(2460) -* D*71-±,0  

D;±(2460) DIry 

1, vi-fi 
(cos Op — 	 sin Op) 

1, 

   

6x0.1359 	 777;177 	 n7,17,t-32 	 7717-1/20  po 

	

3 

3 

4.  1 	 4 

—75 

	

1 	 4 

"7,02  mwo " 140  

   

D°(2460) 	 D°-y 

   

   

    

Table 4.15: Two-body decays of the D;(2460) meson and corresponding 

Clebsch-Gordan factors. 

gppp = (4.77 ± 0.77) x 10-3  MeV-I  from rDr(2460)—+al1• 

A weighted average of these results is gppp = (4.82 ± 0.65) x 10-3  MeV', 

which is of comparable magnitude with our rough average from the light 

meson sector gppp 2.9 x 10-3  MeV-I, with some indication of a mass 

scaling behaviour. If we assume this coupling to apply to all charm heavy 

mesons with L = 1, then we can predict numerous partial widths as provided 

in Table 4.16 and 4.17, where we have also compared these to experimental 

measures and other theoretical predictions. 

Most of our predictions are not dissimilar to those of other techniques. 

The full width prediction for the D1(2420) meson is significantly lower than 

the measured value. This may be due to large contributions from two pion 

widths and other processes not considered (including transitions to excited 

and ground state mesons). Other research with similarly low predictions 

[53, 33] attribute the disparity to mixing between the DI  and DI (3P2) states, 

much like that of the Kig and Km. In a recent analysis [54], such a suggestion 

seems to be disfavoured by the experimental evidence (but not ruled out). 

6x0.1359 
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Decay mode 

2P3  parent 

Width (typically MeV) 

0(4N1) x 0(3,1)L 	[13}0 	 [51] 	 [39]c 	[96]c/  Various 

Dr 	 D+7r° 5.4 ± 1.5 
16 15 6 22.3 [100}e  

.11.0 ± 3.0 

14+ -4 Dim 21.5 ± 5.8 keV 0.1 

Dr -+ D*-1-7r°  2.43 ± 0.66 
9 6.8 18 14.6 [100]e 

D;+ 	 D*°7+ 5.0 ± 1.4 

g+ -4 D+ 61 ± 17 keV 38 ± 19 keV [112]f 

14+ -4 all 23.8 ± 3.6 25± 87  28 33 

-> D°r° 5.6 ± 1.5 
16 15 6 22.3 [100r 

-+ D+r- 10.6 ± 2.9 

-* D°77 28.1 ± 7.6 keV 

D*°7r° 2.51 ± 0.68 
9 6.8 18 14.6 [100]e 

-> 4.8 ± 1.3 

DV 	 D°-y 14 ± 3.8 keV 13 ± 7 keV [112].f 

-> all 23.5 ± 3.5 23 ± 5 28 33 21 ± 5 [33]9  

D8+.7 	 D+K°  4.2 ± 1.1 
7 7.5 

D°K+  4.7± 1.3 

D8/1/  -4 D8+77  85 ± 23 keV 0.1 

Ds+, -> D.+K° 0.38 ± 0.10 
<1 0.67 

Ds+, 	 D*° K+ 0.50 ± 0.13 

D, 	 D: 62 ± 17 keV 

8+.7  -4 all 10.0 ± 1.7 15± 54  7 

'Experimental measures 
busing HQET 
'using relativistic Bethe-Salpeter approach 
dusing SU(4) 
eusing Heavy-Light System assumptions 
fusing Finite Energy Sum Rule techniques 
%sing QCD Sum Rule methods 

Table 4.16: Predicted decay rates of the 3P2  heavy charm mesons, D(2460) 

and D.: j(2573). Widths typically MeV except when stated otherwise. 
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Decay mode 	 Width (typically MeV) from model° 

(I(4Nf) x 0(3,1)L  Exp. 	 HQET QCDSR HQET HQET 	 B-S 

'Pi  parent 	 [13] 	 [51] 	 [33] 	 [55] 	 [31] 	 [39]  

DP -4 D*+71-6 	 5.6 ± 1.5 } 
11 	 8.0 

DP -4 D*671-± 	 2.76 ± 0.75 

DP -. D-E-y 	 (48 ± 13)/106 	 0.69 keV <2.3 keV 

DP -> all 	 8.4 ± 1.7 	 28 ± 8 	 18  

D?  -+ D*676 	 5.1 ± 1.4 } 
11 	 8.0 

D? -+ D'Er- 	 2.71 ± 0.73 

D? D°7 	 166 ± 45 keV 	 410 keV 14 ± 6 keV 

D? - * all 	 r-::: 8.0 ± 1.6 	 18.9 ± 4.6 18 	 ,-- 6 
3.5 

DA -> D*4-10 	 0.069 ± 0.018 
<1 	 0.16 

DA D*610- 	 0.123 ± 0.033 

DA 	 (1.63 ± 0.44)/104  

DA -*all 	 0.192 ± 0.033 	 <2.3 

aAbbreviations: Exp.=Experiment, HQET=Heavy Quark Effective Theory, QCDSR=QCD Sum Rule,B-S=Bethe 
Salpeter 



4.6 Summary 

The supermultiplet scheme has been applied to all known N = 1 orbitally 

excited mesons consistent with a qq bound state. For each orbital excitation 

number L we found the possible 36 mesons from the 4 nonets 3LL+1, 3LL, 
3 LL_ 1  and ILL  were describable in terms of a single super-wavefunction (4.3) 
and that the physical mesons occupied these nonets satisfactorily; vacancies 
are due to the lack of experimental observation of the states. The only 

nonet which posed particular problems was the 3P0  mesons, or scalars. This 

was mainly due to the confusion regarding the possible q(1,  assignments of 

the scalar mesons. Hopefully, the situation will be rectified in the next few 
years and if the states can be understood in terms of qq,  bound states, there 

would be nothing preventing their study in the context of the supermultiplet 

scheme. 
The main test of the supermultiplet scheme for the excited mesons has 

been in its application to the two-body strong decays from excited meson par-

ent to ground state daughters. By all accounts the scheme is very successful; 
the uniformity in coupling constants for a large range of processes indicates 
the symmetry is good. The experimental data suggests that for a given value 
of parent orbital angular momentum L, all decays to two pseudoscalars, PP 

can be calculated by the single coupling constant App; all decays to a vec-
tor and pseudoscalar, VP by Avp• The exact U(4N1) 0 0(3, 1) L  symmetry 

predicts App/gLvp = m/2, and for L = P and D we found m = 800 — 900 

MeV, in the light sector. This is also consistent with the value derived from 

the study of the two-body strong decays of the ground state mesons. With 
the limited data available for the F-wave mesons, we could test the relation 

9LPP/gwv = m and obtained m 700 MeV. 

There were some deviations from uniformity in the coupling constants, 

but usually this could be attributed to a possible problem with the experi-

mental data. Unfortunately study of the light sector excited states is diffi-

cult and not the priority of many experimentalists. We can only hope this 
situation improves; the increased theoretical attention on the P-wave heavy 
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mesons may spur them on. We found the supermultiplet scheme easily ac-
commodated the heavy states (with N1 = 4) and we provided numerous cal-
culations on the two-body strong and electromagnetic partial decay widths 
of these states. Many of these were consistent with experiment, and the 
comparison with other theoretical predictions in Tables 4.16 and 4.17 will be 
interesting to look-  upon in the future. 

There were indications of a higher symmetry group acting on the excited 
mesons. This was observed in the consistent scaling of Assig(L+i)ss where S 
is a ground state meson. Typically the ratio was found to be gLss/9(.+1)ss rsj  
2000 MeV for L = S, P, D and F which encompasses an extraordinary range of 
the known mesons. This consistency may originate from a higher symmetry 
group. Consideration of the dynamical approximations of the supermultiplet 
scheme may expose the source of this interesting scaling; a potential source 
of further study. 
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Chapter 5 

Meson decays in a quark 

triangle scheme 

The earlier chapters have all relied on the 0(4Ar1) x 0(3, 1)L scheme as a 

means of obtaining the most general coupling constants at the meson level. 

The work indicates this notion is relatively successful as we have observed 

uniform coupling constants from L = 0 to L = 4. In the ground states, 

any deviations from the perfect symmetry were seen to follow a set break-

ing mechanism which was then harnessed to provide additional predictions, 

showing that no predictive power had been lost. What was most striking in 

the studies of the ground and excited state mesons was the inadequacy of 

combined VMD and supermultiplet scheme to account for the electromag-

netic decays. 

This inadequacy was best seen in the large, unexpected deviation from 

0(12) theory in the K* 	 Kry decays as discussed in Section 3.4.3. The 

supermultiplet theory (without a "mass scaling" g,pp) matches the exact 

SU(3) prediction: glooKo7/ gi‹.+K+1, = —2. However, experimentalists report 

IgK.0K07/Do+K+71 = 1.51 ± 0.13, a substantial difference. A possible ex-

planation for this difference stems from the unknown form of vector meson 

dominance in the q2 	 0 limit; it is only accurately known for q2  = 

from V —* 1[ decays. Hence there is some uncertainty in extrapolating vec- 
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tor meson dominance to the off—shell case. Another reason for the disparity 

may have been in the "mass scaling" behaviour of g,pp  where from V r 
transitions we observed 9ç(V) oc mr. When we introduced this sym-
metry breaking mechanism into the analysis, the theoretical expectation be-
came gKoKo7I gif .+K+1, = —1.87, closer to experiment, but still substantially 
different. 

This conflict, along with the need to better understand the electromag-

netic interactions of the mesons, provides the motivation for this Chapter. 

We sought a method which easily allowed for arbitrary off—shell propagation 
of the quarks; a factor excluded in the effective dynamics of the C/(4N1) 
model. A convenient and . apparently successful method for doing this was 
by use of a quark triangle diagram; which has given accurate predictions for 
7r°  -4 77 decay widths [4] and pion and kaon charge radii [4, 111]. It has also 
been applied to the K* radiative decay problem in a form which used chiral 
and isospin symmetry [25]. The loop integral arising from the triangle dia-
gram could incorporate different quark masses and hence propagators in the 
loop; in so doing it matched the experimental result with reasonable quark 
mass values. 

The quark triangle diagram uses meson—quark—antiquark vertex couplings 
of the form gpqq,75  for the pseudoscalar meson and gvqq , -e for the vector 
meson. These are the universal coupling constants we shall now examine; we 

anticipate them to be more stable than the meson level couplings considered 

in the previous chapters, but this stability is at the expense of many more 
couplings required for the various quark flavours. To examine these couplings 
we formulate an approximation free form of the quark loop integral and apply 
it to known P —> 77 decays to determine gpqq , and then to V -4 Pry decays 
to obtain the product gvq -ape for different quark flavors. As a final check, 
we test the method on 0 -4 AK decay. 

The results indicate that the meson—quark—antiquark couplings in VV P 
vertex type interactions determined from different channels which involve 

common constituent quarks are remarkably uniform, suggesting that the ef- 
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P2 

Figure 5.1: Quark triangle diagram. 

fective vertex in the quark triangle diagram is valid. The data also demon-
strates that the triangle method should be highly predictive due to the sta-

bility of the couplings. Finally we use the method in the heavy meson sector 
to predict coupling ratios of the form gvopo,y /gv+p+7  where the only free 
parameters required are the constituent quark masses. Our result for D* 
decays fall within other theoretical estimates, while that of B* is sensitive to 
b quark mass. 

5.1 The quark triangle integral 

There are three types of ground state mesonic transitions which can be 
described in terms of a non-divergent Feynman one-loop graph, namely 
V VP, V —÷ P7 (or equivalently P -4 Vry) and P 77. These can 
be treated by the same Feynman graph, but with differing vertex couplings 

and external momenta Pi  where P1  = P2 ± P3. The quark triangle of Fig-

ure 5.1, shows the one-loop diagram of the three particle vertex. 

The three external particles are composed of two spin 1 particles (vector 

mesons or photons) and one spin 0 particle, the pseudoscalar meson. The 
internal propagators of the loop are the spin quarks of mass m i . In the 
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constituent quark model the higher-order gluonic corrections effectively dress 

the current quarks so mi  are the constituent quark masses, and this assump-

tion is supported by studies into the meson charge radii using the quark 

triangle approach [111, 3, 4]). The quark triangle diagram corresponds to 

the Feynman loop integral 

J(2704  — mi 7575 + P2 - n1374.1ia — P3 - 7712 

fd4pTri  1  1   1  
(5.1) 

4Etwper f d4P  Pp(P2u7n2 + P3arn3) + Pip(p — 
P3)arni  

(5.2) 
(2704  [P2  — 	 [(13  + P2)2 77/3] 	 — P3)2  — 77/31•  

where the possible coupling factors gvqq,, eQi, gpqq,  for the vector, photon 

and pseudoscalar vertex respectively, have been omitted from the above (Qi  

is the charge of the quark and anti-quark of mass mi  at the photon vertex). 

These couplings are included in the Feynman amplitude depending on which 

specific transition type is under scrutiny. We use Feynman's parametrization 

to re-express the denominator, 

1 

[P2  — + P2)2  — T4[(p — P3)2  — 77/31 
1 	 1 	 r  

= 2 f x dx 	d y 
f  

[(p2  — m)xy + ((p + P2)2  — rri3) x(1 — y) 

ri 

+ ((p — P3)2  — 7.4) (1— x)]-3  

, 

= 2 jo  x dx dy ki2  -  M12] 
0 

where p' is the momentum shift and M' the effective mass 

p + P2x(1 — y) — P3(1 — 

AV2 	 774xy + m(1 — x) + 7n3x(1 — y) 

— x(1 — y)(1 — x) — /1x2y(1 — y) — Pxy(1 — y). 

With these definitions, the momentum integral (5.2) can be completed via 

Id4p' 1 _ i 1 \ 

(27)4  [7312 _ m-12? — 2(47)2 Ap2 
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and with the change of variables u = x(1- y), v = 1-x, the most economical 

version of the overall result is 

1 
E pPpa 	

i-u 

472 tafPcr  1 3 I
.  du f 	 dv[mi+ 

[m4+
(L..2 2 
kin3 M) U (774 m2)v 

(m3  - mi)u + (m2  - mi)v] / 

-  M12uv -  (MN+ M1v)(1- u - v)] 

where the external particles are on-shell, so we replace P2  = M2. By defining 

the quantity 

Jrni,m2,m3(Mi , 1'12, M3) 
i-u 

7,-  m1  f duf dv[ mi+ (m3  - mi)u + (m2  - mi)v] / 
o 	 o 

[mu + m22v - Mi2uv + (mT - Mu - M?v)(1 - u - v)] (5.3) 

where the external m1  ensures a massless dimension, we can write down the 

Feynman amplitudes for the three types of decays: 

pv1) 	 Ect, 	 Dp Der 
— 472  •Y V9293' I  VA  WE tivpa X 

[gva1a2gpaia3  Jrn, ,m2,m3  (Mv, Mp, Mv,)/mi + (m2  <--> m3)] (5.4) 

A(V - > Pry) = i-1:-17c-r2gvogpoecileuPCP7'cia,p0. x 

[QJrn,m,r7i(Mv) MP M-),)1M Q.471,17t,r7i(MV 	 )0)/7-7.71 (5.5) 

A(7 	 p,y) /24iigpoe2Q2E/I.E.Wpft 	 fp.vperjrn,m,m  Cs,  
U Mp, 0)/M. (5.6) 

where E is the vector or photon polarization vector, Pv(Mv), P(M), P7(0) 

is the on-shell vector, pseudoscalar and photon four-momenta(mass), re-

spectively, gvqq,(gpqq,) is the vector-quark-antiquark (pseudoscalar-quark-

antiquark) coupling constant and eQ is the electric charge of the quark of 

mass in in the loop. We now go on to solve each case in the most general 

terms possible. 

5.1.1 V PV' loop integral 

The most complex loop integral of those considered is Jm1,m2,m3(Mv, Mp, MO• 

Although not intractable [46], it is nonetheless very difficult without the help 

A(V 
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of simplifying assumptions. There is only one experimentally known trans-

ition of this type we can apply the quark triangle technique to 0 —> pir, so 

it is not of substantial benefit to solve the most general case. Thus we use 

some very reasonable approximations; since this channel only involves u or d 

quark flavours in the loop at any one time and as isospin is a good symmetry, 

we can assume mu  = md  = m. Under this assumption (5.3) simplifies to 

JrnInz,m 	 MP, MVO 

f
1  

= 	
f 1—y 

o 
dx 0 dy m,2 

 11112,xy — (Mix + M?,,y)(1 — x — y).  

This case is solvable, but a fair degree of complexity remains. If we use the 

further approximation A/7? = 0 (soft pion limit) the solution is much easier 

to obtain. By reversing the order of integration we find 

Jrn,rn,rn WV, Mr, MVO 

Jrn,m,rn (M V 0, Mv,) 
—7Ti

2 
/1  dx 

M?, — 	 Jo x (1+
2  — Mx + M12,x21 

— lnlm2  — Mrpx + M12,,x21) , 

771
2 

Li2(v(mv)) - Li2(v!,(mv,)), 
- MI2P k± 

(5.7) 

	

with v(M) = (m2 ± 	 _ 4m2m2) /m2  m provided M > 2m (which is 

quite reasonable with the p and 0 mesons and the u and d quarks, m,„,d  < 380 

MeV). 

If we compare (5.4) with the standard covariant form, 

	

A(V 	 PV') =igyppeite'PPCPfrp fp,,,por 

we find a direct relation between the quark level and covariant couplings, 

N, 
9vvP = — i— gvq2q3[9vgiq29Pq03Jmi,Tn2,7713(Mv, MP, MO/rni 472  

+(q2, m,2  44  

771
2 
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In the case we have considered, where m1  = m2  = m3  m and Mp —> 0, 

this general form simplifies to 

2N, 2  
gvvp = - —472  gvogpqqJm,m,m(Mv, 0, MOirn, 

where J,,,m,m(Mv, 0, MO is stated in (5.7). 

5.1.2 V —> Pry loop integral 

The transition V —> P7 places two constraints on J, which are beneficial to 

finding the solution. Firstly, as the quarks at the photon vertex must be of 

the same flavour (to annihilate to form a photon) they are therefore of the 

same mass. Secondly, the external photon is on-shell so P.7  = 0. Thus we 

need to evaluate 

Jrn,m,r71(MV MP )°) = 
fl f 1-x 	 In ± (rn — m)x 
m dx 	 dy 	  rn2 + 0:r-12 _ m2)x  _ vyfx- _ MY,x(1 — x — y) (5.8) 

where m is the mass of the quarks at the photon vertex (that is, mi  = m2  

m) and fr./ --a: m3  is the only other quark mass in the loop. Performing the 

integrations, 

Jm,m,TYL (MV, MP, 0) = 
—m2 

m2 m2 
P 

where 

fo 
1 

dx (8 +11x) [lnl(m2  — (m2  — fri2  + Mi24x + 
11/112Tx2) I m21 

— ln I (m2  — (m2 _ fn- 2 + m 12)x  ± Anal 1m21] 

m2 
	  E  ih 	 jrnh,fii(mp), 

h=a,b 

 

m — fh 

  

dx 
—J — 

	 — 
0 X 

—8 f dx ln I (m2  

(m2 77.12 m2)x  m2x2) /m21 , 

(m2 77.12 ± m2 )x  m2x2) /m21 
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The terms jk can be calculated rather easily with some assumptions about 

the size of quark masses in relation to meson masses. However, we intend 

to use Mp, 0) across a wide range of prospective mass values, so 

we wish to obtain the most general expression. To this end, we evaluate the 

components jk  generally. 

Determination of ja  

ja  turns out to be expressible in terms of the dilogarithm function, Li2(z) 

[84]. To see this we factorize the argument of the natural logarithm, 

dx 
— f 1 	 — v,t,fii(M)xl + In 11 — 
o 

where 

and 

v±  - (M) 
M, M 

= (-52  + 28 — (M/m)2  

	

T[(82  + 25 — (M/m)2)2  — (2M/m)11/2) /2 	 (5.9) 

	

_ [m2 _7y7? 4_ m2 + A1/2(m2, 7722,  m2)] /27722, 	 (5.10) 

A(m2,  7712, )j2) 	 [m2 (m  ?TIT] [m2 ___ (m  77)2] 	 (5.11) 

is the function introduced in Section 3.1.3. The factorization we have per-

formed does not necessarily lead to real v,t(M) as A(m2, T112, M2) may be 

negative. We consider both cases: 

Real v,7(M) The vm±,(M) is only real when A(m2, 77/2, M2) > 0 which 

from (5.11) implies 

M > m +7-7-/ or M < Im — . 	 (5.12) 

When we are assured of real vyn±,(M) the solution of j1  is related to the 

standard dilogarithm function, 

1 
j( M) = — 	 f dx 	

v7kn"(  

k=± 'O 	 X 
(5.13) 
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E Li2(vmk 	 0) 
k=± 

Ek=±1-A2(Vmk  oft(M)) for vnik (M) < 1 

k=± Li2(Vmk  ,7„(M)) + i7r ln vmk ,(M) for vmk  ( M) > 1, 

Complex v( M) The vmk ,T1.4(M) are complex if A(m2, 7712  , M2) <0. This 

results in the jm,(M) being related to a dilogarithm function with a complex 

argument. To show this, we express ji  as 

	

f

dx in 	 vmk 2m(m)xl 

o x 	 I k=± 

-  	

P(M) exP(i(15141"(M)) 
dz
ln(1 — z)  

 E 
k=± 

TP(M) dx 
ln(1 — 2x cos cbmk  ,fii(M) + x2) 

2 Jo 	 x k=± 

+i f P(M)  2c1  arctan 
0 	 y 	

[  y sin Omk ,th(M) 

1— y cos 4,7.72(M) j 

—  f
p(m) 
—
dx 
ln(1 — 2x cos Omk  ( M) + x2) 

o 	 x 
2Li2(p(M), 	 (5.14) 

where 

p(M) = M Im, 5= 0+  = —0-  and cos OmA(M) = 
m2 7712 

2Mm 

Determination of jmb  ( M) 

jmb,,y,(M) is a simpler integral to evaluate as it does not contain the 1/u 

dependence. Recall, 

1 
-b / m I mAk ) = 	 f dx ln — (1  _ 7.7.12/m2 + m2 /77.12)x  m2x2/rn21 

0 

which, by standard techniques, reduces to 

4,(1) = m fh  [ m M2 (
jr-I2 _ m2 + m2) in  (7'1-) 

rn 

( A1/2  (m2, 77/2, M2) 
—A1/2  (m2, ri-t2, M2)arctanh -th2 + m2 M2 )1 

ii(m) 
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and is valid for all m, fiz, M. It is also useful to express j2(M) in terms of 

real v1,2(M). Following a similar method to that used for deriving ji, we find 

= -5 E (1 - 1/v,,y.„(M)) in Ii  - v,,y,(M)1 for A(m2, (112  , M2) > 0. 
k=± 

General Jrn,m",(Mv, Mp, 0): comparison with covariant amplitude 

To summarise, the final form of the loop integral is: 

in2 

Jm"th(MV) MP, °)= 	2 
 A/ 

2 
2
Eii(mv) - ii(mp). 

my - 	 • P =ct 
(5.15) 

Here we have not considered the imaginary part in ji  which is irrelevant to 

the decay process, and 

Ek±Li2(V,77,(M), 0) if )(m2, 2,  M2) > 0 
g1,77/(M) = 	

- 
- 

2Li2(P(M), C5m,77i(M)) if A(m2,7-712, M2) <0, 

where 

(5.16) 

vmk ,m( m) [m2 7712 ± /42 A1/2(m2, 7722,  m2)1/2m2 

p(M) = M m, cos (fin,"(M) (m2 7712 m2)/2mm,  

and 

.4(M) .  

In — fil"  H2 . m2 ± m2) in  (___71 
rn  /0-2 km 	 m 

( 	  -A112(m2,777,2,M2)arctanh 
Ai/2(m2, fit2, M2) 
7712 + m2 _ M2 )1.  

If we compare our quark level amplitude (5.5) with the standard covariant 

amplitude, 

A(V P7) = igvp-yEapiwiTIP13, et'? 

we see that the quark triangle approach leads to the 9vp7  covariant coupling 

constant as 

eNc 
gvh = 	 gvogPo[CPm,m,ni(Mv,  , MP, 0) I m,  + -00-2,77,,m(Mv, M, fit]. 

(5.17) 
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5.1.3 P 77 loop integral 

The P -4 -yry transition has the simplest corresponding one-loop integral as 

the decay to two photons imposes two very helpful conditions. Firstly, since 

the photons can only couple to quarks and antiquarks of the same flavour all 

the quark masses in the loop are identical so that mi  = m2  = m3  m, and 

secondly /31  = P72, = 0 as both external photons are on-shell. Despite the fact 

that the formulation of the Feynman quark triangle has an incoming spin 1 

particle, the loop integral can be easily adapted to accommodate an incoming 

pseudoscalar meson. We simply need to substitute M? -4 4, M3  -÷ 0 in 
(5.3) and 70  H 75  in (5.1). Thus we solve 0, 0), 

1 f 1-x 	 m2 

Jni,mon  (Mp , 0,0) = fo  dx 0  dy 
m2  — AOuv 

rn2  fl dx 
— MI% + Mi2,,u2)1m21 

o 

In2 4a lit/ 
m2 Jrn,m Yr".  

with the similar conditions on ja(M) as in (5.16) so that 

m
2 {Ek.±Li2 Rn,,,(Mp), 0) if Mp > 2m, 

p , 0,0) = 	 x 
2Li2 (P(MP), Onion(Mp)) if 0 < Mp < 2m. 

(5.18) 

The substitution 70  H 75  in (5.1) simply leads to a sign change in (5.6), so 

we find 

. Nc 
A(P 77) = z —gpqqe2Q2Ep. pppo;f pv pajmmn2(Mp, 0, 0)/M)  272  

which compares with the general covariant form 

suggesting 

A(P — ) -y7) = igpryeiewPfy  Eiwpa  

Nc 	 2,12 
g P" = —272g P qqe Jrn,m,m(MP, 0)/m. (5.19) 
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5.2 Symmetry Limit Integrals 

Although the derivations in Section 5.1 are free of dynamical approximations 

(except in (5.7) where Mp 0 was used) it is useful to derive some symmetry 

limit relations of the loop integral forms. Not only may they provide an 

insight into the workings of the quark triangles, they also give us some direct 

checks with other research. The two most appropriate simplifications to 

consider are a chiral limit form in which the pseudoscalar mass is assumed 

insignificant in the Feynman graph and a heavy quark limit where a quark 

mass is much larger than the other quarks. 

5.2.1 Chiral symmetry limit of J,,,,,,77,(Mv, Mp, 0) 

The chiral symmetry limit is useful in the light meson sector, and allows us 

to directly compare our derivation against that of Bramon and Scadron [25]. 

The limit corresponds to a small pseudoscalar mass when compared to the 

vector mass, that is Mi2, >> M. Such a limit is entirely appropriate for the 

study of the radiative decays of K* mesons, and it is reassuring to know that 

our J,,,,,"(Mv, Mp, 0) reduces to the Jm  of [25] in the chiral limit. 

The chiral limit, corresponding to Mp 	 0 in 	 Mp, 0), enables 

us to use the real form for jrna ..„ in (5.13) as Mp < 1m — r7/1. 

vm±:,h(0) = 0, —52  — 25 

from (5.9) so that 

gi.2(0) = E Li2(v7k„,„i(0), 0) = Li2(0, o)+Li2(---(52— 28, 0) = Li2(-62— 28, 0), 
k=± 

and 

A( Mp 

—8 E(1 — 	 —> 0)) ln1 — vmk  ,(Mp 0)1 
k=± 

— 6 

 (

lim(1 — 1/e) lnll —I  + (1+ 1/(82  + 26)] In11 + 26 + 621) c—K1 

2(6  + 1)21n11 + 51. 
6+2 

• 
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Thus 4,,,,,"(Mv, Mp, 0) in the chiral limit Mp -4 0 becomes 

2 

mrn2 {6  E [Li2(v,m,(mv),o) —5(1— vv( mv)) Jm,m,m(mv, 0, 0) = 
V 	 k=± 

x 1n11 — vnik  ,m(Mv)11 —Li2(-62  — 26, 0) + 
2(1 + 5)2 

 In 11 + SI , (5.20) 
2 + 6 

where we have assumed v,,h(Mv) is real. This form may be simplified even 

further near the isospin symmetry limit whereby fn, m. In this instance 6 

is small and we ignore 6 terms of order 2 and higher, 

Li2(-52  — 26, 0) 

2(1 +5)2 
 11111 + 61 

2+5  

V  m,m(1+6)(M V)  

—+ 	 Li2( —26, 0), 

1 
- (6 + —

2
)1n11 +261, 

- —1 {26 — (Mv/m)2  
6 small 

T[(25 + (Mv/m)2)2 
) 	

m2

(2Mv/m)211/2) 

2m2 	

2 	 1/2 
M2 

(5.21) 

2 	

2m2  

Thus we find Jrn,m,th  (Mv, 0,0) incorporating isospin symmetry (say rh = 

m + c) between quark flavors reduces to 

Jm,m,m(11-6)(MV , 0) = 
V  m { k=± 
6 + E [Li2(vmic,m(1+5)(mv), 0) 2 

—6 (1 — 1/vmk  ,m(1+6)(Mv)) In 11 — vmk  ,m(i+o)(Mv)11 

—Li2(-26, 0) + (6 + 1/2) In 11 + 251}, 

M 

with vm±,m(i+6)(Mv) defined in Eq. (5.21). This form is very similar to the 

Jm of Bramon and Scadron [25] once the identifications m = M, 771 = 
p2 = An-2 um,m(i+o) (MV) = v1,2 and Jrn,m,m(1+5)(Mv,  0, 0) = Jm  are made. 
There is a subtle difference in their use of the dilogarithm function Li2(z) 

versus our function Li2(z, 0) which is similar to the dilog, but which only 

allows real solutions (the term iir Inlymk (M)I in Eq. (5.13) ensures this). In 

the chiral limit with Mv  > m + rlt, these two functions are equivalent. In 
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addition their form finishes with the term (6 — 1/2) In Ii  + 261 whereas we 

have (6+1/2) In 11 + 261. We believe this difference is due to a typographical 

mistake as the argument of the natural log function is linked to the multiplier 

outside, so that there should be no difference between them (the missing 

multiplication factor of two is easily accounted for, but not the sign change). 

5.2.2 Chiral symmetry limit of 	 0,0) 

There is a well-known chiral limit of the P 	 Ty case which is applied 

to 7r0 	 -y-y [20, 4], namely g,077  = e2NcgoQ2/47r2m. This implies that 

0, 0) = 1/2. We can establish this from our full formulae. With 

the chiral limit.  Mp -4 0 So that Mp < and the appropriate form of J 

from (5.18) is 

Jrn,m,m (Mp, 0,0) = 2m2Li2(P(MP), 0m,m (MP))/M, 

and we define Mp/m = € with E 	 0 as Mp -4 0. We subsequently find 

p(Mp) = e, cos 0,,,m(M p) = E/2 and therefore 

Jni,,,,„,(Mp, 0, 0) = 	
LE  d: 

ln(1 — EX ± X ) 

Jrnfin,m(Mp —> 0, 0, 0) 	 f f  dx[—E ± (1 — €2/2)x + E(E2  ± 3)43 .. E2 

— €2/12 + €4/9 + 

Consequently, we see Jm,m,m(Mp —> 0, 0, 0) reproduces the 7r0  -4 Ty result in 

the chiral limit. 

5.2.3 Heavy quark symmetry limit 

Since we are particularly interested in the heavy meson decays D* 	 Dry 

and 13* —> Bry we feel it is of interest to examine the heavy quark expansion 

of our loop integral J. To derive this we consider an expansion in terms of 

the light to heavy quark mass ratio in each of the loop integrals. We make 
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the arbitrary choice of m = mg  and 772 = mc2, where mg  is the light quark 

mass, and mQ  the heavy quark mass. These lead to the following definitions: 

—= e 	 (5.22) 

Mp = fit, + Ap, 	 (5.23) 

(5.24) Mv = 771 Av 

where c -4 0 in the heavy quark limit, and Ap, Av is the combined binding 

energy and light quark mass for the pseudoscalar and vector meson, respect-

ively. 

Heavy quark limit of Jrn,m,m/,(Mv,Mp, 0) 

We consider the heavy quark limit of Jrn,m,fiii((Mv, Mp, 0) and from (5.23) 

and (5.24) we make the extra definitions 

Mv,p/m = rV,P 11€ 

where rv,P = Av,p/m = (Mv,p - 771)/m. Substituting these variable redefin-

itions in (5.8) and ignoring terms of order 0(1) or higher 

Jrn,m,m/E(Mv, MP, 0) 
f  1 	 t-x d 	 x/c  

fo  dx 
xl€2  -2(rv  - rp)xyl€ - (2rp+110x(1- x)1E•  

This may be solved to 

E (rv  In 12rv€1 - rp ln 12rpci)  
Jrn,m,m/e(mrv + mrp + 0) = 	 (5.25) 

(rv  - rp)(1 + 2E(rv + rp)) 

as the highest order terms in the expansion. Note that this term is of the 

form c In c and we can thus expect slow convergence of the heavy quark limit 

form. 

Heavy quark limit of J( Mv, Mp,O) 

The triangle diagram in which the role of m and fit, is swapped corresponds 

to Jffi, fib, fin  which, with the notation (5.22) is expressed as J7701,171E  . With the 

137 



role of m and fit reversed, we are now interested in the ratios Mv,p/fit which 

are given by 

Mv,p/fit = 1 + Av,p/fit = 1+ rv,pe. 

If we reformulate (5.8) and ignore contributions of order e2  and higher we 

find 

JTY,,yr,",(Mv, Mp, 0) 
fl—z 	 1  + (e —  1)x  

	

fo  dx 	 dy 
1 — x — 2(rv  — rp)exy — (1+2r pc)x(1 — x) 

= [Li2(1+2rvE, 0) — Li2(1 + 2rpe, 0) 

2€(1 — e)  
f 	 (rv  1n12rvel — rp in 12rpel)] . 

+ Levy  + rp) 

To simplify this form further, we consider an expansion of the dilogarithm. 

Since 

L12(1 ± 2rvE,0) — 1j (i+ 2rpf, 0) 

2rvE 

1+2rvi€2  
dx  

	

= — 	 — ln 11 — XI 
1-1-2rpef 	 X 

—  fdz ln z(1 — z + z2  — z3  + . ..) 
2rpe 

= —2c(rv  ln 2rve — rp ln 2r pc — (rv — rp) + OW), 

to arrive at the final form 

47,07-1,,tc(mry + fit, mrp + fit, 0) = 1 	 (rv lni2rvel — rp in 12rvfl). 
rv — rP 

(5.26) 

Once again observe the e in E dependence, indicative of slow convergence. 

It appears that both expansions (5.25) and (5.26) will only converge slowly 

to their true counterparts Jrn,m,,,,,(Mv, Mp, 0) and 41,,11,m  Mv Mp , 0). Thus, 

unfortunately, they are not so useful approximations for either the c or b 

quark cases. 

There are other possible expansions we could consider, namely that of 

the P 77 and V P-y loop integrals where there is only one quark flavor 

in the loop (such as 77, —> 77, nb —> 77, JI0 71,7 or T rib7) and consider 
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some expansion as the quark mass becomes large. Unfortunately, such an 

expansion fails to be a good approximation, simply due to the assumption 

one has to make about the pseudoscalar and/or vector mass. For example, 

in the P Ty case one would assume the pseudoscalar mass Mp would 

consist of the sum of the quark masses along with some binding energy so 

that Mp = 2m + :A. Then the loop integral could be expressed as 

	

1 f 	 dv  
J,,,„,m(Mp, 0, 0) = f du 

Jo 	 o 	 1 - p 2  u v 

where p = Mplm = 2 + A/m and one would attempt to do some sort of 

expansion near p = 2. Unfortunately such an expansion is impractical as the 

integral contains a pole at p = 2, u = 1/2. 

5.3 Application to experimental measures 

With the technology in place, we now apply it to physical processes involving 

the electromagnetic decays of the ground state mesons. We start by demon-

strating the excellent agreement between the quark triangle prediction and 

experimental measure of the KS -> K7 neutral to charged width ratio. 

5.3.1 K* — > Ky and the coupling ratio 

The observed K5  branching fraction [13] of 

rif.o_4K07/FK-F,K+7  = 2.31 ± 0.29, 

which translates to the coupling constant ratio of 

	

gK•oK07/gif•+K+7  =-- 1.514 ± 0.125, 	 (5.27) 

is far from its SU (3) predicted value of 2, but is simply understood in the 

quark loop formalism as shown by Bramon and Scadron [25]. We quickly re- 

iterate this point. Using (5.17) and assuming gvus = gvds 

by isospin, 

9x.0K07  _  QdJd,s(K4710)/rnd + Qs Js,d (K*°,  K°)/m3  

9K•FK+7 	 QuJu,s(K*+  , K+)1 mu + C 2 ds,u(K5+  , K+)/ms  

and gp.us  = gpds  

= 1.47, (5.28) 
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28 	 300 	 320 	 340 mu,d 

Figure 5.2: Variation of gic.oKollgif.+K+1, with light quark masses, mu,d. It 

is assumed ms  = 1.5m„,d. 

where we use the shorter notation, elq,q,  (V, P) 	 (Mv, Mp, 0). The 

quark masses chosen were mu  = md = 340 MeV and ms  = 510 MeV, as used 

by Bramon and Scadron [25]. In fact the ratio gx.0107/gK.+K+.7  is a sensitive 

measure of the mu,d  and ms  masses. If we take ms  = 1.5m„,d  which is entirely 

consistent with many results in the constituent quark model [26, 4, 111, 3, 56] 

the variation of (5.28) with mu,d (and hence ms) allows us to constrain mu,d  

from the experimental result (5.27). This is seen in Figure 5.2, where the 

experimental result is indicated by the grey band. This plot shows that 

310 < mu,d < 360 MeV and correspondingly 465 < ms  < 545 MeV. Since 

an s quark mass of ms  = mq5/2 gives such a good comparison between the 

quark triangle diagram and the experimental measurement, we will continue 

to use this value throughout this work, along with mu  = md = 340 MeV. 

The result (5.28) compares well with that of Bramon and Scadron [25], 

indicating their reliance on the chiral limit formulae is does not cause any loss 

of information. In fact we can observe the variation in the coupling relation 
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giooKollgic.+K+-y  
-1.47 

Figure 5.3: The lack of sensitivity of glooKo.dgio+K +7  to the kaon mass as 

shown in this figure, emphasizes that a chiral limit form is applicable to this 

case. 

(5.28) from the chiral limit Mp = 0 to Mp = MK using the approximation 

free J„,,,,,"(Mv , Mp, 0); as Figure 5.3 shows there is very little change in the 

result. 
We can also dramatically show how the s quark mass breaks the SU(3) 

symmetry. Figure 5.4 displays the behaviour of gKoKo.y /Do+K+,,,, from m, = 

mit  = md = 340 MeV (the SU(3) limit) to ms  = 550 MeV clearly indicating 

that it is the violation of constituent quark masses from SU(3) symmetry 

that is responsible for the large deviation in K* mesons from the expected 

symmetry. 

The K* radiative decays are particularly sensitive to SU(3) violations as 
they involve the constituent masses of strange and non—strange quarks in 

the loop of the corresponding triangle diagram. The match achieved by the 

quark triangle scheme (5.28) to the experimental result (5.27) is far better 

than SU (3) or broken SU (3), as given by Equation (3.32). Subsequently, 

it appears the heavier meson cases, D* D-y and B* —> B7 which should 
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Do o R-07  gic •+K+7  
-1.4 

Figure 5.4: The breaking of SU(3) by the s quark mass is clearly responsible 
for the deviation in the coupling ratio. The experimental measurement is 
also shown, supporting ms  500 MeV. 
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also be sensitive to breaking effects caused by the c and b quark masses, 

would be best computed by the triangle diagram which can explicitly allow 

for different constituent masses in the loop, rather than in a broken SU(4) 

or SU(5) symmetry scheme. 

5.3.2 Measurements of gpqq,  

We may obtain estimates for the gpqq,  coupling constants using experimental 

measurements of the P —> -y-y decay widths. In particular the widths for 

7r° -4 77, n -4 Ty and 77' Ty processes are well known and we should 

be able to determine gp„„ and gp„ to reasonable accuracy (we make the 

isosymmetric approximation gpu, = gPdd) m = nic1)• 

Beginning with the 7r0  meson which is the antisymmetric mixture (uu — 

dc-1) I NA we sum the contributions from both flavours to find the relation 

between the covariant coupling and the quark level coupling, 

472 	 3) gr°uu  mu  ± 	 3) grodd  md 

6e2 (_2  \ 2 	 ju  (70) 	 1 2 	 jd(71.0) 

e2  IA gPuu 	 gPdd 
Ju  (n-°)/ mu  

672 	 f2-  

e2  

2 -N/7r2 
gPuuJu(7°) /mu. (5.29) 

For the cases n and 	 77 we obviously have to take into account the 

mixing of these states. We could do this in terms of the SU(3) basis given in 

(3.19) and (3.20), but as we are working at the quark level, it is much more 

convenient to use a quark basis which describes the deviation from the ideal 

mixing case 

— sin cpp(un + 	 — cos yo ps§, 

cos (do p(un + d(i) I .\fi — sin (ppsg, 

where cop = Op — arctan 	 —45.8°, a definition first introduced by Bramon 

and Greco [23, 24]. Following the methodology' shown in (5.29) we obtain 

relations between the covariant amplitudes and meson—quark couplings which 

gro.77  = 
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are given in Table 5.1. These are then used along with the parameters mu  = 

340 MeV, m, = 510 MeV, cop = —45.8° (in accordance with the quadratic 

Gell-Mann—Okubo relation) and the unnormalised covariant couplings from 

the measured decay rates 

,, 2 m 3 r
P 	

P

'6"47i. 

P  

to obtain several estimates of the pseudoscalar—quark couplings as given in 

Table 5.2. We used the processes n —> 77 and 71 —> -ry to simultaneously 
determine the u and d quark-pseudoscalar meson couplings. We comment 

that although there is some experimental and theoretical favouritism for a 

pseudoscalar mixing angle of Op —20°, representing a significant deviation 

from the GMO quadratic mass expectation, this is totally unfounded once 

some SU(3) symmetry breaking is accounted for in terms of a constituent 

quark mass difference between the strange and non-strange quarks. With 

a mass ratio m,s/mu,d  1.5 a vast majority of the experimental results are 

entirely consistent with Op = 14° ± 2° [26] which is much closer to the GMO 

calculation. Hence we persist to use the GMO value and comment when the 

result appears to have a high sensitivity to the angle. 

From the results, it appears gpuu  differs as determined from 7°, i  and 77' 

processes. The Goldberger—Treiman (GT) relation at the quark—level, gives 

us a good check of our results. For the pion, the relation reads 

FirgPuu /12-  = m. 
	

(5.30) 

Using F.7, = 92.42±0.07±0.25 MeV [13] along with mu  = 340 MeV we predict 

gPuu = 5.203 ± 0.004 ± 0.014 which compares well with the experimental 

result from 7r0  —÷ Ty. Hence it appears there is a problem with the 77 or n' 

determinations, for which there are several possible explanations: 

• the n meson is about four times as massive as the pion, so it may 
be appropriate to allow for mass dependency in the coupling con-

stant. Suppose we label the first coupling constant from 7° —+yy 
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as gp„„(m2,0), while the second from -* 77 and n' 	 -y7 as a coup- 

ling constant somewhere between 7n77  and 	 Numerically we took 

the appropriate mass as the equal weight average, (m277  + m2w)/2. By 

linearly interpolating between these two couplings, we estimate a value 

of gpuu(7741) = 4.61 ± 0.19 for Op = -10.5° 

•the quark triangle diagram may not be successful in the description 

of 77 	 77 and 77' -> 77 where the heavier pseudoscalar parents are 

prone to introduce additional gluon-exchange effects. This may have 

such ramifications as producing admixtures of heavy-flavour qg states 

or gluonium in ni [74] 

•the U(1) anomaly may play an important role [37]. 

Also included in Table 5.2 is the estimate of gp„ using a charm quark 

mass of 77/, = 1550 MeV along with the experimentally determined width 

[13] of rr,c,77  = 3.96 ± 1:9855  keV. 

5.3.3 Measurements of gvqq,  

There exist many useful decay channels V 	 P7 and corresponding data 

from which we can determine the product gvqq/ g pqq/ . To this end we pro-

ceed in two steps. Firstly, we interpret individual meson-meson-photon 

couplings in terms of meson-quark-antiquark couplings, deriving relations 

between them as shown in Table 5.1. Assuming isospin symmetry there are 

only three unknown products of couplings involved in the light meson sec-

tor; gVuugPuul gVusgPu.s7and gvss.Pss. Following this we extract individual 

meson-meson-photon couplings gvp7  from the most recently measured de-

cay widths Fv—>p7 = (M127 — MI,)3g47/(967r/W) by simply removing the 

kinematic factors. The results are listed in the first column of Table 5.2. As 

one can see, they scatter over a relatively wide range. 

We are able to determine gvuugpuu  solely from any one of the processes 

po 	 707,  p+ 	 po _÷ 717, co 	 707,  w -> 777 and 77' -4 p07. 
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Process 
	

Relation between covariant couplings and meson—quark couplings 

ro 

TI 477 

TI' -*77 

TIc -477 

p
o 707 

p+ 	 ir+ 

P
o 	

7I7 

co 

(4.) —> rn 

gg°77 = 	 gPtildt1(7r1)) / MU 

girri = 6‘fir2 {5  sin 40P9PuuL(71)/mu + 	 cos copgp39./8(n)/m3} 

grl'77 = 6 2 {5 cos cop.gpuau(7r)/mu — 	 sin co pg p„.13(77')/ ms} 

1,2  ▪ = 2 gpc,Ic(ne)/mc 

g iro7  , 	 gvuu gpuu  ju,u  (pi),  7r0 ) 

g0++7 = gVudg Puedu,d(P+ 	 Mu 

g potry = 	 sinc 0  P9VuugPuuJu,u(PC 11) I Mu 

th„o7  = 	 cos WI gVuugPuati,u(W 	 I Mu 

gwrn = — 4:2 {cos yov  sin (PPgVuugPuuJu,u(W 77)/mu 

+2 sin (py cos cop9v889P83,18,8(w, 71)/m3} 

TI' 	 p°7 

TI'-+ 

7rol, 

717 

K*o K°7 

IC*+ -4 K+ 

.110 —> 71c7 

45  -4  Pr 

gri  p 0 = 43ire2 C OS (PP g VU U gP U Ju,u 	 p°)/mu 

grN7 = 4: 2 {cos cop cos c0 V Vuug Puu‘k,u(rli  CV) I Mu 

—2 sin cop sin epvgv33gp33J3,3(77 , co) I ms} 

goiroy  = — 43:2 sin covgvuu9Puu J11,11 (0, 70) /mu 

go,77  = 	 {sin cloy sin (ppgvuu9PuuJu,u(4), 17)/mu 

—2  cos 40v cos (70P9v339P884,8 (0, 77)/m3} 

9 K-0K07 — gVdsg Pds Vd,s(K4 	 Md Js,d(K4  110)17ns] 

91C•4-1(+7 = Ibre2 gliUSgPUS [2JU,S(K*+ K+ VMU jStU(K*+, K+  VMS] 

D/071C7 = 9VCCOCCJC,C(401 71C)/M C 

thk pit 	 — -r 2  sin cpvg?,,„ugpuu  {Ju,u,u(0,  p°, 0) + 4Ju,u,u(0, P+  0)} /mu 

Table 5.1: Relations between covariant couplings 91,77, gvp-r  or gpv7  and 

meson—quark—antiquark couplings gvqc,,, gpo  
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Experimental result 
(x10-4MeV-1 )[13] 
g,077  = 0.2516 ± 0.0091 

g71.77  = 0.239 ± 0.011  
0.312 ± 0.016 

gricyr  = 0.055 ± 
gee.), = 2.95 ± 0.37 

= 2.24 ± 0.13 
gpo,r7  = 5.66 ± 0.52 

= 7.04 ± 0.21 
= 1.82 ± 0.23 

goiry  = 2.100 ± 0.051 
gon.01, = 0.417 ± 0.021 

gx.0K07  = 3.84 ± 0.17 

gic.+K+ 7  = 2.53 ± 0.11 
= 3.91 ± 0.18 

= 1.369 ± 0.087 

= 1.66 ± 0.26 
gop, = 10.71 ± 0.30 

Meson-quark-antiquark 
coupling 
gpuu  = 5.14 ± 0.19 

gpuu  = 4.03 ± 0.14, 
gp„ = 6.45 ± 0.67 

gp„ = 1.52 ± 00 :3386  
gVuugPuu = 14.88 ± 1.89 

gVuugPuu = 11.23 ± 0.63 

gVuugPuu = 10.94 ± 1.02 

gVuugPuu = 12.52 ± 0.38 

1  gvuugPuu = 12.2 ± 1.5, 

gvssgPss = 6.89 ± 0.17 
gvuugpuu = 25.4 ± 1.3 

gvdsgpds = 8.43 + 0.37 

gvusgPus = 8.21 ± 0.37 

gPuugvuu = 15.98 ± 0.74 

{ .gPuu.gliuu = 11.95 ± 0.49 
4. 

gPssgvss = -36.9 ± 4.8 

gvc.egPcc = 1.88 ± 0.30 
2 

gVuugPuu = 27.53 ± 0.76 

Table 5.2: Determination of meson-quark-antiquark couplings. 
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In addition, the decays w 	 n-y, 	 rry and TY 	 wry can be used to 

simultaneously solve for gvuugpuu  and gvssgPs.s• Our numerical results are 

shown in the second column of Table 5.2 where we use the same quark masses 

as previously along with the quark basis mixing angles goy and cop which are 

related to the standard mixing angles via (pv,p = Ova,  — arctan(1/). We 

also have at our disposal data from the decay 0 -4 frr and because of the 

small experimental uncertainty in the width rop, it provides an accurate 
estimate of 0/uugpuu. 

The values of the product gvuugPuu  turn out to lie in a quite small range, 

except for that derived from the 0 —> 70-y and 711  —) p°-y. The result from 0 —÷ 

-Tr07 would fall into this range had we chosen a mixing angle of about (pi/ 8°, 

a change of 3.5°. Such an extreme sensitivity to change in mixing angle 

leads us to exclude this channel from our analysis. Recalling the couplings 

of pseudoscalar meson with quark—antiquark pairs discussed previously, we 

now obtain gvuu. 

Since the estimate gpuu  = 5.14 ± 0.19 from 7r0  —> -ry agrees so well with 

the GT relation (5.30) we adopt this value as the best measure of gpuu. 

This along with the gvuugPuu and g?vuugpuu  measures in Table 5.2 lead to a 

weighted average value :gvuu = 2.33 ± 0.04 which differs from gpuu, revealing 

a substantial violation of the spin symmetry in the triangle scheme.. This 

average excludes the measures from 0 -4 707 and p°-y, the first which is 

sensitive to the vector mixing angle while the second involves the 77' meson, 

which as mentioned earlier may be susceptible to the U(1) anomaly or other 

effects. We present an ideogram of this weighted average in Figure 5.5. It 

shows the 0 pir process gives a very accurate measure of gvuu, with most 

of the other results also in compliance with the average. We also note that 

the weighted average has not been scaled as Vx2/(N — 1) = 0.98. 

We repeat this procedure in the analysis of gv„, but with fewer channels 

to determine a result. Tentatively taking gp„ = 6.45±0.67 (from n, 711  —) 77) 

we obtain gv„ = 1.07 + 0.11 from w, 0 -4 777, indicating a large SU(3)v 

symmetry breaking once again. We do not use data from 771  —> ury where the 
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Figure 5.5: Ideogram of the weighted average fit for gv„„. The result from 

if 	 p°7 is not included in the average. 
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ql 
g Pqq' gvqq,  

uu, dd 5.14 ± 0.19 2.33 ± 0.04 
us, ds 3.76 ± 0.04 2.21 ± 0.10 

ss 6.45 ± 0.67 1.07 ± 0.11 

cc 1.52 ± 0.52 1.24 ± 0.18 

Table 5.3: Average quark-meson couplings from experimental measures 

average product gvuugpuu  has been used to determine gvssgpss• Estimates 

for gv„ using the J/O ivy channel yield gv„ = 1.24 ± 0.18. Note that 
gv„ and gp„ are not substantially different, perhaps indicative of a limit 

gvqq  = gpqq  as mq  gets large. 
For completeness, we wish to obtain a measure of gvus  using the product 

gv.gpus . However, we have no means of getting gpds  for the kaon in the tri-
angle scheme. This is because unlike 7 0 , the K°  Ty decay is not mediated 
by pure electromagnetic interactions. However assuming the Goldberger-
Treiman relation at the quark level 

fKgpu5 (74) = (mu + m5 )/2 

we find gpus  = 3.761 + 0.035 where we have used fK = 113.0 ± 1.0 ± 0.3 
MeV [13]. Subsequently, gvus  = 2.21 ± 0.10 (averaged over the charged and 
neutral processes). 

In summary we provide the average quark-meson couplings in Table 5.3. 

The most noticeable difference between these values and those of a similar 
study [77, 85] based on the 1994 Particle Data Tables is in the values of 

gv„ and gp, (which were gv„ = 0.92 ± 0.23 and gp„ = 2.02 ± 0.38). The 
updated experimental measures of I' j/v,_„k7  and rik _+.77  are responsible for 
the change. 
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5.4 Predictions 

The stability of the quark-meson couplings, particularly for the u quark, 

enable the prediction of several decay widths. It also provides a very simple 

means to predict heavy meson coupling ratios like (5.28) where the only free 

parameter is the c- and b quark mass. 

5.4.1 	 —> ?icy coupling constant and branching fraction 

We can use our best fit estimates of the meson-quark coupling constants to 

predict the decay width for the decay 0 -÷ 1717. 

94671'7 = 
e 

- 
471.2 
isin coy cos copgvuu.gPuuJu,u(0,77')/7nu 

+2 cos coy  sin (PpgvssgPsds,s (0, ni)/ms} 

and using mu  = 340 MeV, ms  = 510 MeV and mixing angles cop = -45.8°, 

(Pv = 4.08° along with our couplings from Table 5.3, we compute the coupling 

to be gq577,7  5.55 x 10-4  MeV-1. This gives a branching ratio of 

Br(0 --÷ 7717) f-̀!. 3.94 x 10-4  

which is slightly below the experimental upper limit of Br(0 	 ricy) < 

4.1 x 10-4  at 90% confidence level [13]. We point out that the result displays 

very sensitive dependence on the choice of s quark mass. Also we remain 

cautious of predictions involving the 77' meson due to its association with the 

U(1) anomaly. 

5.4.2 D* D'y and B* By coupling ratios 

Since the derivation of Jnit,„"(Mv, Mp, 0) is free of approximations we can 

safely apply it to the D* and B* meson radiative decays. To do so we must 

assume gvug  = gvdq  and gpuei  = gpciq  where q is either the c or b quark (much 

like we did in the K* Kry case). With this quite reasonable assumption 

the coupling ratio Dporp7IgH.+H+7  (H = D or B) is given by 

gp•opo..y 	 QuJux(D*°, D°)/rnu + Qdc,u(D*°, D°)/nic  
(5.31) 

9D-+D+ 	 Qad,c(D*+, D±)/md + QcJc,d(D*+,D+)/mc' 
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1550 	 1600 	 1650 	 1700 	 1750 	 1800 

Figure 5.6: Variation of coupling ratio gp.0D07/gD.+D+7  with c quark mass. 

and 

g B.01307  = 	 dd,b(B*°  B°) I Ind + Qab,d(B*°  B°) I rnb  
(5.32) 

9B*4-134-7 	 Q.J.,b(B*+  B+)Irn. + Qab,.(B*+ B+) I TN.  

Relations (5.31) and (5.32) allow us examine the coupling constant ratios as 

a function of the c and b quark mass, respectively. 

The behaviour appears in Figures 5.6 and 5.7. In order to give actual 

values we use a c quark mass of 1550 MeV (approximately half the J 

mass) yielding 03.00 371 g D.+ D+7  = 6.47 and a b quark mass of 4730 MeV 

(approximately half the T mass) which gives gBoBo..y1gB.+B+7  = 0.018. We 

can compare our results with those of other workers. These are presented 

in Table 5.4. We hoped that our study of gvqq,, gpqq, measurements would 

enable us to make some reasonable estimates of gyucgpuc  and gvubgpub, but 

the data does not allow this. Thus we cannot make predictions about actual 

decay widths. 

From the table we see that our estimate of gD.0D071 gp.+D+7  = 6.47 is 

of within the range of other predictions, while gB.oBo71gB.+B+7  = 0.018 is 

small compared to the few theoretical expectations available. Nonetheless, 
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This 	 6A7 

(3.33) 
60 

(3.34) 

[118] 	 7.6 ± 2.2 

[75] 	 6.17 

0.018 

0.8 

0.588 ± 0.078 

0.571 

Ref. 9E0'000  

9D•+D+7 

 

913..080  

913•+8+7 
Parameters and/or Model' (masses in GeV) 

     

mu,d = 0.34, m, = 1.55, mb = 4.73 

broken C/(4Nf) 

Imu,d = 0, m, = 1.3, mb = 4.7} QCDSR 

1 mu,d = 0.25, m, = 0.37, RQM 1 

mc = 1.445, mb = 4.64  

[29] 	 4.06 	 0.583 	
1 mu  = 0.338, m, = 1.6, HQET 1 

md = 0.322, mb  = 5  

[38] 	 8.48 	 - 	 Bethe-Salpeter approach 

[89] 	 5.5 ± 2.8 	 0.60 ± 0.16 	 HHCT 

[1] 3.05 	 0.488 	 Imu,d = 0, mb = 4.71QCDSR 

[109] 	 5.10 	 0.685 	 {mu,d,8 = 0.25, rn, = 1.44, mb = 4.8} RQM 

[48] 	 6.3 ± 1::71 	 0.64 ± 0.14 	 {m, = 1.45 ± 0.05, mb = 4.7 ± 0.03} QCDSR 

[28] 	 12.9 	 Imu,d = 0.35, in, = 1.5} RQM 

[2] 3.28 ± 0.47 	 Imu,d = 0, m8 = 0.15, m, = 1.35} QCDSR 

[56] 	 3.36 	 0.479 	
{ mu,d = 0.385, me 

 = 1.52, VMD+KRSF 
1 

m, = 0.545, mb  = 4.8  

[100] 	 3.81 	 fm„ = 0.31, m, = 0.485, m, = 1.6621H-LS 

[73] 	 5.32 	 0.576 	 HHCT 

[92] 	 6.71 	 - 	 Imu,d =0.3, m, = 1.6} RLFQM 

[32] 	 6.61 	 0.62 	
1 mu,d,8 = 0.48, m, = 1.57 for D* 

mu,d,8 = 0.59, mb = 4.93 for 13* 
1RP M 

[31] 	 5.5 ± 2.8 	 0.59 ± 0.16 	 Imu,d = 0.55} HQET+VMD 

[30] 	 1.0 ± 1.1 	 0.44 ± 0.47 	 fm, = 1.5, mb = 4.5} HHCT 

[79] 	 3.50 	 SQM 

[108] 	 - 	 0.676 	 {m3  -= 0.279, mb  = 5.2} Bag 

[98] 	 3.84 ± 0.80 - 

Mu,d = 0) M8 = 0.279 
[86] 	 4.54 	 Bag 

= 1.5, A = 1 

[113] 	 3.93 ± 0.20 	 SU(4) 

[113] 	 4.49 ± 0.23 	 broken SU(4) 

[113] 	 3.92 ± 0.21 	 broken SU(4) by 1//1/?, 

[95] 	 2.00 	 QM + PCAC 

[50] 	 3.72 	 0.55 	 = 0.335, m, = 1.84} QM 

[112] 	 0.57 ± 0.20 	 Finite Energy Sum Rules 

°Abbreviations: R=Relativistic, QM=Quark Model, SQM=Simple QM, H-LS=Heavy-

Light System, HHCT=Heavy Hadron Chiral Theory, QCDSR=QCD Sum Rules, 

PM=Potential Model, LF=Light Front 

Table 5.4: Summary of theoretical estimates of radiative coupling ratio. 
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Figure 5.7: Variation of coupling ratio gB0B07/913.+B+7  with b quark mass. 

Figure 5.7 shows a value gBoBo.71gB•+B+7 	 0.6 is easily achieved with a 

small change of the b quark mass to mb 	 5000 MeV. Hence our method 

is quite sensitive to mb  so that accurate experimental measure of the ratio 

gB•oBo,y1gB•+B+,7  would in turn constrain the b quark constituent mass. 

5.5 Summary 

We have successfully evaluated V 	 P7 and P 	 -yy processes in a quark 

triangle diagram scheme which is valid for arbitrary vector or pseudoscalar 

masses, as well as V PV' processes for light pseudoscalar mass with same 

quark masses in the loop. By comparison with available experimental data, 

we found that this scheme works well for all radiative processes involving the 

light mesons (no charm or bottom quarks), except for 0 -4 7°7 (due to the 

sensitivity of this channel to the mixing angle) and the channels 77' e(w)7. 

The scheme produces well determined estimates of the meson-quark-

antiquark couplings for the light mesons and which preserve universality of a 
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given quark flavour. However, this adherence to universality is at the expense 

of a prolification of meson–quark–antiquark couplings. The large difference 

between gvqq,  and gpqq, indicates a substantial violation of spin symmetry in 

the quark triangle formalism. 

A number of predictions have been made based on the scheme. Firstly 

we note that our theoretical result for the —> 771-y decay width is around the 

present experimental upper limit and awaits comparison with further meas-

urement. Secondly our prediction for gp.0D071gD.±D±7  = 6.47 with mc  

m 40/2 is within range of other theoretical estimates, while g 13.0 Bo 7  I gg.± B± = 

0.018 for mb 	 m-r  /2 is small compared with the few results in the literat- 

ure. We expect future measurements of these radiative decays will distinguish 

between these predictions. 
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Chapter 6 

Conclusions 

6.1 Summary 

This thesis has sought universal couplings in the two-body strong and electro-

magnetic decays of the mesons. We have used two quite distinct techniques to 

derive these couplings from the experimental measures of the decay widths, 

one acting at the meson level while the other at the quark level. 
Chapter 2 detailed the historical development of the SU(6) symmetry of 

elementary particles from arguments akin to those of Wigner's SU(4) theory 
of nuclear interactions. We contrasted the predictions of the SU(6) scheme 
with the well-known ones of SU(3), or the "eightfold way." These included 
the particle classifications, the mass relations and baryon magnetic moments. 
In most cases the SU(6) predictions were well matched by experiment. We 
also discussed the many salient features of the SU(6) scheme, in particular its 
more intuitive basis and the fact that it requires the existence of the 'colour' 
quantum number. These beneficial aspects of the symmetry are offset by the 

difficulties in obtaining a relativistic generalisation of it, but nonetheless we 
detailed a useful covariant theory based on 0(4Nf). It provides meson wave-

functions and interaction Lagrangians which are invariant under an extended 

symmetry group. We also discussed the similarities between this approach 
and many modern techniques. 
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The advantage of the 0(4N1 ) scheme is that by virtue of its extended 

symmetry, it reduces the number of coupling constants required to calculate 

interactions. This is perfect for establishing universal coupling constants, 

and this was the focus of Chapter 3. In this chapter we applied the su-

permultiplet scheme to the ground state meson decays using 'world aver-
aged' experimental data. We found reasonably uniform coupling constants 
for VPP interactions, but most significantly our method easily identified a 
simple symmetry breaking deviation which could be incorporated into the 

scheme. The direct study of VVP vertex type interactions was restricted 

to the process 0 —> pit, but we examined them indirectly via vector meson 

dominance and electromagnetic interactions. It was not as easy to identify a 
symmetry breaking mechanism, possibly because of the uncertainties of the 

VMD approach. The (3(4N1) scheme relates the couplings from VPP and 
VVP interactions, and an excellent match was obtained with reasonable av-

erages of masses and couplings. The last part of the chapter was concerned 

with demonstrating the predictive power of the supermultiplet method, par-

ticularly in the heavy meson arena. Our results were consistent with many 
other theoretical techniques. 

The excited mesons have not been the focus of much theoretical study. 
We have tried to partly rectify this with a comprehensive analysis of the 
two-body strong decays of all orbitally excited mesons, as given in Chapter 
4. Our motivation is still to determine coupling constants from decay widths, 
and since the 0(4N1) scheme was seen to perform well in the ground state 

cases, the version of the scheme suitable for orbital excitation states was 
used, namely 0(4N1) 0 0(3, 1)L. Once again, because it is has supermul-
tiplet particle structure it requires much fewer coupling constants than lower 

symmetry schemes. Following the derivation of numerous interaction and 
decay rate formulae, the coupling constants for OZI allowed two-body strong 

decays of L =1 to L = 3 parent meson to ground state mesons were calcu-

lated from experimental data. The results were very encouraging and support 
the CI (4N f) 0 0(3, 1)L wavefunctions from the universality of the coupling 
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constants. However, there were many results which would benefit from more 
accurate experimental data to truly test the scheme. Toward the end of the 

chapter we once again demonstrated the power of the supermultiplet method 

by supplying several predictions about the strong decays of the L = 1 charm 

mesons. In some cases we could compare our predictions with other work 
and there was usually good agreement. Importantly, our work has detailed 
some predictions for these decay widths not witnessed elsewhere. 

Chapter 5 saw the development of a complementary technique. It was 

mainly concerned with trying to improve the understanding of electromag-

netic interactions of the ground states in the context of universal couplings at 

vertices in a quark triangle diagram. We applied the approximation free form 

of the corresponding loop integral to several processes, V —* P-y, P —> -y-y 

and 0 pir and typically returned very uniform meson—quark—antiquark 
couplings from analysis of experimental rates. We could once again extract 

some predictions from the method, but they were only of neutral to charged 

coupling ratios. It would seem that the quark triangle method is highly ac-

curate in most situations that it can be applied, but this is offset by the 

number of coupling constants required to describe a given interaction from 
the quark flavours involved in the loop. 

6.2 Outlook 

There have been some very encouraging and unique results obtained in this 

thesis, some of which deserve better study. Of considerable worth would be 
examination of the origin of the observed behaviour giss/g(L-Foss rsa 2000 
MeV which could be intimately linked to the parameters in the confining 
quark potential and may reveal information about the nature of quark bind-

ing in the mesons. One could also attempt to merge the ideas learned in 

Chapter 5 where the importance of the constituent quark mass differences 

was shown, with those of the scaling behaviour in gvpp. Some researchers 
have already tried this [42] in an approximate way, but nonetheless with some 
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fruitful outcomes. However, the ultimate test of such a technique would be in 

its prediction of the ratio gK .0K07/Do+ K+7 . The author has attempted this 

and achieved some match with experiment, but unfortunately the technique 

was not gauge invariant. 

This study has mainly exploited the machinery of the 0(4/V1) 0 0(3,1)L 
symmetry to examine the two-body strong and electromagnetic decays of 
mesons and has shown this to be very valuable and accurate. This sug-
gests there are still plenty of processes which could be analysed for universal 

couplings using this approach. The simplest next step would be to include 

three-body strong and electromagnetic decays of the mesons. This would 

be particularly useful in the orbitally excited meson realm, as the increas-

ing phase space makes such processes more likely. The baryon states are 
also embodied in the (3(4N1) 0 0(3,1) L  scheme along with baryon-meson 
interactions and this too would be a fruitful field of study. Finally, the weak 

transitions could also be studied in the context of the supermultiplet scheme, 
as advocated by several workers [70]. 
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Appendix A 

Groups, relations and identities 

A.1 Unitary symmetry groups 

A.1.1 The SU(3) algebra 

The A-matrices are 

A1 	= 

A3 = 

A5 

A7 = 

	

(  0 	1 	0 

	

1 	0 	0 	 7  

000 

1 0 0 

	

0 	-1 	0 

0 0 0 

	

0 	0 	—i 

000 
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( 000 
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00 

01 
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00 
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A.1.2 The U(2, 2) algebra 

The sixteen 4 x 4 Dirac matrices 

1 

-(7,v = V-riz,7y1 , R = 1, . . ., 16; it, v = 0,1,2,3 
i7,75 

75 — 70717273 

with metric gp = (1, —1, —1, —1)diag  and {'y,, 'y,,} = 2g„,, obey the multiplic-

ation rules 

7117v = —jaw. + 

'TACT Ay 	 Ata v g Av7 it) ± isAtivi7K  75,  

itiN75 = ig pv75 ± pvKACT"  

CI KAU 	 = i(g,„cr)ii  gAtto-Kv  — 	 .crAv  — gAvo-Kit) 

+(gniSAv — gAiAgnv — 

cikAi71L75 = i(gApily-y5 - 	 - ENA,Ly-rv, 

0-KA75 =-2E CTilv 

7L75 7L/75 = gt/v 

The generators of the group JR, normalised so that JR = 7R constitutes the 

fundamental representation, satisfy the commutation relations: 

[J1, J5] 

= — [45, Jv5] 

[4, L51 

[A, JILL/] 

[AS, 4v] 

[JKA) Jizij 

[4, J5] 

[451 <1.5] 

= o, 

JILL, 

= i I -gpv- 5 

= i (gAmJ, — gAvJ(L) , 

= 	 _ v  _ (gAii5  — gAvJA5) , 

= J 

	

_ (g„v_ 	 . gAt,_ Kv  — gKAJAv  — gxv  Uric", 

= 	 jhI15, 

= 
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A.2 Dirac trace algebra 

The general properties of traces, as shown for the same dimensional matrices 

A and B, 

Tr[A + B] = TO] + Tr[B], 

Tr[AB] = Tr[BA] 

are often used along with the specific results for the 'y—matrices in Dirac's 

representation, 

Tr[7] = 0 	 (A.1) 

Tr[75] = 0, 

Tr[75(7)n] = 0, for n < 4, 

Tr[(7)2n+1] = 0, Vn 

Tr[l] = 4, 	 (A.2) 

= 

4(gpvgper gtzPgva glurgvP 2 

Tr[757/av7p7cr] = —4ftwpa • 

A.3 Antisymmetric Tensor Identities 

= —4! 

"pa 
EAL,perEw —3! g 

E f a  — —2! iwPcr v 
91112  Mite 

gsw' gvv' 

g Ate 9, ,  

gpv,  

gpp,  gvp,  

  

   

ee 	 a  = —1! pvper v 

gpte 

gpv' 

gpp' 

(A.3) 
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