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Abstract

Large acoustic noise generated by magnetic resonance imaging (MRI) scanners

pose significant problems for a patient undergoing a scan, in addition to attend-

ing medical staff. A heightened sense of anxiety, difficulty communicating with

medical staff, and mild irritation through to acute discomfort are all results of

the large noise amplitude produced during the scanning process.

Gradient coils are a component of MRI hardware that have been found to be the

major contributor of acoustic noise and are thus the subject of this thesis. A

gradient coil is required to produce a homogeneous linear field to excite nuclei in

a predictable manner so that clear images can be obtained. A feature of gradient

coils is that they must be switched on and off repeatedly during the imaging

process. This switching generates large Lorentz forces on the chamber, which

causes the chamber to deform and promotes a pressure wave inside the chamber

that can be heard as acoustic noise. The problem becomes one of designing

current winding patterns on the gradient coil that produce a specified linear field

and have a reduced simulated acoustic noise output. This problem is studied in

detail and is accomplished using a Tikhonov regularisation process.

This thesis looks directly at theoretical methods to actively reduce simulated

acoustic noise during the MRI scanning process. Pro-active noise reduction, in

this work, is achieved by reducing the deflection of the gradient coil, which leads

to the design of quiet gradient coils. Beginning with a relatively simple one dimen-

sional radial coil deformation model and requiring a high level of linearity of the

gradient field, designs for the current windings on the gradient coils are produced.

In this first model a comparatively small reduction of 0.6 dB was attained; how-

ever, previous work was extended to account for realistic switching sequences.

Next, a more sophisticated three dimensional deflection model was considered,
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which produced a similar small level of noise reduction, but nonetheless substan-

tial insight into the physical process behind the generation of noise was obtained.

Finally, a robust technique for designing very quiet gradient coils, reducing the

noise by 49 dB, was achieved by abandoning the requirement that the gradient

coil produce a homogeneous linear field. It is only through sacrificing field linear-

ity that such significant gains become achievable. Typically a severely nonlinear

gradient field would result in unusable images. However, through the use of a

phantom image technique described later, high quality images are theoretically

recoverable.
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Chapter 1

Introduction, Background, and Theory

1.1 Introduction

Magnetic resonance imaging (MRI) is a widely employed technique in the fields

of spectroscopy and medical imaging. Using an MRI scanner is considered to be

the leading way to image soft tissue in the human body due to its high sensitivity

to several tissue parameters. Other advantages of using MR imaging are that it

is non-invasive and uses non-harmful non-ionising radiation, unlike x-rays. The

cost involved in a typical MRI scanner can be upwards of US $1 million, with

maintenance costing several hundred thousand dollars a year. A need to have

efficient and effective scanners is enhanced by these economic factors and other

medical and comfort issues discussed in detail later.
3



4 1.2. A BRIEF HISTORY OF MRI

1.2 A Brief History of MRI

A summary of the history of the physics, construction and testing which led to

the development of the modern MRI scanner is presented. This section is only

intended to account for a few of the milestones and accomplishments involved.

A significantly more complete and comprehensive discussion can be found in the

Encyclopaedia of Nuclear Magnetic Resonance by Grant et al. [43]. However, the

major developments are shown to acknowledge the achievements of those involved

and to provide a historical context for this thesis.

Central to the phenomenon of relaxation is the concept of ‘spin’ which was first

proposed by Pauli in 1925 (see Eisberg and Resnick [25]). He later formulated the

mathematical properties of spin and Dirac incorporated these into his quantum

mechanical description of the atom; see Thaller [102]. Particles with spin can

possess a magnetic dipole moment; the moment will precess with a frequency,

ωL, proportional to the strength of an external magnetic field. This relationship

is readily attributed to Larmor and is the fundamental concept behind spatial

encoding in MRI. Interestingly, Larmor used the precessional frequency as the

basis for a reference frame transformation [67] to explain the Zeeman effect. In so

doing, Larmor postulated that Zeeman’s results and J. J. Thomson’s cathode ray

observations were both due to electrons, an as yet formally unidentified particle.

In MRI the Larmor relation is usually spoken of in conjunction with protons,

the discovery of which came twenty years after Larmor’s proposition on electron

precession.

Apart from the quantum mechanical description of the atom, the development

of MRI would not have proceeded without magnets capable of producing appro-

priate fields. Early magnets had stray fields and unwanted heating among other
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Figure 1.1: A photo of an early magnet designed by Shaw in 1931.

problems. Shaw [99] (with aid in design and construction from Phipps) in 1931

built a magnet which addressed these issues. The magnet pictured in figure 1.1

was carefully constructed and designed to produce significant improvements on

other magnets of its time that were used for analysing magnetic properties of

atoms. Improvements in field homogeneities came steadily from simple coil ge-

ometries. McKeehan (see [81, 82]) summarised a variety of commonly known wire

patterns which produce uniform magnetic fields. He credits Braunbek as the first

person to expand most effectively the Helmholtz coil to multiple loops, using only

3 loop pairs to attain a field homogeneous through to the 12th order.

In 1938, Rabi et al. [95] detailed the apparatus used by his group to obtain the

first NMR signals from a molecular beam containing isotopes of Lithium. The

apparatus was composed of magnets and coils producing three types of magnetic

fields: (1) a homogeneous static field, (2) a gradient field, and (3) a radiofrequency

(rf) oscillating field. Although they were both known to Rabi, the groups of Pur-
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cell and Bloch worked independently on the development of NMR, approaching it

from two entirely different perspectives. Purcell’s group considered magnetic res-

onance in terms of quantum transitions [94] whilst Bloch’s group saw magnetic

resonance as a reorientation of magnetic moments with respect to an external

magnetic field [8]. Both men had their research interrupted by war effort obliga-

tions but it also influenced their coming research. Post-war, both groups removed

the molecular beam and turned their attention to discovering magnetic resonance

in bulk matter. It wasn’t until Bloch and Purcell met in 1946 that both groups

realised that despite their different perspectives, they were exploring the same

phenomenon; see Rigden [96]. Together, in 1952 they shared the Nobel Prize in

physics for their efforts.

Magnetic resonance studies quickly gained in popularity in many Physics labora-

tories with research groups exploring the phenomenon in a variety of bulk mat-

ter. Most groups adopted the combination of magnetic fields used by the Purcell

and Bloch groups but the delivery of the fields varied among groups. For all

groups though, to maximise the signal-to-noise ratio, magnetic field accuracy was

paramount. In a 1968 review article on limitations in magnetic resonance, Hill and

Richards [51] indicated that field homogeneity of the order of a few parts in 109 -

1010 were required for a static field of about 2 T. Traditionally, electromagnets and

permanent magnets were used to produce fields up to 2.5T; for fields above 2.5 T

newly introduced superconducting electromagnets were favoured. Homogeneity

was primarily controlled with high quality geometrical design and construction.

In 1951, Garrett [36] presented a technique for designing coil systems based on

zonal harmonics and composed of circular filaments, cylindrical or plane circular

current sheets, and thick solenoids of rectangular or notched section. Such coil

designs could be used to produce constant fields and gradient fields. Also very
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useful were field-correcting coils, such as the planar windings described by Golay

[39] and patented by Anderson [3], Nelson [90], and Golay [40, 41]. Many of these

coils were designed to sit on the magnet poles and some were designed to excite

a particular spherically shaped harmonic field.

In the 1950s, the NMR research of Carr - a doctoral student of Purcell - enabled

larger samples, improved signal-to-noise ratio, and a new method for measuring

relaxation times [16, 17]; this work is often credited as producing the first MR

image in one dimension. Despite this, research continued into improvements in

NMR techniques and it was not until the late 1960s that MR imaging research

became prominent. Damadian, in 1970, was the first to conduct experiments

involving relaxation times using human tissue. The experiments showed that us-

ing MRI was particularly useful for distinguishing between normal and cancerous

tissue. In 1972 Damadian [21] patented the first MRI scanner used for medical

purposes. The scanner comprised an arrangement of magnets (along with other

hardware) sufficiently homogeneous at one point in space to image a human chest

in 4.5 hours to within 1 cm resolution. He named this technique FONAR, for field

focusing NMR. Damadian also founded the FONAR Corporation in 1978 and the

company produced the first commercial scanner in 1980.

Earlier on, in 1973, Lauterbur [68], and Mansfield and Grannell [78] independently

showed that the application of MRI in medicine was capable of producing good

quality two dimensional images of water filled structures, e.g. the human body,

and MRI began (see Filler [27]) in its modern sense.

In 1977, Garroway, Grannell and Mansfield [37] introduced a slice selection imag-

ing technique, in which one plane could be ‘scanned’ at a time to build an image.

Following them, Ernst [26] in 1977 developed the ‘two dimensional Fourier Trans-

form’ (2DFT) imaging technique (discussed later), where the sample is both phase
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and frequency encoded. He named this process ‘NMR Fourier Zeugmatography’

and it now forms the basis of all modern imaging techniques.

The process which is commonly called MRI today had several different names

in its founding years. Respective researchers called the process: spin mapping,

spin imaging, magnetic resonance tomography, NMR Fourier zeugmatography

and NMR imaging. To avoid the perception of using harmful radiation, ‘nuclear’

was dropped from the title and ‘magnetic resonance imaging’ become the accepted

term.

With the invention of superconducting magnets, advanced engineering techniques

and the application of sophisticated mathematical techniques, MRI scanners to-

day achieve much better resolution and faster scanning times than their earlier

counterparts. Many other design issues have now been considered, mostly con-

cerning patient safety and comfort, but the perfect MRI scanner has not yet been

developed.

1.3 The Physics behind MRI

This thesis primarily concentrates on the design of gradient coils (a component

of MRI hardware to be discussed later). To put the design issues involved with

gradient coils into context it is important to have a basic knowledge of how an

MR image is formed. A more comprehensive derivation of the physics behind

MRI can be found in several texts including Kuperman [64], Haacke et al. [45],

Hornak [52], NessAiver [91], Vlaardingerbroek and den Boer [109], and Jin [60].

The properties of subatomic particles are fundamentally governed by quantum

mechanics. However, a semi-classical model presented by Bloch (which is consid-
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µ

L

Figure 1.2: Each proton has an associated magnetic dipole field, µ, generated
from its charge rotating with angular momentum L.

erably simpler to understand) gives an adequate description of the phenomena

involved with NMR.

1.3.1 Spin

All subatomic particles possess a quantum mechanical property called spin. A

proton, for example, can be considered as a sphere with positive charge distributed

throughout its volume and rotating about its own axis at high speed. The charge

distribution inside the proton leads to a net flow of charge about its rotating axis,

thus producing a small magnetic field. This magnetic field is termed the magnetic

dipole moment, µ, of the proton. The rotating mass also leads to an angular

momentum L. Figure 1.2 depicts this classical physics model of the proton.

A nucleus constitutes a collection of protons and neutrons bound together forming

a rotating system. This rotating system therefore has a net angular momentum
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and a net magnetic moment, µ, which is the sum of all magnetic dipoles from

each particle in the nucleus. The relationship between these two properties is

given by

µ = γL, (1.1)

where γ is the gyromagnetic ratio and is determined empirically; see Gadian

[35]. The gyromagnetic ratio is specific to each nucleus and is a measure of its

NMR sensitivity. For Hydrogen (1H) the gyromagnetic ratio is experimentally

determined to be γ/2π = 42.58 MHz/T. This relatively high γ value for 1H is due

in part to the the 1H nucleus being ‘shielded’ by only one electron. Hydrogen is

particularly useful for clinical MRI due to the large content of water (H2O) and

fat (−CH2−) in the human body and its high NMR sensitivity.

A pair of protons considered as an isolated system must satisfy a non-degenerate

state as described by Pauli (see Eisberg and Resnick [25]). This means one proton

will be spin ‘up’ and the other will be spin ‘down’. The terms ‘up’ and ‘down’

are not literal terms but terms that denote opposite states. Only certain nuclei

posses a non-zero magnetic moment and these nuclei are characterised by having

an odd number of protons or neutrons (or both). One unpaired proton/neutron

will always be present in such nuclei, which leads to an unbalanced dipole moment.

It is solely these nuclei that are susceptible to NMR effects.

1.3.2 NMR Response of Hydrogen

The response of a hydrogen atom in the presence of a magnetic field can be

modelled by considering the moment of the nucleus. In the presence of an external

magnetic field (typically taken to align in the z-direction and denoted by BZ0) a
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B
Z0

µ

µ

θ
0

θ
0

Figure 1.3: A proton’s magnetic moment aligns in one of two states in the presence
of an external magnetic field.

proton’s magnetic moment will precess at an angle θ0 to the magnetic field. The

two states a proton can attain correspond to the magnetic moment’s z-component

aligning either parallel (in the +z-direction) or anti-parallel (in the −z-direction)

to the external field; see figure 1.3. Importantly, a proton with its z-component

of the magnetic moment aligning parallel to the external field is in a lower energy

state. The difference in energy between the lower and higher energy states is

proportional to the strength of the external field and is given by

∆E = 2µzBZ0.

This is known as the Zeeman effect and can be seen in figure 1.4.

When a proton flips between energy states it emits or absorbs a photon with en-

ergy equal to the difference between the two states. The emitted/absorbed photon

is an electromagnetic (EM) wave of determinable frequency, ν. Bohr was the first

to describe the relation between the frequency of the absorbed/emitted photon
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Figure 1.4: The Zeeman effect describes a growing energy gap between parallel
and anti-parallel states for a larger applied magnetic field.

and the magnetic field strength; see Levitt [69]. Through the Bohr relation,

ν =
2µz

h
BZ0,

we see that 2µz/h is constant for a particular nuclei, and therefore the frequency

of the exchanged photon is proportional only to the strength of the external

magnetic field.

Now we consider the effect of the BZ0 field on the magnetic moment of the

hydrogen nucleus. Using equation (1.1), the motion of the magnetic moment

can be determined by assuming an initial state and considering the torque on

the nucleus. Taking the initial state of the magnetic moment to be µ(0) =

µx0x̂ + µy0ŷ + µz0ẑ and using the classical definitions of torque given by

τ =
dL

dt
, and τ = µ×B, (1.2)
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we combine equations (1.1) and (1.2) to get

dµ

dt
= γ (µ×B) . (1.3)

This yields a system of 3 linear equations for µx, µy, and µz. Under the sole

presence of the BZ0 field, the vector equation (1.3) expands in each component

to the system

dµx

dt
= γµyBZ0

dµy

dt
= −γµxBZ0

dµz

dt
= 0. (1.4)

The first two coupled equations of (1.4) can be transformed into two second order

decoupled linear ordinary differential equations. The solution of system (1.4)

subject to the given initial condition is known to be

µ(t) = (µx0 cos (ωt) + µy0 sin (ωt)) x̂+(µy0 cos (ωt)− µx0 sin (ωt)) ŷ+µz0ẑ. (1.5)

This describes the magnetic moment of the nucleus precessing around the +z-axis

(the direction of the applied magnetic field) with frequency ω. The frequency of

precession, ω, is given by the Larmor frequency where

ω = ω0 = γBZ0, (1.6)

in this case. The Larmor relation states that the precessional frequency is pro-

portional to the strength of the external magnetic field. It can be shown that

the linear frequency of precession, f = 2πω0, is the same as the frequency of the

photon absorbed or emitted, ν, when the proton flips between low energy and
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high energy states (see Jin [60] p7 for a derivation).

1.3.3 NMR Response of a Bulk Sample

In the absence of an external magnetic field a paramagnetic bulk material has

no net magnetisation. All the particles are randomly aligned resulting in no net

moving charge. Once a magnetic field is applied, all the nuclei in the sample

either align parallel or anti-parallel to the applied field. A small majority of the

nuclei will align parallel with the BZ0 field, which assumes a lower energy state.

Summing all the magnetic moments contained in the sample material yields a

magnetisation vector, M, given by

M = (Nα −Nβ) nµzẑ,

where Nα and Nβ denote the probabilities that a particular nucleus is found

in the parallel or anti-parallel state respectively, and n denotes the number of

particles in the material. As the majority of the protons’ magnetic moments will

align with the BZ0 field, the magnetisation vector will point in the +z-direction.

However, the components of the magnetic moments in the x and y-directions are

still randomly aligned, thus giving a net magnetisation of zero in the transverse

plane. The magnetisation vector (constituting the sum of magnetic moments in

the sample) satisfies the same linear differential equation system as the magnetic

moment vector for individual nuclei (refer to (1.3)),

dM

dt
= γM×B. (1.7)
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Figure 1.5: (a) The magnetisation vector precessing around the +z-axis in the
laboratory (undashed coordinates) frame of reference. (b) The same magnetisa-
tion vector viewed in the rotating frame of reference (dashed coordinates). Here,
M appears stationary.
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Assuming at some instant that M is tilted so that M = Mx0x̂ + Mz0ẑ, gives a

similar solution for M as solving (1.3) for µ subject to the specified initial state

(refer to (1.5)). Hence

M = Mx0 (cos (ω0t)x̂− sin (ω0t)ŷ) + Mz0ẑ. (1.8)

Analogous to the magnetic moment case, (1.8) describes the magnetisation vector

precessing around the +z-axis with frequency ω0 in a clockwise direction. By

making a transformation of coordinates, the magnetisation vector can be viewed

as stationary in a new rotating reference system. Defining a rotating reference

system such that

x̂′ = cos (ωrt)x̂− sin (ωrt)ŷ,

ŷ′ = sin (ωrt)x̂ + cos (ωrt)ŷ,

ẑ′ = ẑ,

leads to

M = Mx0x̂
′ + Mz0ẑ

′, (1.9)

when the reference frame is rotating with frequency ωr = ω0. Figure 1.5 depicts

the motion of M in the stationary and dashed coordinate systems when the

reference frame is rotating at the Larmor frequency corresponding to the primary

magnetic field. This new (dashed) coordinate system provides a useful reference

frame for analysing the motion of the magnetisation vector under the influence of

an oscillating transverse magnetic field, discussed next.
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1.3.4 RF pulse effects

With the sample in the presence of the static BZ0 field, it can be assumed that

at any instant and in either frame, M = M0ẑ. The sample is now ready to

be irradiated with a transverse RF (radiofrequency) pulse from which the effect

on the magnetisation vector will be sought. With the RF pulse taken to be an

oscillating linearly polarised field in the x-direction and denoted by B1, we may

write

B1 = B1 cos (ω1t)x̂.

This representation of the RF field can be broken down into two circularly po-

larised fields of equal magnitude, i.e. B1 = 1/2BCW + 1/2BACW , where BCW

denotes a clockwise rotating field and BACW denotes an anti-clockwise rotating

field. The form of the clockwise and anti-clockwise fields written in the laboratory

frame are given below:

BCW = B1 (cos (ω1t)x̂− sin (ω1t)ŷ)

BACW = B1 (cos (ω1t)x̂ + sin (ω1t)ŷ) .

The advantage of using the rotating reference frame now becomes clear. Set-

ting the frequency of the rotating reference frame to match the frequency of the

oscillating RF field, ωr = ω1, we obtain

B1 =
1

2
BCW =

1

2
B1x̂

′,

where it can be shown that the contribution of the BACW field is negligible when

ω1 = ωr = ω0 (see Jin [60] p15).
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Considering the equation of motion for the magnetisation vector (1.7) reformu-

lated in the rotating reference frame we obtain

δM

δt
= γM×Beff , (1.10)

where Beff denotes the effective magnetic field constituting the sum of the pri-

mary field and the x-directed RF field. Confining ourselves to the rotating frame

momentarily, the effective magnetic field takes the form

Beff =
B1

2
x̂′ +

(
BZ0 − ω1

γ

)
ẑ′, (1.11)

based on the assumption that the effects from BACW are negligible. Equation

(1.11) demonstrates that when ω1 = ω0 the effective magnetic field will lie solely

in the transverse plane (Beff = B1/2x̂
′) and rotate such that it keeps pace with

the rotating coordinate axes.

The resulting motion of the magnetisation vector follows from previous analysis

and leads us to the conclusion that the magnetisation will precess around the

transverse rotating effective field with frequency ωeff = γB1/2.

When the frequency of the RF pulse matches the Larmor frequency associated

with the primary magnetic field (i.e. when ω1 = ω0) there are two effects on M.

Firstly, some magnetic moments in the sample will be encouraged to ‘flip’ to the

higher energy state. Since there was an initial imbalance of spins aligned in the

+z-direction, this first effect will reduce the magnitude of Mz. Secondly, an RF

pulse in the x-direction will force the magnetic moments of each nucleus to align

with the Beff field (an x̂′-directed field), establishing coherence and producing

a non-zero net transverse component to the magnetisation vector. These two

effects in combination will have an observer in the stationary frame viewing the
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Figure 1.6: (a) Motion of the magnetisation vector in the stationary frame. A
transverse RF pulse of frequency ω1 = ω0 will cause the magnetisation vector to
spiral from the +z-axis towards the transverse plane. (b) Motion of the mag-
netisation vector in the rotating frame. The magnetisation vector will tilt over
towards the xy-plane, when an RF pulse is applied in the x-direction.



20 1.3. THE PHYSICS BEHIND MRI

magnetisation vector spiral from the +z-axis downwards to the transverse plane.

Correspondingly, in the rotating frame an observer will see the magnetisation

vector tilt further away from the +z-axis until it lies in the transverse plane.

This motion is termed nutation and is depicted in figures 1.6(a) and 1.6(b).

Being able to control the angle of deviation of the magnetisation vector from the

+z-axis is important for image formation. The flip angle, θ, is dependent on both

the duration of the RF pulse, T , and the strength of the effective field B1, and is

simply given by

θ =
1

2
γB1T. (1.12)

The time taken to perturb the magnetisation vector to the xy-plane (θ = π/2

rad) is therefore given by T90 = π/γB1 and is commonly described as a 90 degree

pulse. A typical RF sequence will be a combination of RF pulses that rotate the

magnetisation vector 90 degrees and 180 degrees from the vertical.

1.3.5 Relaxation

This classical model suggests that once the RF pulse is removed, the magnetisa-

tion vector will continue to rotate in the transverse plane. However, experiments

show that the magnetisation vector will spiral back to align with the +z-axis

after the RF pulse is removed and M = M0ẑ once more. The restoration of the

magnetisation vector happens on two time scales, T1 and T2. After the RF pulse,

some nuclei emit a photon of frequency ω0 and ‘flip’ back to the lower energy state

to restore thermal equilibrium. This process is termed ‘longitudinal relaxation’

and is denoted by time scale T1. The second time scale, T2, refers to ‘transverse

relaxation’ (or ‘spin-spin relaxation’), and is the time taken for the magnetic mo-
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ments in the transverse direction of each nuclei to lose coherence and randomly

align, yielding no net magnetisation in the transverse direction. It is these two

processes (which both involve emissions of photons) that are ‘observed’ by an RF

receiver.

Transverse relaxation is a result of field inhomogeneities and mutual effects from

each magnetic moment. The term ‘spin-spin’ relaxation is often used as it is the

spins of neighbouring nuclei that mutually affect each other. Due to unavoidable

field inhomogeneities, two nuclei next to each other will be experiencing a slightly

different magnetic field strength e.g. BZ0 + ∆BZ0 compared with BZ0. This

difference in field strength will cause nuclei next to each other to precess at slightly

different rates, which over time leads to complete decoherence.

The mathematical model used to describe this phenomenon requires a semi-

classical form of the Bloch equations and necessarily includes mutual effects be-

tween nuclei. We are familiar with the fact that M satisfies the same differential

equations as µ and as such the model for M, in component form, extends system

(1.4) to include mutual interactions of neighbouring nuclei.

dMx

dt
= γBZ0My − Mx

T2

(1.13)

dMy

dt
= −γBZ0Mx − My

T2

(1.14)

dMz

dt
=

M0 −Mz

T1

. (1.15)

In the simple case of a 90 degree RF pulse being removed, the magnetisation vector

initially lies in the transverse plane and at some instant is given by M(0) = M0x̂.

The solution to equations (1.13) - (1.15) subject to this initial state are given
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Figure 1.7: An exponentially damped oscillating wave modelling the decay of the
magnetisation vector in the transverse direction. This is known as free induction
decay (FID).

below:

Mx(t) = M0e
−t/T2 cos (γBZ0t)

My(t) = −M0e
−t/T2 sin (γBZ0t)

Mz(t) = M0

(
1− e−t/T1

)
.

The z-component of M can be seen to grow in magnitude over time until Mz = M0

once more. The solutions for Mx and My are exponentially damped oscillating

waves dependent on the transverse relaxation time constant. Via Faraday’s law,

if an RF receiver coil is aligned in the transverse direction, a current will be

induced in the coil due to the change in magnetisation during the relaxation

process. This induced current, referred to as transverse field free induction decay

(FID), represents the signal for NMR (figure 1.7). Together the intensity of the
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recorded FID and estimates of T1 and T2 discriminate between different tissue

types of a sample under investigation.

1.3.6 Spatial Encoding and Slice Selection

The step from NMR spectroscopy to MRI requires the inclusion of gradient coils.

Their purpose is to superimpose a known inhomogeneity on top of the primary

magnetic field in order to spatially encode the imaging region. A gradient coil

must provide unambiguous spatial information about the region being imaged and

is typically designed to produce a linear field for this reason. A nucleus exposed

to a slightly stronger magnetic field will precess faster, in accord with the Larmor

relation. Given a three dimensional sample to be imaged, it is necessary to excite

nuclei over a volume centred around a chosen plane. This can be achieved by

applying a gradient field in combination with an RF pulse. For the purpose of

illustration, we choose a z-gradient centred around z0 to be our ‘slice selection’

gradient (denoted by Gs) and apply it across the sample. (This means we are

exciting nuclei over several xy-planes centred around z = z0.) The z-gradient

(denoted by Gz) is defined to be spatially linear and when added to the primary

field produces a total field

B = BZ0 + Gzz

⇒ ωL = γ (BZ0 + Gzz) .

This last equation is a direct result of the Larmor relation (1.6). It states that,

relative to z0, nuclei located at larger z-positions will precess faster and nuclei at

smaller z-positions will precess slower.

A result of Maxwell’s equations in quasi-static form in a source free region of
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Figure 1.8: Figure (a) demonstrates (through the Larmor relation) how the ap-
plication of a z-gradient frequency encodes a slice. Figure (b) is a square wave
of frequencies corresponding to the ones excited by the z-gradient in the slice of
thickness ∆z. The Fourier Transform of the square wave (figure (b)) gives a sinc
wave in time, figure (c). Thus to only excite nuclei in the slice of thickness ∆z
we need to use a sinc form RF pulse of determinable bandwidth.
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space is that a ‘linear’ field must be accompanied by a transverse component.

The effects (and derivation of the effects) of this concomitant field are discussed

in Haacke et al. [45] p849 and are shown to have a negligible effect on the Larmor

frequency for large primary field strengths.

We wish to excite nuclei over a specific range of z-locations, i.e. from z1 ≤ z ≤ z2,

where ∆z = |z2−z1| and z0 = (z1 +z2)/2, by using a z-gradient and an RF pulse.

The task is to determine the time form of the RF pulse that will excite only the

nuclei over the desired range. Figure 1.8(a) shows that each z-location corresponds

to a unique precessional frequency after the application of a z-gradient. Thus, the

application of an RF pulse that produces a square wave in the frequency domain

(figure 1.8(b)) will excite only the nuclei located from z1 to z2. Determination of

the time form of the RF pulse required to produce the square wave in the frequency

domain simply involves taking its Fourier Transform. This gives the well known

sinc function as the envelope of the RF pulse (where sinc(t) = sin(t)/t) in time;

as shown in figure 1.8(c). A sinc function notionally has an infinite domain,

which is obviously impractical for real applications, so in practice an RF signal

has a truncated sinc envelope. The sinc envelope (of frequency bandwidth ∆f)

is usually truncated to approximate a Gaussian envelope, which also has a simple

Fourier Transform. This unavoidable truncation of the ideal sinc pulse, however,

does lead to non-rectangular slice profiles.

1.3.7 Image Construction Techniques

To acquire data for image formation, slice selection and spatial encoding must

happen in the x, y, and z-directions. The operation of the x and y-gradients is

similar to that presented for the z-gradient in section 1.3.6. The manner in which
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the collection of gradient coils is switched on and off is dependent on the choice

of image reconstruction technique, of which there are two major categories: back

projection and Fourier Transform.

Chronologically, the first technique developed was termed ‘back projection’, re-

ferring to the way that images are created by the intersection of data projected

back along contributing paths. We first select our slice by applying, for example,

a z-gradient followed by an RF sinc pulse with the appropriate bandwidth; thus

only nuclei in the z-direction from z1 to z2 are excited and precess in cohesion.

To frequency encode the z-slice, we then apply a transverse gradient, for example

an x-gradient, momentarily after the z-gradient and associated RF pulse. The

x-gradient has a similar effect to that of the z-gradient, where the total magnetic

field is now given by B = BZ0 + Gxx with the magnitude of Gz > Gx. When the

x-gradient is applied another RF sinc pulse with associated Larmor frequency is

applied and the FID is recorded. The term ‘readout gradient’ (denoted by Gf ) is

used to describe the x-gradient in this case, as it is the FID associated with the

x-gradient that is recorded. This process is then repeated at an angle φ to the x-

axis. This is done by using combinations of x and y-gradients with Gφ = Gx cos φ

and Gφ = Gy sin φ. All the FID information (corresponding to each φ specifica-

tion) is the data that leads to an image being constructed. Figure 1.9 presents

one example of the switching sequences required to construct an image using a

back projection imaging technique.

The back projection technique is, however, very sensitive to inhomogeneities in the

gradient and primary fields and so was discarded in favour of the Two Dimensional

Fourier Transform (2DFT) method (which forms the basis of modern imaging

techniques; see Bernstein et al. [5]). Back projection uses frequency encoding

to gain spatial information about a sample. In contrast, the 2DFT method, in



1.3. THE PHYSICS BEHIND MRI 27

Figure 1.9: A pictorial description of the pulses required to perform a back pro-
jection image. This image was taken from Jin [60] p34.

addition to using frequency encoding, also uses phase encoding. The technique

begins in the same fashion as for back projection, by applying a z-gradient to

excite the nuclei in the xy-space from z1 to z2. Next, a y-gradient (the phase

encoding gradient, denoted by Gφ) is applied to the sample. Considering nuclei

solely in one xy-plane, the nuclei in the +y-space will precess faster and gain a

positive accumulated phase difference. Similarly, nuclei in the −y-space will lag

behind the nuclei in the +y-space. Typically, after the edge nuclei achieve a phase

difference of 180 degrees the y-gradient pulse is halted. All nuclei in the xy-plane

are now experiencing the same magnetic field and hence precess at the same rate;

however, an induced phase shift has occurred in the y-direction. The x-gradient is

now applied to frequency encode the sample in the x-direction, similar to the ‘back

projection’ technique. Each nucleus in the xy-plane now has a unique frequency

and phase of precession. This precessional information is detected by the RF

receiver (repeated for different φ values) and, as in the previous case, this data

leads directly to an image. A typical 2DFT pulse sequence can be seen in figure

1.10. The pulsing sequence the gradient coil undergoes plays an important role

in the amount of noise heard and is considered in this thesis in chapter 2 (but not
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Figure 1.10: A depiction of the pulse sequences required to form an image using
a Gradient Echo Two Dimensional Fourier Transform technique. This image was
taken from http://www.mritutor.org/mritutor/gre.htm

explored fully).

1.4 Basic Coil Patterns

The importance of magnets capable of producing high quality gradient fields

was outlined in section 1.2 and we now discuss the magnetic fields produced by

some fundamental winding patterns. This is a good starting point because MRI

hardware components have winding patterns that generally consist of a complex

combination of basic winding patterns arranged around a cylindrical former. The

magnetic field produced by any current carrying conductor can be calculated from

the Biot - Savart law, a derivation of which appears in appendix B. When the

current carrying conductor is composed of discrete wires, the Biot-Savart Law
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Figure 1.11: The coordinate system and geometry adopted for a current carrying
loop, with radius a, centred at x = y = z = 0, carrying amperage I.

takes the form (see appendix B)

B(r) =
µ0I

4π

∫

C

dl′ ×R

R3
(1.16)

where µ0 is the relative permeability of free space, I is the current travelling

through the loop, dl′ is an infintesimal length of the coil and R is the distance

from the coil to the point where the field is to be calculated. Standard practice

is to only consider the z-component of the magnetic field because the primary

magnet (aligned with the z-axis) dominates all other fields required for MRI by

several orders of magnitude; see Jin [60].

Let us first consider the field produced by a circular loop of wire. This will be of

particular practical interest for a conventional cylindrically shaped MRI scanner.

With the loop located in the xy-plane and centered at the origin, equation (1.16)

gives
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Figure 1.12: A Helmholtz Coil configuration. A Helmholtz coil produces a more
homogeneous constant field when the loop separation is set to the loops’ radius,
i.e. setting d = a.

Bz(0, 0, z) =
µ0Ia2

2 (z2 + a2)3/2
, (1.17)

for the z-component of the magnetic field along the z-axis. The field off the z-axis

has a significantly more complex form involving complete elliptic integrals of the

first and second kind (see Jin [60]) but this is not discussed further here.

1.4.1 Helmholtz Coil

The simplest combination of coil windings that leads to a constant magnetic field

is the Helmholtz coil. A Helmholtz coil consists of two identical circular loops, of

equal radius r = a, carrying the same current I, spaced symmetrically about the

z-axis, at z = ±d/2, as seen in figure 1.12. The magnetic field produced by this

coil is evaluated simply from (1.17) as the sum of fields produced from each loop
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independently, thus giving

BHelm(z) =
µ0Ia2

2
[
(d/2− z)2 + a2

]3/2
+

µ0Ia2

2
[
(d/2 + z)2 + a2

]3/2
. (1.18)

Expanding BHelm as a Taylor series about z = 0, we can asses the homogeneity of

the field by looking at the lowest order contaminating term. Due to the symmetric

nature of the Helmholtz coil, all odd derivatives of BHelm are zero at z = 0; thus

BHelm can be expressed by an even power series expansion. Considering the

second derivative of BHelm

d2BHelm

dz2
=

3µ0Ia2

2

[
4(d/2− z)2 − a2

[(d/2− z)2 + a2]7/2
+

4(d/2 + z)2 − a2

[(d/2 + z)2 + a2]7/2

]
,

we see that B
′′
Helm vanishes at z = 0 for d = a. Thus, by positioning the current

loops a distance d = a apart the Helmholtz coil will produce a significantly more

homogeneous field about z = 0. The field produced by the Helmholtz coil is now

constant through to the third power of z, and thus BHelm can be written as

BHelm(z) = Bz(0) + O
(
(z/d)4

)
.

A graph of the field BHelm produces on the z-axis around z = 0 is given in figure

1.13. An important point to remember is that the expression for BHelm is only

computed along the z-axis. Thus, the Helmholtz coil only produces a (relatively)

constant field along the line x = y = 0. However, using Maxwell’s equations,

it can be shown that a field producing small variations along one axis will have

small variations at a slight distance off the axis as well; see Haacke et al. [45].

Thus, the magnetic field emanating from a Helmholtz coil is relatively constant

over a small volume around z = 0.
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Figure 1.13: The field produced by a Helmholtz coil carrying current 1 A, with
loop radius a = 2 cm, along the z-axis. Note the field is relatively constant around
z = 0.

1.4.2 Maxwell Coil

A Maxwell coil (depicted in figure 1.14)) is identical to a Helmholtz coil except

the currents flowing in each loop oppose each other. Hence, the field created by

a Maxwell coil is analogous to the Helmholtz field with the sign reversed in the

second term of (1.18), giving

BMax(z) =
µ0Ia2

2
[
(d/2− z)2 + a2

]3/2
− µ0Ia2

2
[
(d/2 + z)2 + a2

]3/2
. (1.19)

Considering a Taylor series expansion of BMax about z = 0 we see (as opposed

to the Helmholtz coil) all even derivatives vanish. Thus, a Maxwell coil produces

a linear field contaminated with higher order odd terms. Looking at the third

derivative of BMax
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Figure 1.14: A Maxwell Coil configuration. The linearity of the field produced by
a Maxwell Coil is improved when the separation of the loops is required to satisfy
d =

√
3a.

−5 0 5

−3

−2

−1

0

1

2

3

x 10
−7

z (cm)

B
M

ax
 (

T
)

Figure 1.15: The magnetic field emanating from a Maxwell Coil arrangement with
current 1 A in each loop. Each loop has radius a = 2 cm and the field is calculated
along the line x = y = 0. Note the field is relatively linear in the neighbourhood
around z = 0.



34 1.4. BASIC COIL PATTERNS

d3BMax

dz3
=

15µ0Ia2

2
×

[
4(d/2− z)3 − 3a2(d/2− z)

[(d/2− z)2 + a2]9/2
+

4(d/2 + z)3 − 3a2(d/2 + z)

[(d/2 + z)2 + a2]9/2

]
,

we note by shifting the z-location of the wire loops to d =
√

3a, we can eliminate

the third order derivative at z = 0. This produces a homogeneous linear field

through to fourth order, i.e.

BMax(z) = B
′
z(0)z + O

[
(z/d)5

]
.

The field produced by a Maxwell coil along the z-axis is given in figure 1.15.

In the case of either the Helmholtz or Maxwell coil, improvements in homogeneity

can be made simply by increasing the number of loop pairs. An increase to three

coil pairs (arranged at different z-locations, carrying different amounts of current

and allowing for different radii) can produce a constant field through to twelfth

order; see Weinstock et al. [113], in the case of the Helmholtz coil arrangement.

1.4.3 Golay Coil

Another commonly desired field used in MRI is a linearly varying field in a trans-

verse direction of the Bz field. To produce a transverse gradient, a form of Golay

(or ‘double-saddle’) coil is used (methods for deriving these patterns can be found

in articles by Romeo and Hoult [97]). Placing a wire with current flowing in the

−x-direction will produce a linear variation of the Bz field in the y-direction.

More wires aligned in the −x-direction will increase the strength of the gradient

field and (similarly with the Helmholtz and Maxwell coils) if placed precisely, can

improve the homogeneity of the field as well. If four wires are placed as shown in
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z

y

z = −d z = d

y = b

y = −b

Figure 1.16: One particular discrete wire arrangement that produces a y-gradient
in the z-component of the magnetic field (Bz). The four wires are located at
y = ±b and z = ±d respectively and have current flowing in the −x-direction. A
circle with a dot denotes current flowing out of the page.

figure 1.16, the magnetic field is calculated to be

BGolay(0, y, z) =
µ0I

2π

b− y

(b− y)2 + (d− z)2 . (1.20)

The Bz(y) gradient field can be made more homogeneous (about y = 0) by arrang-

ing windings accordingly to eliminate the third derivative of (1.20) with respect

to z. Specifying the positions of the wires required to make the third derivative

of BGolay zero is done, typically, by giving the opening angle of the wires in the

x-direction, and the angles the inner and outer arcs make from the z-axis (see Jin

[60] p90 for a depiction of inner and outer arc angles). One practical example,

found by Mansfield and Morris [80], is having angles of 22.5◦ and 67.5◦ for the

inner and outer arcs from the z-axis respectively. Combinations of Golay coils

are used in practice to achieve the requisite level of homogeneity (see Romeo and

Hoult [97]). Picturing the four wires in figure 1.16 wound around a cylindrical

shell yields the inner arcs of figure 1.17. To close the current loops, wires are
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z

y

denotes direction of current flow, I

Figure 1.17: A basic winding pattern that produces a transverse gradient field in
Bz. This winding pattern is referred to as a Golay coil.

simply added running in the z-direction by noting that they will not affect the Bz

field in the y-direction. In addition, the outer arcs are far enough from the centre

of the coil not to affect significantly the field from the inner arcs. Therefore, only

the current in the inner arcs produces the y-gradient in a Golay coil. A Golay

coil is typically inefficient for this reason. An x-gradient coil is created simply by

rotating a y-gradient Golay coil 90 degrees about the z-axis.

1.5 Hardware

An MRI scanner conventionally consists of four main types of magnets arranged

concentrically on a cylindrical shell. The four types of magnets are the primary

magnet, gradient coils, shim coils, and RF coils, each to be discussed further.

Along with the magnets, a fibreglass housing, cooling pipes, receivers, a spectrom-

eter, patient monitoring systems, power supplies, a computer and a supporting
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bed are assembled together to complete the scanner. An overview of the role

each magnet plays will be given in the following subsections to put design con-

cerns into context; detailed descriptions can be found in Vlaardingerbroek and

den Boer [109], McRobbie et al. [83], Brown et al. [12], and Jin [60].

1.5.1 The Primary Magnet and Shim Coils

The primary magnet is responsible for producing a strong, homogeneous, constant

magnetic field inside the chamber. In most texts, and in our model, the primary

magnet’s field (denoted by BZ0) is chosen to align in the z-direction, which points

down the length of the chamber. For all forms of NMR imaging a strong BZ0

field is essential to align the nuclei and generate a large net magnetisation in the

sample, which is obviously desirable for imaging. Modern clinical scanners have

a typical primary field strength of 0.5 - 3 tesla (T).

The homogeneity required from the primary magnet’s field depends on the intent

of application. For medical imaging, the homogeneity typically needs to be on

the order of a few parts per million (ppm) for the primary magnet system. As

an example, an average 1.5 T magnet should have a field inhomogeneity on the

order of 5 ppm over a volume of 0.5 a (where a is the radius of the cylinder);

see Haacke et al. [45]. Fluctuations over time in the field’s strength can also

be a problem. Importantly, the primary magnet is required to produce a stable

time-independent magnetic field.

There are two simple coil structures that are used to produce a constant homo-

geneous field. One structure is the Helmholtz coil mentioned previously and the

other is a solenoidal design, in which tightly wrapped loops of wire around a cylin-

drical shell produce a constant field along the central line of the shell. In theory,
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an infinitely long solenoid produces a perfectly homogeneous magnetic field. For

practical use, however, a solenoid long enough to generate the required level of

homogeneity is very restricting to a patient and claustrophobic effects become

more significant. Neither the Helmholtz or solenoidal coil structures can produce

fields of sufficient homogeneity for modern scanners, so the addition of other coils

is needed.

A brief description of shimming, shielding and the types of magnets available

to create a primary magnet is given. The relevance of these three factors are

discussed in terms of primary magnet construction; however, all of these issues

are applicable to all forms of MRI coil hardware.

Shimming: It is rare to engineer a magnet with a field uniform enough for

imaging purposes on its own. However, a sufficiently uniform field can be achieved

through the use of shim coils. Specifically, one shim coil is designed to correct

for one non-homogeneous component of the primary magnet. Analysing the pri-

mary magnet’s field using spherical harmonics allows a decomposition of the field

into homogeneous and non-homogeneous components. Targeting specific non-

homogeneous components, e.g. Z3, or XY 2, a shim coil can be designed to

correct for this term. An array of shim coils, each targeted to correct for one

undesired non-homogeneous component, is built on top of the primary magnet

coil. Together, the primary magnet and shim coils in combination produce a field

which meets the homogeneity criteria required for imaging.

Shielding: The large magnetic fields produced by the primary magnet are obvi-

ously not confined to within the MRI chamber. Stray external fields pose problems

for staff working near a scanner and possible dangers arise if the fields extend be-



1.5. HARDWARE 39

yond the room within which the scanner is housed. In addition, if a magnet is

unshielded, the volume encompassed by the magnetic fields may be significant and

with space a premium in hospitals this can be very costly. The need to minimise

external fields is clearly of significance.

Two standard ways of shielding exist: passive and active shielding; see Jin [60].

Passive shielding uses solid lumps of iron to ‘absorb’ stray magnetic fields. The

iron is built into the machine or into the walls of the room enclosing the scan-

ner. Typically, passive shielding is not very effective and the homogeneity of the

primary magnet is also affected and must be re-evaluated, with additional shims

possibly being needed. Active shielding, however, requires another coil at a larger

radius with current that opposes the flow of current in the primary magnet. The

sum of the associated magnetic fields of the primary and shield coil will actively

cancel, producing a significantly reduced external magnetic field. A negative re-

sult is that shielding will reduce the strength of the net field inside the chamber,

so a higher current is required on both coils. Generally over twice the amount of

current is required to produce a field inside the chamber of the same strength as

an unshielded coil; see Haacke et al. [45]. The initial costs of shielding a primary

coil may be large, but for superconducting magnets it is no more expensive to

run and the ease of installation often makes up for the initial expense. The vast

majority of modern scanners are actively shielded.

Types of Primary Magnets: Primary magnets typically have three stan-

dard designs: permanent, resistive or superconducting; refer to Hashemi et al.

[47]. Each magnet has its own advantages and disadvantages, to be discussed

briefly. Permanent magnets have the benefits of being cheap to build and run,

and typically have low fringe fields external to the shell. A drawback of the per-
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manent magnet design is that it is made of a ferromagnetic material and cannot

be switched off easily, but the main disadvantage of a permanent magnet is that

it produces a relatively low strength field. Resistive magnets are formed from

wires wound around a cylindrical shell in the form of many Helmholtz pairs. A

large current is forced through the wires, which causes the coil to heat up and

become inefficient. The cost involved in the construction of a resistive magnet

is relatively cheap; however, operating expenses associated with large current

are generally quite high. Superconducting magnets produce very homogeneous,

stable, strong magnetic fields (upwards of 4T). They are designed similarly to

resistive magnets but are cooled to temperatures of around 4.3K using a liquid

helium bath. At low temperatures there is effectively no resistance in the wires,

which avoids the heating problem of resistive magnets. Costs involved with con-

structing a superconducting magnet are high but running costs are low providing

the system stays cooled. Of the three types of main magnets, in modern MRI,

superconducting magnets are the magnet of choice.

1.5.2 RF Coils

An RF coil is designed to excite nuclei in a sample into a coherent precession, so

that the magnetisation vector can be tilted precisely. For an RF coil to be effective

it is therefore required to produce a homogeneous B1 field and send a pulse with

a narrow bandwidth centred around the corresponding Larmor frequency. A

properly designed RF coil will thus excite nuclei over a specified range of spatial

locations of length proportional to the bandwidth of the RF pulse. Then, upon

removal of the RF pulse, the excited nuclei undergo an FID process. The FID is

recorded by the RF coil and forms the data for image construction.
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Figure 1.18: One schematic (low pass) RF birdcage coil.

Typically there are two types of RF coils used in scanners. One for emitting an

RF signal, to tilt the magnetisation vector, and the other to receive the signal of

the excited nuclei (the FID). The role of both RF coils can be accomplished by the

one magnet; however, separate requirements are desired for both the transmitting

and receiving coils respectively. A transmitting RF coil primarily is required to

produce a homogeneous B1 field. The tilt angle of the magnetisation vector

is directly proportional to the strength of the magnetic field (refer to equation

(1.12)); thus, to excite the magnetisation vector precisely, the B1 field must be

homogeneous. The major requirement of the receiving RF coil is that it has a

high signal to noise ratio in order to obtain a clear signal.

One distinct difference between RF coils and all other coils discussed in this

section is that the RF coil produces a high frequency time dependent magnetic

field. Although a gradient coil is switched on and off, it produces a static field over

time intervals of time ‘on’, whereas an ideal RF pulse has an amplitude described

by a sinc envelope in time (refer to subsection 1.3.6). Another difference the RF
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coil possesses between the former mentioned coils is that it points perpendicular

to the primary magnet. The main magnetic field is typically aligned in the z-

direction, and gradient and shim coils produce gradients (and fields of higher

order) in components of the Bz field; by contrast, the RF field is directed in a

transverse direction. This property gives the RF coil a very distinct design; refer

to figure 1.18. The birdcage design was invented in 1982 by GE Medical Systems

(see Hayes [48] for a more detailed history of the development of the birdcage

coil). A birdcage coil forms a volume resonator and consists of capacitors in

combination with distributed ‘leg’ inductance. The capacitors allow electrical

energy to be stored external to the patient which is advantageous for both safety

and efficiency.

An added efficiency for RF coils can be achieved through using quadrature coils.

Quadrature coils produce and receive a circularly polarised field which gains an

extra factor of
√

2 in efficiency (this result is derived in Jin [60]).

1.5.3 Gradient Coils

Many factors are involved with the design of gradient coils; see Turner [108]. Texts

such as Jin [60] and Liang et al. [71] provide an in-depth analysis of gradient coil

design, and an overview is given in a recent instructional paper by Hidalgo-Tobon

[50].

The role of a gradient coil is to spatially encode the imaging region by giving a

unique frequency and phase to each nucleus in the imaging region, as described

in subsection 1.3.6. Thus, the field generated by a gradient coil must give unam-

biguous information about a nucleus’s location. For this reason all gradient fields

must be monotonic and this also suggests why a linear field is typically the design
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of choice. The required homogeneity over the RF excitation range is less than

that of other magnets involved in an MRI scanner, with deviations of around 5%

being acceptable for most medical imaging scenarios.

The strength of the field produced by a gradient coil is significant and a typical

value lies from 20 - 100mT/m for clinical imaging; see Callaghan [13]. It is of

critical importance that the inhomogeneity of the primary magnet is sufficiently

small so as not to affect the function of the gradient coils. Taking a supercon-

ducting magnet of strength 4 T, it now becomes clear why such a primary magnet

needs a field inhomogeneity of only a few parts per million.

Three of the biggest practical concerns involved with gradient coil design are its

homogeneity (denoted by δ and is given by a percentage), efficiency (denoted by

η with units of mT/Am), and inductance (denoted by L with units of Henry).

These quantities are dependent on each other and through optimising one, the

others typically will be negatively affected. Turner [108] derived a figure of merit,

β, for a gradient coil, given as

β =
η2

L
√

δ
, (1.21)

where the larger β is, the ‘better’ the gradient coil is. In equation (1.21) the

inductance is denoted by L and the efficiency, η, is defined to be the strength

of the gradient divided by the current passed through the coil. Also in equation

(1.21), δ can have various definitions; however, Turner proposed that δ take the

form

δ =
1

V

∫ ∫ ∫

V

[
Bobserved −BTF

BTF

]2

dV.

BTF in the above expression is the ‘target field’ (or desired/requisite field) which
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has been specified and is to be replicated by the gradient field.

The importance of the three terms η, δ, and L is immediately apparent. A smaller

δ implies the field is more homogeneous, which leads to the formation of a sharper

image. A reduction in L (techniques for reducing L can be seen in the article by

Chronik and Rutt [19], and Turner [107]) means there is less stored energy in the

coil (hence, the coils can be switched on and off faster), and an increase in η is

obviously desirable for economic reasons.

Gradient coils are required to switch on and off, as described in subsection 1.3.6.

Fast switching is used to reduce scanning time; however, fast switching can induce

eddy currents which affect all fields in the proximity of the coil. An unwanted

changing magnetic field will induce an unwanted electric field, which in turn

induces another unwanted magnetic field leading to greater field inhomogeneities.

Another problem with fast switching times is that eddy currents can be induced in

a patient; see Glover [38]. This is termed peripheral nerve stimulation (PNS) and

can range from a patient twitching, to potentially dangerous scenarios involving

a patient’s heart being stimulated. As such, safety guidelines have been put in

place and a limiting ramp rate of 20 T/s has been set by the National Health and

Medical Research Council in 1991 [88].

Another difficulty associated with operating MRI scanners that affects around

30% of patients is dealing with claustrophobia; see Fishbain et al. [28]. Loud

noises combined with being confined to a small space for a long time leads to

a number of patients requiring comforting or even sedation. To lessen claustro-

phobic effects, novel geometries have been created to give a more open sensation.

Planar coils have been manufactured specifically to counter this problem, with

success. Typically either square planar or circular planar geometries are used and

both can produce adequate levels of field homogeneity. A drawback of planar
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scanners is that planar main magnets have not been developed with desirably

high field strengths and active sheilding.

Designing Gradient Coils: Here we discuss methods for mathematically de-

signing gradient coils. Determining a magnetic field produced by a current sim-

ply involves applying the Biot - Savart Law; however, determining the current

required to produce a given magnetic field is considerably more difficult. The

problem is known to be very ill-conditioned and can be conceptually grasped

because many different current distributions can produce very similar magnetic

fields. The problem, therefore, has no unique solution. Hadamard [46] in 1932

qualified three characteristics for a problem to be ill-posed, one of them being

non-existence of a unique solution.

There are two classes of manufactured gradient coils, involving ‘discrete winding

patterns’ and ‘distributed winding patterns’. Helmholtz and Maxwell coils (men-

tioned in subsections 1.4.1 and 1.4.2) are examples of coils with discrete winding

patterns because the windings occupy set curves in space and are not flexible to

move. They have the benefit of being simple to design and construct, and produce

adequately homogeneous fields. For extremely homogeneous fields many windings

may need to be placed very close to each other and consist of many turns. This

leads to heating, inefficiency, and high cost. Also gradient coils that are made

of discrete wires lack the ability to be customised with advantageous properties

(such as low inductance). This is a major benefit of using distributed current

windings and why we adopt such models throughout this thesis for gradient coil

design.

Hoult [53] used a discrete wire approach and specified magnetic field points at

locations zm in order to generate the required winding pattern. Describing wire n
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as having a z-location of zn and carrying current In, Hoult’s approach amounted

to solving

N∑
n=1

AmnIn = BTF (zm)

for the current In. Simple inversion of Amn (by using Gaussian elimination or other

methods) leads to highly oscillatory winding pattern solutions that are generally

not buidable. This is because of the high sensitivity of input data (resulting

in the ill-conditioned nature of the matrix Amn), and other techniques such as

regularisation must be used.

Distributed windings, on the other hand, do not occupy discrete positions and

are assumed to be described by some current density j(φ, z) which effectively

utilises the whole surface of the coil. For a cylindrical geometry j has an axial

and azimuthal component and hence j can be written as j = jφêφ + jzêz. Several

methods have been developed to determine a suitable current density, j, that will

produce a given magnetic field over the imaging volume; such as Turner [108],

Chronik and Rutt [19] and Forbes and Crozier [32, 33] to suggest a few. One

robust design method was presented by Fisher et al.[29] that concerned them-

selves with designing a z-gradient that could optimise several design parameters

at once. They developed a genetic algorithm whereby optimising a cost function

allowed the spacing of each current loop to vary while keeping each loop the same

radius and requiring a constant current applied to each loop. Importantly the

‘buildability’ of the coil was incorporated in the algorithm by accounting for the

physical constraints of loop thickness and wire spacing.

A common way to determine a distributed winding pattern that produces a given
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magnetic field is to use a least squares approach. Minimising ε where

ε =

∫ L

−L

(Bz(z)−BTF (z)) dz, (1.22)

Bz denotes the z-directed magnetic field and BTF denotes the ‘target field’ in

the z-direction, leads (similarly to Hoult’s method) to an ill-conditioned system

for j. Several approaches can be taken to condition the system but the most

popular choice is Tikhonov regularisation [104, 105]. Tikhonov regularisation in-

volves adding constraints to improve conditioning of the system. Adding a smooth

quadratic constraint allows the solution of a unique optimum in the form of a lin-

ear block matrix equation. Each term added has an associated penalty weighting

factor, which, when increased, adds weight to that term. If we take, for example,

minimising inductance as an added constraint, many current distributions will

produce the required field but significantly fewer coils have minimum inductance

as well. Any number of constraints (regularisation terms) can be added to in-

crease conditioning of the system. The problem then becomes a balancing act

between the weighting factors. Increasing the penalty weighting factors takes the

emphasis off reproducing the target field but does reduce the inductance (in this

example) and increase the conditioning of the system to allow a stable and unique

solution.

Perhaps the most famous method for solving the inverse problem was developed

by Turner and is called the ‘target field method’ [106]. Turner’s paper in 1986

demonstrates a technique using Fourier transforms to derive the current on a

cylindrical shell that produces a desired interior field. A brief overview of Turner’s

procedure follows. Turner begins by expressing the magnetic field using Green’s
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functions

Bz(r, φ, z) = −µ0a

2π

∞∑
m=−∞

∫ ∞

−∞
keimφeikzjm

φ (k)K
′
m(ka)Im(kr)dk, (1.23)

where jm
φ (k) is the Fourier transform of the azimuthal current density component

(as yet unknown) given by

jm
φ (k) =

1

m

∫ ∞

−∞

∫ π

−π

jφ(φ, z)e−imφe−ikzdφdz.

Turner next specifies a desired field at radius c (where c < a) called the ‘target

field’, denoted by BTF (c, φ, z). Returning to equation (1.23) and taking the inverse

Fourier Transform we get

jm
φ (k) =

−1

µ0a

[
Bm

z (c, k)

kK ′
m(ka)Im(kc)

]
, (1.24)

where Bm
z (c, k) is the Fourier Transform of the target field, BTF , and I and K

are Modified Bessel functions of the first and second kind respectively. By using

the continuity equation

∇ · j = 0,

a relation in Fourier space between the two components of current density may

be derived, and takes the form

jm
z (k) =

−m

ka
jm
φ (k). (1.25)

Turner has now completely specified the current density required to produce the

target field (at r = c). The current density distribution can be determined sim-

ply by taking the inverse Fourier Transform of jm
φ (k) and subsequently jm

z (k).

Controlling the flow of current on the conducting cylinder is attained through
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accurate placement of impediments (etchings) whose location is determined by

analysis of the corresponding stream function (see Pissanetzky [93]).

A particularly useful result of this approach is that the actual field produced inside

the target field radius (i.e. Bz for r < c) resembles the target field. More explicitly,

the azimuthal component of Bz for r < c is the same as the φ-dependence of BTF

(= Bz(c, φ, z)), and the variations in r and z are similar to those specified in the

target field.

One drawback to Turner’s method is that it produces windings of notionally

infinite length. Turner overcame this problem by multiplying the transformed

current density, jm
φ (k), by an exponential function (e.g. t(k) = e−2k2h2

, where h is

a free parameter adjusted for each application) to force jm
φ (k)t(k) → 0 as k →∞.

He termed this process ‘apodization’. Further advantages of Turner’s approach

can be taken if the desired gradient has the form

Bz(c, φ, z) = Gzzg(z), where g(z) =

[
1 +

(z

d

)6
]−1

,

which, for d = 1.7a implies that g(z) ≈ 1. In this case, g(z) has a convenient and

commonly known Fourier Transform. Turner’s method is practical for designing

x and y-gradients as well.

Geometry, Lorentz Forces and Acoustic Noise: Once the current densities

for each gradient coil have been determined, they are placed in combination as

schematically shown in figure 1.19. This diagram gives a simple but accurate

representation of the geometric nature of one gradient coil set consisting of only

the primary coils. In practice, six gradient coils are used in a modern MRI

scanner: one x, y, and z-primary gradient set and their respective shields; see
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Figure 1.19: A schematic representation of an MRI scanner allayed around a
patient. Only the primary set of gradient coils has been shown. This picture was
taken from an online article written by Coyne with scientific advice from Grant
[20].

Mansfield and Chapman [75] for some designs. Shielding a gradient coil is similar

to shielding a primary magnet, with active shielding being the preferred method.

The current windings on the shield are thus intended to oppose the windings of

the primary coil.

Predominantly, this thesis is concerned with reducing the acoustic noise produced

by a gradient coil. Acoustic noise levels of up to 130+dB have been recorded (see

Mansfield et al. [79]), which is typically where the threshold of pain begins. Noise

is generated acoustically as a direct result of the Lorentz forces acting on the coil.

Current flowing on the gradient coils and the field the coil is immersed in (the

primary magnet’s field) leads to a Lorentz force given by

F = j×B.

The reduction of noise can be classified into two categories. The first seeks to

reduce the noise actively, by designing winding patterns that lead to quiet coils,
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and the second involves reducing the noise passively, through damping effects.

Active acoustic reduction typically involves minimising (or balancing) the Lorentz

forces on the gradient coil, and was proposed by Mansfield et al. [77]; see also

Chapman and Bowtell [18], and Bowtell and Peters [10]. Passively quiet coils

involve methods such as wearing ear phones and adding absorbent material to

the walls to soak up excess noise and minimise vibration. Edelstein et al. [23]

mounted a thin copper layer to the gradient coil system to reduce deflection and

noise by up to 25 dB.

Balancing the force solely has been accomplished (to a certain extent) by Labros et

al. [65] and Alsop et al. [2] without the consideration of noise effects. Mechefske

et al. [84, 87] took a gradient coil insert and developed a finite element model

that matched their observed results of noise production. They concluded that

the generated noise from an MRI scanner primarily comes from the gradient coils

distorting in the radial direction. Other attempts to reduce noise have been made

by Mansfield et al. [76], Wang and Mechefske [111, 112], and Yao et al. [116, 117].

Preliminary work has been done by Forbes et al. [30] to design quiet gradient coils.

They were able to simulate acoustic noise (using a Tikhonov approach) but the

winding patterns generated were, from an engineering point of view, unable to be

constructed due to large sections of the coil requiring dense opposing windings.

The remainder of this thesis furthers the investigation of simulated pro-active

acoustic noise reduction using a Tikhonov regularisation approach. Chapter 2

describes the geometry and physics of our shielded gradient coil and then extends

the work of Forbes et al. [30] in several ways. The first major extension is made by

considering a more general switching sequence and the second is a detailed investi-

gation of resonance effects. A regularisation method is presented for attending to

the ill-conditioned nature of the inverse problem. As well, constraints are added
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to achieve an optimised noise output, while maintaining sufficient homogeneity

of the field. Chapter 3 builds on chapter 2 by considering a complete 3D coil

deflection model. The effects of a coil deforming in the azimuthal and longitudi-

nal directions are considered as well as their role in simulated noise production.

A technique to reduce simulated acoustic noise levels drastically is presented in

chapter 4. Resulting from the regularisation process, a large noise reduction can

be obtained at the expense of field homogeneity. The inhomogeneous field pro-

duced is then processed using the ‘phantom technique’ described in Forbes et al.

[31] to restore image quality. Finally, chapter 5 gives concluding remarks based

on all that has preceded.



Chapter 2

Tikhonov Regularisation Approach for

Designing Reduced Acoustic Noise

Gradient Coils

2.1 Introduction

The primary requisite of any gradient coil system is that it must produce a linear

field inside the target region (discussed in section 1.5.3). This chapter demon-

strates a way to produce a sufficiently linear field for a gradient coil application

while attempting to minimizing its acoustic noise output. The ill-conditioned ma-

trix problem (arising from the lack of a unique current distribution that produces

a specified magnetic field) is solved using Tikhonov regularisation with additional

penalty terms aimed at minimizing the simulated noise generated. Other aspects

considered in the model presented in the chapter are the smoothness of the current

winding patterns and shielding the coil.
53
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The switching of the gradient coils generates large Lorentz forces on the coil which

cause the chamber to distort; the distortion promotes a pressure wave inside the

chamber giving rise to acoustic noise. We have therefore taken the approach of

minimizing the noise of the gradient coil through minimizing the deflection of the

coil. This is accomplished by adding a displacement term in the regularisation

process.

Yao et al. [116] confirmed that the primary source of acoustic noise is the vibration

of the inner wall of the gradient chamber. Simulation results from their finite

element model matched accurately with their experimental noise measurements

from a gradient coil insert. They found that if the primary frequency of the

switching function was close to a resonant vibration frequency of the coil, then

large amplitude noise will be heard. The shape of the switching sequence has also

been shown to be a factor in noise production; see Ichiki et al. [54].

Forbes et al. [30] presented a closed form solution to the mathematical problem of

reducing the simulated acoustic noise generated by a gradient coil. These authors

concentrated on the ‘ramp-up’ section of the switching function, using a cubic

spline to take the magnetic field from ‘off’ to permanently ‘on’. In the present

chapter we extend the work of Forbes et al. [30] by factoring in the periodic nature

of switching functions. We model the switching function as a full Fourier series,

thereby permitting the generation of any number of periodic switching sequences.

The time-dependent elastic motion of the coils (particularly when the period of

switching is comparable to the time taken for an elastic wave to move along

the coil) now become significant. We address this directly in this chapter and

show how simulated acoustic effects result from resonance behaviour at certain

switching frequencies.

In this chapter a standard framework for the following chapters is established.
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Firstly, the geometrical model is discussed, along with a derivation of the dis-

tributed current flowing on the gradient coil. Next, the switching of the gradient

coils (which plays a large role in the production of acoustic noise) is detailed.

The foundation of the coil deflection and pressure wave models is presented next,

and the solution process follows. Finally results are presented and conclusions are

drawn.

The material presented in this chapter has been published as the paper [57]:

J. Jackson, M. Brideson, L. Forbes, and S. Crozier. Tikhonov Regularization

Approach to Acoustic Noise Reduction in an Asymmetric, Self-Shielded MRI

Gradient Coil. Concepts in Magn Reson B Magn Reson Eng, 37B(3): 167-79,

2010.

2.2 The Geometry

A typical whole body gradient coil system is composed of a solid (e.g. fibre-glass

reinforced epoxy) cylindrical housing in which is embedded a plurality of cylindri-

cal layers including copper sheets for the x, y, and z primary coils, cooling pipes,

insulation, and more copper sheets for the x, y, and z shield coils. In pursuing an

analytical solution we have simplified the system to consider one primary-shield

pair at a time, and ignore cooling, insulation, and non-copper housing. As such,

the self-shielded gradient coil system is modelled as a solid cylindrical copper

shell having an associated Young’s modulus, E = 1.3× 1010 Nm−2 and Poisson’s

ratio, ν = 0.2. The cylindrical shell has length 2L and thickness h. The primary

windings lie at the interior radius a, and the shield windings lie at the external

radius b = a + h. The midpoint radius rM = a + h/2 will be the reference radius

used in most computations to follow.
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As the axis of the cylinder is horizontal, the standard Cartesian and cylindrical

coordinate systems are rotated to match the geometry, as depicted in figure 2.1.

The origin is positioned at the centre of the cylinder, such that the coil extends

over the interval −L ≤ z ≤ L.

a
b

c
3

c
1c

2

x

y

z

−L

L

pL
qL

r
M

Figure 2.1: Schematic diagram of the self-shielded coil system and the target field
regions. The dashed line indicates the midpoint of the primary and shield coil
radius, rM = a + h/2.

Three target cylinders of different length and radius have been specified, and are

shown in figure 2.1. The two interior target cylinders form the basis for specifying

the target field inside the DSV and the exterior cylinder is to force shielding. In

this model each of the internal target cylinders is aligned co-axially with the main

chamber and can be located asymmetrically with respect to the length of the coil.

The asymmetrical nature is taken into account by defining the target fields on

the interval pL ≤ z ≤ qL, where −1 < p < q < 1 and p and q are dimensionless

constants. Defining asymmetrical target fields allows imaging of a region not

centrally located within the chamber. As a special case, when p = −q, we have a

symmetrical target field design.

A desired target field is specified on the surface of the target cylinders of radius
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c1 and c2 to ensure the DSV has the appropriate gradient form. A shielding coil

is included in this design, and for it to be effective, the target magnetic field is

set to zero on the surface of the cylinder of radius c3. An approach for shielding

a gradient coil is put forth by Mansfield and Chapman [74]. Each primary and

shield combination is designed to effectively cancel out stray fields external to

the coil. Their model shifts each primary and shield current loop pair to roughly

oppose each other, and thus minimize the external magnetic field.

2.3 Formulation

The mathematical design of the coil system is in common with Forbes et al.

[30]. The magnetic induction field B can be found at any field point in space

by use of the Biot-Savart Law. We assume the current to flow on both the

inner and outer surfaces of the coil and define any current density as j(θ′, z′) =

jθ(θ
′, z′)êθ + jz(θ

′, z′)êz. The induction field is related to the magnetic field by the

equation B = µ0H, where µ0 is the relative permeability of free space. We are

primarily interested in the z component of the magnetic field,

Hz(r, θ, z) = − a

2π

∫ L

−L

∫ 2π

0

[r cos(θ′ − θ)− a] jP
θ (θ′, z′) dθ′dz′

[a2 + r2 − 2ar cos(θ′ − θ) + (z′ − z)2]
3
2

− b

2π

∫ L

−L

∫ 2π

0

[r cos(θ′ − θ)− b] jS
θ (θ′, z′) dθ′dz′

[b2 + r2 − 2br cos(θ′ − θ) + (z′ − z)2]
3
2

.

(2.1)

In this expression jP
θ and jS

θ (Am−1) are the respective azimuthal current density

components on the primary and shield windings. These terms are related to

jP
z and jS

z (the axial component of the current density) through the continuity

equation div jP = 0 on r = a (and similarly on r = b for the shielded case). It
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follows from Carlson et al. [15] that both components of the primary and shield

current densities can be obtained from stream functions ΨP and ΨS through

j = ∇ × (Ψ n̂). For the primary coil, Forbes et al. [30] argued that the stream

functions take the following form:

ΨP (θ, z) = −
N∑

n=1

2L

nπ
P P

0n cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

2L

nπ

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
sin

(
nπ(z + L)

2L

)
.

(2.2)

A similar expression exists for the shield stream function ΨS(θ, z) with the cor-

responding coefficients P S
0n, P S

mn and QS
mn.

The azimuthal current density components required in equation (2.1) can be found

from jP
θ = ∂ΨP /∂z, giving

jP
θ (θ, z) =

N∑
n=1

P P
0n sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
cos

(
nπ(z + L)

2L

)
.

(2.3)

The procedure to determine the primary Fourier coefficients P P
0n, P P

mn, QP
mn and

their respective shield equivalents P S
0n, P S

mn and QS
mn will be described in section

2.7.

2.4 Switching Function

Each gradient coil is repeatedly being switched on and off for imaging purposes.

Switching sequences are determined by the application and can be quite varied.



2.4. SWITCHING FUNCTION 59

Our design requires switching functions representable by a Fourier series,

fs(t) = W0 +
K∑

k=1

Wk cos

(
2πkt

T

)
+ Xk sin

(
2πkt

T

)
,

with the coefficients W0, Wk and Xk determined using the Euler equations. We

consider two switching patterns. The first models the transition between on and

off states with linear functions, and the second models the transition with modified

cosine functions.

2.4.1 Ramp Wave

The Ramp Wave (dashed line, figure 2.2) is defined to be piecewise linear and

continuous across a period T ,

fsramp(t) =





0, 0 < t ≤ t1

1
τ
(t− t1), t1 < t ≤ t1 + τ

1, t1 + τ < t ≤ 3t1 + τ

1
τ
(3t1 − t) + 2, 3t1 + τ < t ≤ 3t1 + 2τ

0, 3t1 + 2τ < t ≤ 4t1 + 2τ = T .

(2.4)

The time taken from t = 0 to the moment that ‘charge up’ begins is t1, and the

time taken to ‘charge up’ is τ . The ‘charge down’ process is symmetric so that

the gradient coil spends equal time ‘off’ and ‘on’. More specifically, the coil is on

for 2t1 seconds, off for 2t1 seconds, and in between is charging up or down for τ

seconds. By varying the two time scales, τ and T (the rise time and the length

of the pulse respectively), any number of piecewise-linear switching patterns can

be created.
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Figure 2.2: Ramp wave (dashed line) and Cosine wave (solid line) switching
functions for τ = 0.001 s (ω = 6.28× 103 Hz) and T = 0.01 s.

We define the fundamental frequency of the switching function as ω = 2π/τ .

The time scale τ determines the cutoff frequency for quasi-stationary conditions.

If τ < 0.11 µs or correspondingly if ω > 60 MHz, phase retardation becomes

important. Our assumed charge up time is τ = 1 ms, ensuring ω is several orders

of magnitude below the critical frequency. This relatively small value for ω allows

us to assume a quasi-stationary system and make use of time independent forms

for Maxwell’s equations and the continuity equation.

2.4.2 Cosine Wave

A shortcoming of the Ramp wave definition is that it does not ensure continuity

of the first derivative. To aid understanding of the behaviour of the coil system

we defined a second switching function (solid line, figure 2.2) having continuity

in the first derivative through modified cosine functions in the transition regions

between the magnetic field being ‘fully on’ and ‘fully off’:
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fscosine
(t) =





0, 0 < t ≤ t1

1
2

[
1 + cos

(
π
τ
(t− t1 − τ)

)]
, t1 < t ≤ t1 + τ

1, t1 + τ < t ≤ 3t1 + τ

1
2

[
1 + cos

(
π
τ
(t− 3t1 − τ)

)]
, 3t1 + τ < t ≤ 3t1 + 2τ

0, 3t1 + 2τ < t ≤ 4t1 + 2τ = T .

(2.5)

With convergence in mind, the Fourier series coefficients for the ‘cosine’ switching

function will decay as 1/k3 compared with 1/k2 (see Kreyszig [62] section 10.2)

for the ‘ramp’ switching function.

2.5 Coil Deflection

To calculate the deformation of the cylindrical shell by Lorentz forces, it is nec-

essary to consider the Cauchy momentum equations which are highly non-linear

even for Hookean materials. We have adopted a simplified version of the Cauchy

equations of elasticity, cited in Boresi and Chong [9] p262, giving the linearised

form proposed by Forbes et al. [30]:

ρc
∂2u

∂t2
=

1

h
(j×B) + (Λ + G)∇(∇ · u) + G∇2u. (2.6)

Here, G and Λ are Lamé coefficients determined from the Young’s modulus and

Poisson’s ratio of the coil material. The self-shielded gradient coil system we

are simulating comprises two thin conducting copper sheets firmly attached to

an intermediary insulating layer. For simplicity of computation, the cylindrical

coil system will be treated as a homogeneous copper shell having density ρc =
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8.99×103 kgm−3. For all coil deflection calculations that follow we use a reference

radius located at the midpoint between the primary and shield coils at radius

rM = (a + b)/2. Thus, our MRI scanner is moddeled as a vibrating ‘thin walled’

cylinder of radius r = rM .

In keeping with the geometry, the displacement vector is defined in cylindrical

coordinates as u = urêr +uθêθ +uzêz. Using a small displacement approximation

and assuming angular independence in uθ and uz, only the radial component ur

of the displacement vector is retained after the vector operations in (2.6).

A major distinction between this work and the work of Forbes et al. [30] is in

the specification of the switching function. In the work by Forbes et al. [30],

only a single switching event was considered, in which there was a rapid rise from

zero to maximum current in a short time. The elastic response of the coil was

supposed to be virtually instantaneous so that the second derivative on the left

hand side of (2.6) was ignored in a quasi-static theory. However, in the present

work, the switching function is periodic, and the second-order time derivative in

(2.6) can not be ignored. Hence, the partial differential equation that models the

time dependent deflection of the radial component ur becomes

ρc
∂2ur

∂t2
+

1

r2
M

(Λ + 2G)ur −G∇2ur =
2BZ0

h
(jP

θ + jS
θ ) fs(t) . (2.7)

Here, BZ0 denotes the strength of the background magnetic field in which the coil

is immersed and is assumed to be static and uniform. The azimuthal and longitu-

dinal deflection components uθ and uz have been ignored in this one-dimensional

theory of deformation.
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2.6 Pressure Waves and Noise

2.6.1 Pressure Wave and Boundary Conditions

To calculate the noise inside the chamber generated by the Lorentz forces it is

necessary to determine the response of the air to the movement of the inner wall.

The governing equations are conservation of mass, conservation of momentum

and the isentropic gas relation as stated in the work of Forbes et al. [30]. The

isentropic gas equation relates the pressure of the air inside the chamber, pA,

to the density of air inside the chamber, ρA. We follow the same linearisation

process as outlined in Forbes et al. [30] to arrive at a wave equation for the

pressure perturbation pA1 involving the isentropic sound speed cA0,

∂2pA1

∂t2
= c2

A0∇2pA1. (2.8)

There are no initial conditions to consider as we assume the coil has been running

long enough to render any initial effects insignificant.

To solve (2.8) for pA1, we use ur from (2.7) and the inner wall boundary condition

∂pA1

∂r
= −ρA0

∂2ur

∂t2
on r = a. (2.9)

Equation (2.9) requires the air inside the chamber to move with the inner wall

of the gradient coil. The inner wall deflecting in the radial direction changes

the interior volume of the gradient coil, which promotes the pressure wave. We

assume our pressure wave is representable by a Fourier series and is thus repeated

periodically in z, modelling an infinite length vibrating coil. Our infinite length

pressure wave assumption ignores the open ended boundary conditions at z = ±L,
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imposed by our explicit finite length coil model. A method for accommodating

open boundary conditions is described in the work of Shao and Mechefske [98],

but is ignored in this chapter for simplicity.

2.6.2 Noise Level

Once the pressure perturbation, pA1, has been calculated, the sound pressure level

(SPL) inside the chamber can be estimated using

SPL = 20 log10

( |pA1|
pref

)
, (2.10)

where the noise level is measured in decibels (dB(A)) and pref is taken to be

2 × 10−5 Nm−2. An objective A-weighted sound pressure level has been adopted

as our weighting scale throughout this thesis to provide a common reference frame

for all quoted noise levels.

2.7 Solution Process

2.7.1 Coil Deflection

Using the êθ-directed component of the primary coil current density in equation

(2.3) and the equivalent expression for the shield coil current density, equation

(2.7) can be solved for the radial displacement, ur. We assume ur(θ, z, t) =

F (t)Ur(θ, z), that is, the product of a static radial coil deflection Ur(θ, z), and a

periodic temporal function F (t). The temporal function is defined so that it can
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be represented with an even Fourier series,

F (t) = γ0 +
K∑

k=1

γk cos

(
2πkt

T

)

(similar in form to fs(t) but with different coefficients). It is useful to assume

that the static coil deflection component has the form:

Ur(θ, z) =
N∑

n=1

A0n sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

[Amn(cos mθ) + Bmn sin(mθ)] cos

(
nπ(z + L)

2L

)
.

The expanded form for ur becomes

ur(θ, z, t) =
N∑

n=1

A0n0 sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

Amn0 cos(mθ) cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

Bmn0 sin(mθ) cos

(
nπ(z + L)

2L

)

+
N∑

n=1

K∑

k=1

A0nk cos(kωt) sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

Amnk cos(kωt) cos(mθ) cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

Bmnk cos(kωt) sin(mθ) cos

(
nπ(z + L)

2L

)

(2.11)

where Amnk ≡ γkAmn, Bmnk ≡ γkBmn ∀ m,n, k, and γk are the Fourier coeffi-

cients of the periodic temporal function F (t) above. This six-termed expression

is substituted into equation (2.7) and solved for the six coefficients by equating

linearly independent terms. The coefficients are found in terms of the known

coefficients W0, Wk, and Xk (defining the temporal function) and P P
0n, P S

0n, P P
mn,
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P S
mn, QP

mn, and QS
mn (which are the spatial Fourier coefficients but are as yet still

unknown). The relationship between coefficients can be shown to be

A0n0 =
2BZ0W0(P

P
0n + P S

0n)

h
(

1
r2
M

(Λ + 2G) + G
(

nπ
2L

)2
)

A0nk =
2BZ0Wk(P

P
0n + P S

0n)

h
(

1
r2
M

(Λ + 2G)− k2ω2ρc + G
(

nπ
2L

)2
)

Amn0 =
2BZ0W0(P

P
mn + P S

mn)

h
(

1
r2
M

(Λ + 2G) + m2 G
r2
M

+ G
(

nπ
2L

)2
) (2.12)

Amnk =
2BZ0Wk(P

P
mn + P S

mn)

h
(

1
r2
M

(Λ + 2G)− k2ω2ρc + m2 G
r2
M

+ G
(

nπ
2L

)2
)

Bmn0 =
2BZ0W0(Q

P
mn + QS

mn)

h
(

1
r2
M

(Λ + 2G) + m2 G
r2
M

+ G
(

nπ
2L

)2
)

Bmnk =
2BZ0Wk(Q

P
mn + QS

mn)

h
(

1
r2
M

(Λ + 2G)− k2ω2ρc + m2 G
r2
M

+ G
(

nπ
2L

)2
) .

2.7.2 The Residual

The underdetermined nature of the problem precludes us from inverting the first

kind integral equations in (2.1) to solve for unique jP
θ and jS

θ based on a desired

Hz field. Instead, we consider a least squares approach to solve for the six sets of

coefficients P P
0n, P S

0n, etc. We begin by substituting the Fourier series expressions

for jP
θ and jS

θ into equation (2.1), arriving at the following reduced form for Hz

Hz(r, θ, z) = −
N∑

n=1

(
P P

0nU0n(r, z; a) + P S
0nU0n(r, z; b)

)

−
M∑

m=1

N∑
n=1

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
Umn(r, z; a)

−
M∑

m=1

N∑
n=1

[
P S

mn cos(mθ) + QS
mn sin(mθ)

]
Umn(r, z; b).

(2.13)



2.7. SOLUTION PROCESS 67

The introduced coefficients U0n and Umn (m ≥ 1) are given below and are evalu-

ated numerically using a 2D trapezoidal quadrature rule. They are

U0n(r, z; a) =
a

π

∫ L

−L

∫ π

0

[
r cos θ

′ − a
]
sin

(
nπ(z′+L)

2L

)
dθ

′
dz

′

[a2 + r2 − 2ar cos θ′ + (z − z′)2]3/2

Umn(r, z; a) =
a

π

∫ L

−L

∫ π

0

[
r cos θ

′ − a
]
cos(mθ

′
) cos

(
nπ(z′+L)

2L

)
dθ

′
dz

′

[a2 + r2 − 2ar cos θ′ + (z − z′)2]3/2
.

The primary goal in our least squares approach is to match the target field at

the inner radii c1 and c2, and give a null field at the external radius c3. Defining

residual terms as

Ej(P
P
0n, P S

0n, P P
mn, P

S
mn, QP

mn, Q
S
mn) =∫ qL

pL

∫ π

−π

[HTF (cj, θ, z)−Hz(cj, θ, z)]2 cj dθ dz, j = 1, 2
(2.14)

where HTF is our specified field or ‘Target Field’, and the external residual term

as

E3(P
P
0n, P S

0n, P
P
mn, P

S
mn, Q

P
mn, Q

S
mn) =

∫ L

−L

∫ π

−π

H2
z (c3, θ, z) c3 dθ dz , (2.15)

we minimise the residuals with respect to the coefficients. Note that for E3 we

are only minimizing the z-directed magnetic field, as it has been demonstrated by

Forbes and Crozier [34] that Hr and Hθ also are relatively small. In these three

residual terms, Hz is calculated from equation (2.13).

These three terms alone do not improve the conditioning of the system, so we

impose further restrictions. We are interested in minimizing the acoustic noise

within the chamber, so minimizing the coil’s deflection is an obvious choice for a
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penalty regularisation term:

F1(P
P
0n, P

S
0n, P P

mn, P S
mn, QP

mn, Q
S
mn) =

∫ T

0

∫ L

−L

∫ π

−π

u2
r(θ, z, t) rMdθ dz dt. (2.16)

Here, we are concentrating on a reduction in the average acoustic noise level by

reducing the average coil deflection over one period (t ∈ [0, T ]). Also, following

While et al. [114], we add extra penalty terms involving the curvature of the

winding patterns on the primary and shield coils; these are

F2(P
P
0n, P

P
mn, Q

P
mn) =

∫ L

−L

∫ π

−π

|∇2ΨP (θ, z)|2 a dθ dz on r = a, (2.17)

F3(P
S
0n, P

S
mn, Q

S
mn) =

∫ L

−L

∫ π

−π

|∇2ΨS(θ, z)|2 b dθ dz on r = b, (2.18)

where the stream functions ΨP and ΨS, are found from equation (2.2). The

functionals (2.14) - (2.18) are combined to form a total residual error functional

for the coefficients P P
0n, P S

0n, P P
mn, P S

mn, QP
mn, and QS

mn of the form

R = E1 + E2 + E3 + λF1 + λP F2 + λSF3 . (2.19)

The regularisation parameters λ, λP , and λS behave like Lagrange multipliers

in optimisation problems, and their optimum values are determined by numerical

experimentation. The Tikhonov regularisation method does not prescribe a way of

finding λ, λP , and λS, and so these are found empirically; see Delves and Mohamed

[22]. Each nonnegative parameter adds influence to its associated integral and

impacts on the goodness-of-fit of the fields through E1, E2 and E3. Each functional

is quadratic in nature and this process is referred to as Tikhonov regularisation

by Neittaanmaki et al. [89]. To optimise our system with respect to the unknown
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Fourier coefficients, we require a simultaneous solution to

∂R

∂P P
0n

= 0,
∂R

∂P P
mn

= 0,
∂R

∂QP
mn

= 0,

∂R

∂P S
0n

= 0,
∂R

∂P S
mn

= 0,
∂R

∂QS
mn

= 0,

for n = 1, ..., N, m = 1, ..., M. (2.20)

Each of the 4MN + 2N equations in (2.20) is linear in the Fourier coefficients

(because each functional is quadratic in the Fourier coefficients). This system

is most easily solved in block matrix form. For example, when considering a y-

gradient we are only concerned with the QP
1n and QS

1n coefficients, and the block

matrix equation, for each n, reduces to




Gaa
1y Gab

1y

Gba
1y Gbb

1y







QP
1n

QS
1n


 =




Ha
1y

Hb
1y


 . (2.21)

The components of the square block matrix are

Gaa
1y =

∫ qL

pL

(
U2

1n(c1, z; a) c1 + U2
1n(c2, z; a) c2

)
dz +

∫ L

−L

U2
1n(c3, z; a) c3 dz

+ λ rM
8πLB2

Z0W
2
0

ωh2
(

1
r2
M

(Λ + 2G) + G
r2
M

+ G
(

nπ
2L

)2
)2

+ λ rM

K∑

k=1

4πLB2
Z0W

2
k

ωh2
(

1
r2
M

(Λ + 2G)− k2ω2ρc + G
r2
M

+ G
(

nπ
2L

)2
)2

+ λP

(
nπ

2L
+

2L

nπa2

)2

La ,
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Gab
1y = Gba

1y

=

∫ qL

pL

(U1n(c1, z; a)U1n(c1, z; b) c1 + U1n(c2, z; a)U1n(c2, z; b) c2) dz

+

∫ L

−L

U1n(c3, z; a)U1n(c3, z; b) c3 dz

+ λ rM
8πLB2

Z0W
2
0

ωh2
(

1
r2
M

(Λ + 2G) + G
r2
M

+ G
(

nπ
2L

)2
)2

+ λ rM

K∑

k=1

4πLB2
Z0W

2
k

ωh2
(

1
r2
M

(Λ + 2G)− k2ω2ρc + G
r2
M

+ G
(

nπ
2L

)2
)2 ,

Gbb
1y =

∫ qL

pL

(
U2

1n(c1, z; b) c1 + U2
1n(c2, z; b) c2

)
dz +

∫ L

−L

U2
1n(c3, z; b) c3 dz

+ λ rM
8πLB2

Z0W
2
0

ωh2
(

1
r2
M

(Λ + 2G) + G
r2
M

+ G
(

nπ
2L

)2
)2

+ λ rM

K∑

k=1

4πLB2
Z0W

2
k

ωh2
(

1
r2
M

(Λ + 2G)− k2ω2ρc + G
r2
M

+ G
(

nπ
2L

)2
)2

+ λS

(
nπ

2L
+

2L

nπb2

)2

Lb ,

Ha
1y = −

∫ qL

pL

Hmax

c1

(
U1n(c1, z; a) c2

1 + U1n(c2, z; a) c2
2

)
dz ,

Hb
1y = −

∫ qL

pL

Hmax

c1

(
U1n(c1, z; b) c2

1 + U1n(c2, z; b) c2
2

)
dz .

Other regularisation terms were considered, however, they were not carried out

in the optimised system. Considering a maximum radial displacement penalty

function (by use of an absolute value metric for example) has the potential to

reduce the loud acoustic noises heard during the scanning process but different

regularisation techniques would need to be employed.

A natural question to ask at this stage is why not minimise the acoustic noise

directly? Why minimise the deflection which leads to a reduced pressure pertur-
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bation which then leads to a reduced acoustic noise output? This approach can

certainly be taken. Adding a regularisation term relating to the SPL (found in

equation (2.10)) in residual system (2.19) would accomplish this goal. However,

due to the logarithmic definition of the SPL this would not yield a quadratic term

in the Fourier coefficients and a non-Tikhonov regularisation method would need

to be used to condition the system adequately.

A drawback of the Tikhonov regularisation process is the unavoidable trial and

error nature of the solution process. Essentially, the method becomes a game

whereby searching for λ values does not yield a unique optimum, or even a pre-

scribe a direction to head in for the next set of λ choices. Techniques involving

SVD or iterative methods (see Liu and Han [73]) present theoretically elegant

solution procedures for illconditioned problems of this sort of nature but were not

considered here.
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2.7.3 Pressure Wave and Acoustic Noise

With the boundary condition (2.9) in mind, we assume that the air pressure inside

the chamber has the following form:

pA1(r, θ, z, t) =
N∑

n=1

E0n0(r) sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

Emn0(r) cos(mθ) cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

Fmn0(r) sin(mθ) cos

(
nπ(z + L)

2L

)

+
N∑

n=1

K∑

k=1

E0nk(r) cos(kωt) sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

Emnk(r) cos(kωt) cos(mθ) cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

Fmnk(r) cos(kωt) sin(mθ) cos

(
nπ(z + L)

2L

)
.

(2.22)

Substituting into the wave equation (2.8) and comparing linearly independent

terms, we deduce expressions for E0n0, Emn0, ... , Fmnk. Considering only E0n0

and Emnk, for brevity, we obtain the modified Bessel equations

1

r

∂

∂r

(
r
∂E0n0

∂r

)
− n2π2

4L2
E0n0 = 0,

1

r

∂

∂r

(
r
∂Emnk

∂r

)
−

(
m2

r2
+

n2π2

4L2
− k2ω2

c2
A0

)
Emnk = 0.
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These lead to solutions for E0n0 and Emnk involving modified Bessel functions of

order 0 and m respectively,

E0n0 = m0n0I0

(
r
nπ

2L

)
, (2.23)

Emnk = mmnkIm

(
r

√
n2π2

4L2
− k2ω2

c2
A0

)
. (2.24)

Here, the notation Im(x) denotes the modified Bessel function of the first kind of

order m following notation from Abramowitz and Stegun [1].

With the coefficients expressed as in (2.23) and (2.24), the expanded form of

(2.22) can now be substituted into the left hand side of the boundary condition

(2.9). On the right hand side, we substitute (2.11), giving

∂pA1

∂r
= ρA0

N∑
n=1

K∑

k=1

k2ω2A0nk cos(kωt) sin

(
nπ(z + L)

2L

)

+ ρA0

M∑
m=1

N∑
n=1

K∑

k=1

k2ω2Amnk cos(kωt) cos(mθ) cos

(
nπ(z + L)

2L

)

+ ρA0

M∑
m=1

N∑
n=1

K∑

k=1

k2ω2Bmnk cos(kωt) sin(mθ) cos

(
nπ(z + L)

2L

)
.

Again, equating linearly independent terms gives a reduced form for each coeffi-

cient. In the case of the E0n0 and Emnk, we have

∂E0n0(r)

∂r
= 0 on r = a,

∂Emnk(r)

∂r
= ρA0k

2ω2Amnk on r = a.



74 2.8. RESULTS

Finally, the general expression for the pressure wave inside the chamber is

pA1(r, θ, z, t) =
N∑

n=1

K∑

k=1

ρA0k
2ω2A0nkI0(rTnk)

TnkI
′
0(aTnk)

cos(kωt) sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

ρA0k
2ω2AmnkIm(rTnk)

TnkI
′
m(aTnk)

cos(kωt) cos(mθ) cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

K∑

k=1

ρA0k
2ω2BmnkIm(rTnk)

TnkI
′
m(aTnk)

cos(kωt) sin(mθ) cos

(
nπ(z + L)

2L

)
,

(2.25)

where

I
′
m(aTnk) =

∂

∂β
Im(β)|β=aTnk

and Tnk =

√
n2π2

4L2
− k2ω2

c2
A0

(2.26)

have been defined for convenience.

Taking the reference air pressure to be pref = 2×10−5 Nm−2, it becomes trivial to

evaluate the noise level inside the chamber by substituting the above expression

into equation (2.10).

2.8 Results

Here, we limit our analysis to a y-gradient design but the x-gradient analysis is

analogous. Several simplifications can be made to analyse a z-gradient coil. The

dimensions of our illustrative y-gradient coil mimic those capable of full human

body scans. The primary and shield coils are of length L = 1m and of radius

a = 0.3m and b = 4
3
a = 0.4m, respectively. The two inner target fields are

set at radii c1 = 0.2m and c2 = 0.1 m, and are longitudinally asymmetric with

p = −0.7 and q = 0.1 where z ∈ [pL, qL]. The third target field is located at
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c3 = 3
2
b = 0.6m and extends the full length of the coil. The coil is immersed in a

background magnetic field of strength BZ0 = 2T, and the small variations caused

by the gradient fields have a maximum of Bgrad = 0.02T.

2.8.1 MRI design analysis

In minimising the residual (2.19), our primary design concern is to produce an

accurate match with the desired target fields. As secondary concerns, we desire

the deflection of the coil to be reduced (which will in turn reduce the noise level

inside the chamber) and the shape of the current windings on the bore of the coil

to be smooth enough to facilitate construction. This requires a delicate balance of

the regularisation parameter values. The chosen values must give an acceptable

level of conditioning to the block matrix equation (2.21), and they must also

produce satisfactory results in terms of achieving our primary and secondary

design concerns.

In figure 2.3, we present results showing how different parameter values can affect

the system. With λP and λS held constant it can be seen that when the value of λ

is changed from 100 to 1021, coil deflection is reduced but at the expense of target

field matching. To arrive at optimum values for the regularisation parameters, we

empirically searched for values that balanced the influence of the three penalty

terms, and settled on the values λ = 1021, λP = 10−7, and λS = 10−7.

Despite the apparent large change in coil deflection and the change in shape

of the Bz profile, the field matching at c1, c2, and c3 was still adequate in the

example above. In the inner target region −c2 ≤ y ≤ c2, the maximum deviation

between the computed Bz field and the target field was 3.6%, and in the outer

region −c1 ≤ y ≤ c1, it rises to 4.5%. These discrepancies remain within the



76 2.8. RESULTS

−0.5 0 0.5

−0.05

0

0.05
−c

1
c

1

−c
2

c
2

−c
3

c
3

Bz profile

y

B
z

−0.5
0

0.5

−0.5
0

0.5
−1

0

1

x

coil deflection

y

z

(a) λ = 100

−0.5 0 0.5

−0.05

0

0.05
−c

1
c

1

−c
2

c
2

−c
3

c
3

Bz profile

y

B
z

−0.5
0

0.5

−0.5
0

0.5
−1

0

1

x

coil deflection

y

z

(b) λ = 1021

Figure 2.3: To the left are profiles of Bz computed as a function of y at x = 0
and z = (p + q)L/2; the y-gradient target field (dashed line) is overlayed for
comparison. To the right are plots giving the maximum coil deflection, overlayed
on a cylinder of radius a and scaled by 104 for ease of visualisation. Plots are
given for (a) λ = 1 and (b) λ = 1021, for λP = λS = 10−7.
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Figure 2.4: (a) Primary and Shield winding patterns for λ = 100 = 1, and (b)
Primary and Shield windings for λ = 1021. Dashed windings indicate windings in
which the current direction is reversed.

typical limit of 5% maximum gradient deviation, reported in Haacke et al. [45].

With target field matching the overriding concern, the reductions in deflection

translated to a maximum reduction in SPL of 0.6 dB. Qualitatively, these results

compare well with those of Forbes et al. [30], but quantitatively the reduction in

SPL is not as large.

Contours of the primary and shield stream functions (found in equation (2.2)) for

λ = 100 and λ = 1021 are shown in figure 2.4. The dashed contours in each graph

denote reverse windings in which the current is negative. From figure 2.4, we see

the required asymmetrical target field is created from densely wrapped, opposing

windings located at pL and qL in the z direction.

The horizontal axes in figure 2.4 correspond to the azimuthal angle θ, so each
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winding pattern is visualised as wound around a cylinder of the required radius.

The direction of the current in the shield roughly opposes the current in the

primary coil; thus, each winding pattern forms a Golay coil (see Golay coil section

1.4.3).

As λ increases from 100 to 1021, we notice, in contrast to Forbes et al. [30], minor

changes in the primary winding pattern, which is reflected by the relatively small

reduction in simulated acoustic noise. When λ is increased beyond 1021 we see

sections of the coil containing dense localised opposing windings, similar to Forbes

et al. [30], which leads to further reductions in simulated acoustic noise; however,

a poor replication of the desired target field is produced.

2.8.2 Analysis of the switching frequency ω

Inspection of equation (2.25) reveals that the dependence of the pressure wave

amplitude on the switching frequency ω is compounded by the appearance of ω in

Tnk and the coefficients A0nk, Amnk, and Bmnk in equations (2.12). Figure 2.6(a)

suggests that, as a general trend, the higher the switching frequency, the louder

the noise heard by the patient. In addition, the form of these implicit dependencies

suggests that resonances might exist. Indeed, with careful convergence and limit

analysis, we are able to predict the location of resonances. For example, when

considering the y-gradient, we see that

B1nk → ∞ when ωn,k →

√√√√ 1
r2
M

(Λ + 2G) + G
r2
M

+ G
(

nπ
2L

)2

ρck2

and a primary resonance exists at ω = ω1,1 = 4.418 kHz. At some frequencies,

the singularities are removable and resonance does not occur. However, at many
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Figure 2.5: SPL response of the y-gradient coil in the neighbourhood of the
resonance at ω9,9 = 1.308 kHz. (a) uses the Ramp switching function and (b) uses
the Cosine switching function.
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Figure 2.6: SPL-frequency spectrums for the y-gradient coil using (a) the Ramp
switching function and (b) the Cosine switching function. SPL values are com-
puted when the gradient coil’s field is at a maximum.

frequencies, the singularity can lead to a resonance, resulting in a catastrophically

high SPL. Typically, these resonances have an extremely high Q-factor (figure 2.5)

and would be difficult to reproduce in a clinical MRI machine.

The form the switching function takes also has an impact on the SPL frequency

response of the coil system. Figure 2.6 shows the frequency spectrum of SPL

values computed with the coil ‘on’ for the Ramp and Cosine switching functions.

As expected, the Fourier coefficients of the smooth Cosine switching function

converge faster resulting in a damping of the average SPL value; for example, the

ω9,9 resonance peak at 1.308 kHz reduced the SPL by 22 dB.
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2.9 Conclusions

We have presented a Tikhonov regularisation solution to the inverse problem of

designing self-shielded gradient coils that produce a desired target field whilst (1)

minimizing simulated acoustic noise due to structure movement resulting from

Lorentz forces, and (2) encouraging smoothness of the coil winding pattern. A

simplified (linearised, one dimensional) model for the coil’s behaviour was adopted

to facilitate closed-form expressions. Despite the simplifications, qualitative com-

parisons between our results and the literature were encouraging; see Forbes et

al. [30].

Not so encouraging was the clinically insignificant maximum SPL reduction of

only 0.6 dB for a shielded y-gradient coil. Nevertheless, this work has demon-

strated the effects of including realistic MR switching sequences, and accounting

for the possibility of resonances, which occur when portions of the switching sig-

nal occur on a comparable time scale to the time taken for an elastic wave to

traverse the coil longitudinally.

An interesting outcome from the switching function analysis is the suggestion

that lower SPL output might be obtainable by considering smoother switching

functions. Sequences suggested by Idiyatullin et al. [55], although not smooth,

lead to theoretically reduced noise outputs whilst also minimising scanning times.

Practical switching functions can have a complicated piecewise linear form with

long off periods and inverted signals; see Haacke et al. [45]. As a Fourier Series

will converge faster for a smooth function, changing the linear ramps to cosine

ramps may produce a damping of the SPL, as was shown here.

Further extensions of this research are to assume a three dimensional coil de-

flection model. In the next chapter we test whether the radial deflection is the
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primary cause of simulated acoustic noise by considering azimuthal and longi-

tudinal deformation effects. Another addition to our problem is dropping our

assumption of a pressure wave along a coil of notionally infinite length. It has

been suggested when the pressure wave reaches the open boundaries (at z = ±L)

significant effects may arise. We look at the challenging problem of accounting

for end effects on the pressure wave in the next chapter.
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Chapter 3

An Extended Deformation Model and

Pressure Wave Analysis

3.1 Introduction

Chapter 2 presented a linearised one dimensional coil deflection model and showed,

using a Tikhonov regularisation approach, that a small noise reduction was achiev-

able. We extend this first attempt by developing a complete three dimensional

coil deflection model. Li et al. [70] assumed a three dimensional coil deflection

model and presented a modal analysis of the structural deformation and acoustic

pressure wave. They found, for certain modes, that structural-acoustic mode cou-

pling can occur, which leads to higher than average noise levels in the chamber.

A paper published by Mechefske and Wang [85] concludes that, under typical

(low) switching frquenices for a gradient coil, the bending modes are predom-

inately made up of linear combinations of the radial vibration and beam type

vibrations. Furthermore they assert that it is a direct or indirect result of the coil

deformations that leads to acoustic noise.
83
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Further extensions of the work in chapter 2 include consideration of a finite length

pressure wave by introducing boundary conditions to model the open ends. Zo-

rumski [120] was one of the first to develop a successful analytical approach. He

solved the general problem of radiation from a cylindrical (or annular duct) by

impedance matching at the open ends. A complex expression for the pressure

wave at the open end of the duct is then derived from an eigenfunction expansion

of Helmholtz’ equation.

A comprehensive paper by Kuijpers et al. [63] presented a semi-analytical solution

for the gradient coil acoustic problem, with the model evolving from a simple infi-

nite duct to a finite duct with vibrating walls and infinite baffles. Mechefske et al.

[86] solved for the Lorentz force in a finite-length cylinder using a finite element

model, then solved for the simulated acoustic noise distribution in the chamber

with a boundary element model applied to the Kirchhoff-Helmholtz integral equa-

tion. Qualitatively, their simulation results compared well against sound pressure

level (SPL) measurements within a 4T whole body scanner, with particularly

good quantitative agreement near the isocentre of the chamber. A subsequent

paper by Shao and Mechefske [98] considered the finite duct model as a “virtually

closed cavity”. Their use of Green’s functions to solve the Kirchhoff-Helmholtz

integral equation resulted in a computationally more efficient algorithm, but dis-

crepancies still existed near the open ends when compared with boundary element

method results. In looking to account properly for the open ends, some traction

may be gained in treating them as ring sources. The number of publications on

acoustic ring sources is small, but Carley [14] recently presented a simple series

solution based on Hypergeometric functions.

Incorporating a higher dimensional deflection representation into the model out-

lined in chapter 2 complicates the expression of the residual system; however, the
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actual mathematics and solution process are left much the same. The geometric

coil model, switching function, and current density expressions are identical to

those used in chapter 2 but are restated in this chapter for completeness. The

coil deflection and pressure wave analysis are, however, significantly more com-

plex and are discussed in detail. Results are presented so that a comparison

between i) the one dimensional deflection model (presented in chapter 2) and the

three dimensional deflection model (presented here), and ii) the infinite pressure

wave (which is the homogeneous part of the pressure wave solution derived in this

chapter) and the finite pressure wave (which is the total pressure wave presented)

can be made.

The material for this chapter has been submitted to the journal Concepts in Mag-

netic Resonance Imaging Part B: Magnetic Resonance Engineering and is in the

peer review stage. It is entitled ‘An Extended Deformation Model and Pressure

Wave Analysis for a Gradient Coil in an MRI Application’ and is authored by

James M. Jackson, Michael A. Brideson, Larry K. Forbes and Stuart Crozier.

3.2 The Geometry

A standard gradient coil system is comprised of a solid cylindrical fibreglass shell

with six cylindrical copper sheets embedded within. The copper sheets are ar-

ranged into x, y, and z-primary coils, an intermediary insulating layer, then x, y,

and z-shield coils. The distributed current is contained between etchings in the

copper sheets. The magnetic field is obtained from superposition of each coil’s

field.

To obtain an analytical solution we consider a simplified gradient coil system in
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Figure 3.1: Schematic diagram of a self-shielded gradient coil system and the
target field regions. The dashed line indicates the midpoint of the primary and
shield coil radius, rM = a + h/2.

which the fibreglass shell and insulating layer are ignored. As such, we model the

coil system as a homogeneous structure having an associated Young’s Modulus E

and Poisson’s ratio ν. Our formal model is schematically represented in figure 3.1.

The chamber has length 2L, inner (primary) radius a and outer (shield) radius b.

This gives a coil of thickness h = b − a and a midpoint radius of rM = a + h/2

which serves as the reference radius for most calculations that follow. We assume

all the primary coils lie at the same radius, r = a, and similarly, all the shield

windings lie at r = b.

The standard Cartesian coordinate system has its origin set to the centre of the

chamber, the z-axis aligned with the axis of symmetry, the y-axis directed verti-

cally, and the x-axis parallel to the floor. This choice permits an easy interchange

with the more natural standard cylindrical polar coordinate system.

Our solution process requires specifying the magnetic field on the surface of three
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target cylinders, aligned co-axially with the chamber as depicted in figure 3.1, and

is consistent with chapter 2. The gradient magnetic field in the DSV is specified

on the two internal target cylinders, while the outer target cylinder facilitates

shielding of the magnetic field external to the MRI structure.

To enable imaging of a region not centrally located within the chamber, the two

internal target cylinders, of radii c1 and c2, are located over an asymmetric interval

pL ≤ z ≤ qL. Here, p and q are dimensionless constants where −1 < p < q < 1

(with the symmetric case occurring when p = −q). On the external target cylinder

of radius c3, we specify the null magnetic field to ensure shielding is as effective

as possible.

3.3 Formulation

We assume a ‘thin walled’ gradient coil model where current flows on both sides

of the primary and shield coil. The current density vector has the form j(θ′, z′) =

jθ(θ
′, z′)êθ + jz(θ

′, z′)êz and the spatial distribution of the magnetic induction

field, B, is determined from the Biot-Savart Law. We are primarily interested in

the axial component of the magnetic induction field which is given by

Bz(r, θ, z) = −µ0a

2π

∫ L

−L

∫ 2π

0

[
r cos(θ

′ − θ)− a
]
jP
θ (θ

′
, z

′
)

[a2 + r2 − 2ar cos(θ′ − θ) + (z′ − z)2]
3
2

dθ
′
dz

′

− µ0b

2π

∫ L

−L

∫ 2π

0

[
r cos(θ

′ − θ)− b
]
jS
θ (θ

′
, z

′
)

[b2 + r2 − 2br cos(θ′ − θ) + (z′ − z)2]
3
2

dθ
′
dz

′
,(3.1)

where jP
θ and jS

θ (Am−1) are the azimuthal current densities on the primary and

shield coils respectively and µ0 is the permeability of free space.

Brideson et al. [11] have shown that the current density components can be derived
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from the stream function through jθ = ∂Ψ/∂z and r jz = −∂Ψ/∂φ, although jz

is not required as it does not contribute to Bz. Forbes et al. [30] argue that the

stream function on the primary coil takes the form

ΨP (θ, z) = −
N∑

n=1

2L

nπ
P P

0n cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

2L

nπ

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
sin

(
nπ(z + L)

2L

)
,(3.2)

leading to

jP
θ (θ, z) =

N∑
n=1

P P
0n sin

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
cos

(
nπ(z + L)

2L

)
. (3.3)

Equations (3.2) and (3.3) have shield analogues with all the P superscripts re-

placed with S superscripts. The Fourier coefficients P P
0n, P S

0n, P P
mn, P S

mn, QP
mn,

and QS
mn are as yet unknown and a regularizing approach is used to determine

them.

3.4 Switching Function

The switching function for a gradient coil affects the amplitude of the acoustic

noise (Yao et al. [116]). Gradient coil pairs (primary and shield combinations)

are sequentially turned on and off to aid the algorithmic construction of a two

dimensional image. Our model assumes a general switching function with the
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Figure 3.2: Switching Function for τ = 1 ms (ω = 6.28 kHz) and T = 0.01 s.

requirement that it can be represented by a Fourier series, such as

fs(t) = W0 +
K∑

k=1

Wk cos

(
2πkt

T

)
+ Xk sin

(
2πkt

T

)
, (3.4)

where W0, Wk and Xk are calculated from the Euler equations.

Following chapter 2 we have adopted a normalised, periodic, piecewise linear,

ramp switching function. A complete cycle of the switching function has period

T , with a rise time and fall time τ . Figure 3.2 shows the switching function

graphically and equation (3.5) gives its algebraic description. The parameter t1

denotes half the ‘on’ time, with the coil spending equal time in ‘on’ and ‘off’

states. The switching function is given by the expression
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fs(t) =





0, 0 < t ≤ t1

1
τ
(t− t1), t1 < t ≤ t1 + τ

1, t1 + τ < t ≤ 3t1 + τ

1
τ
(3t1 − t) + 2, 3t1 + τ < t ≤ 3t1 + 2τ

0, 3t1 + 2τ < t ≤ 4t1 + 2τ = T .

(3.5)

This is the same as the “ramp” function in equation (2.4) discussed in chapter 2.

Following chapter 2 our assumed rise time of τ = 1 ms ensures ω is small enough

to discard phase retardation effects and make use of time independent forms of

the continuity equation and Maxwell’s equations.

3.5 Coil Deflection

The highly nonlinear system of Cauchy momentum equations provides the starting

point for modelling the coil deflection. With Lorentz forces providing the only

significant body force, Forbes et al. [30] simplified the system to the linearised

vector form,

ρc
∂2u

∂t2
=

1

h
(j×B) + (Λ + G)∇(∇ · u) + G∇2u. (3.6)

Here, G and Λ are Lamé coefficients which are calculated from the Poisson’s

ratio and Young’s modulus of the coil material which has density ρc. With the

displacement vector given in cylindrical coordinates as u = urêr + uθêθ + uzêz,
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equation (3.6) expands in each orthogonal component to give

ρc
∂2ur

∂t2
=

2

h
BZ0jθ + (Λ + G)

∂

∂r
(∇ · u) + G

(
∇2ur − ur

r2
− 2

r2

∂uθ

∂θ

)
,(3.7a)

ρc
∂2uθ

∂t2
=

2

h
Brjz + (Λ + G)

1

r

∂

∂θ
(∇ · u) + G

(
∇2uθ − uθ

r2
+

2

r2

∂ur

∂θ

)
,(3.7b)

ρc
∂2uz

∂t2
= −2

h
Brjθ + (Λ + G)

∂

∂z
(∇ · u) + G∇2uz.

Here, the cylindrical Laplacian is given by ∇2ur = 1/r2 ∂2ur/∂θ2 + ∂2ur/∂z2 and

the divergence is ∇ · u = ur/r + 1/r ∂uθ/∂θ + ∂uz/∂z. The radial derivatives

have been dropped from the Laplacian and divergence by making use of a small

displacement approximation. Notice that equations (3.7) generalise the simple

one-dimensional model discussed in section 2.5.

In system (3.7), BZ0 denotes the z-directed field strength of the primary magnet

and Br is the radial component of the magnetic field produced by the gradient

coil. The apparent absence of the gradient coil’s Bθ and Bz components is due to

cancellation of force components from either side of the current sheet.

The deflection uses the midpoint radius r = rM as the reference radius (see figure

3.1). Thus, we have modelled a thin walled vibrating cylinder as our MRI scanner.

This set of partial differential equations must be solved simultaneously, but the

coupled nature of equations (3.7a) and (3.7b) makes this difficult for analytical

methods. Introduction of the continuity equation in its quasi-static form, ∇·u =

0 , leads to ∂uθ

∂θ
= −ur − r ∂uz

∂z
, and system (3.7) then decouples to

ρc
∂2uz

∂t2
−G

(
1

r2

∂2uz

∂θ2
+

∂2uz

∂z2

)
= −2Br

h
jθ , (3.8a)

ρc
∂2ur

∂t2
−G

(
1

r2

∂2ur

∂θ2
+

∂2ur

∂z2
+

1

r
ur

)
=

2BZ0

h
jθ +

2G

r

∂uz

∂z
, (3.8b)

∂uθ

∂θ
= −ur − r

∂uz

∂z
, (3.8c)
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which can be solved in sequential order.

Here jθ denotes the time varying current density contribution from each plate,

i.e. jθ = fs(t)
(
jP
θ + jS

θ

)
where jP

θ , jS
θ and fs(t) are given in equations (3.3) and

(3.5) respectively.

3.6 Pressure Wave and Sound Pressure Level

The deformation of the chamber wall creates a pressure wave in the air inside

the chamber which can be heard as acoustic noise. To model the noise, the

interaction between the air and inner wall must be determined. As in Forbes et

al. [30], we apply a linearisation to the governing equations - conservation of mass,

conservation of momentum and the isentropic gas relation (which relates the air

pressure, pA, to the density of the air, ρA) - and generate a wave equation for the

pressure perturbation pA1,

∂2pA1

∂t2
= c2

A0∇2pA1, (3.9)

where cA0 is the isentropic speed of sound, as in section 2.6.

3.6.1 Boundary Conditions

Our switching function, fs, is assumed to repeat continuously and our measure-

ments begin after enough time has passed to ensure all initial effects are negligible.

An explicit requirement is that the air inside the chamber must move with the de-

flecting shell in the radial direction (derived from the conservation of momentum
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VHtL

Figure 3.3: A geometric description of the air flow. We consider an infinite baffle
at z = 0 and axial symmetry in the flow of air i.e. V (t) =

∫ 2π

0
∂
∂t

uz(θ, 0, t) dθ.

equation), giving

∂pA1

∂r
= −ρA0

∂2ur

∂t2
on r = a. (3.10)

We impose a weaker ‘semi-stick’ condition between the air and the shell deflecting

in the azimuthal and longitudinal directions. This assumption loses no generality

because a shell deflecting azimuthally/longitudinally will not move the air and

therefore not contribute to any pressure changes. Thus, equation (3.9) can be

solved subject to condition (3.10) to give the air pressure perturbation inside an

MRI chamber that is notionally of infinite length.

To adapt this model to a finite length coil, we treat each of the coil ends as a semi-

infinite duct with an air baffle covering the end. Adopting a linear acoustic model

and assuming axi-symmetric flow, V (t), out of the chamber (figure 3.3) we can

derive an appropriate boundary condition at the duct end. A detailed derivation

of the end condition is given in Appendix A, with the final result repeated here
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for reference:

pA1(a, 0, t) =
1

2
ρA0 cA0 V (t)− ρA0 c2

A0

π

∫ t

t− 2a
cA0

V (τ)
1√

4a2 − c2
A0(t− τ)2

dτ,

for large t.(3.11)

This term is then translated and applied to both ends of the chamber (at z = ±L).

We now solve the pressure wave problem (3.9) subject to conditions (3.10) and

(3.11). Once the pressure perturbation, pA1, has been found, the sound pressure

level (SPL) within the chamber is calculated from

SPL = 20 log10

( |pA1|
pref

)
. (3.12)

The reference pressure, pref , is taken to be 2×10−5 Nm−2, and the sound pressure

level is measured in decibels (dB(A)).

3.7 Solution Process

The nonhomogeneous term in equation (3.8a) leads to nonlinearity in the Fourier

coefficients. We can force linearity by setting Br ≡ 0. Thus, the solution to the

homogeneous form of (3.8a) is the complementary function,

uz(z, t) =
K∑

k=1

cos(kωt) (Ω0k cos(α0kz) + Θ0k sin(α0kz)) , (3.13)

where α0k =
√

ρck2ω2/G. The θ-dependence in uz is ignored to match the ax-

isymmetric flow out of the chamber.

Using (3.3) for jP
θ and the equivalent form for jS

θ , equations (3.8b) and (3.8c) can
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now be solved for ur and uθ respectively. We assume ur(θ, z, t) mimics the form

of the time varying current density; i.e. ur(θ, z, t) = fu(t)(j
P
θ + jS

θ ), where fu(t)

is a periodic temporal function given by

fu(t) =
K∑

k=0

ξk cos

(
2πkt

T

)
.

This represents an even Fourier series, similar in form to the switching function

fs(t) but with different coefficients. To solve equation (3.8c) we further assume

uθ(θ, z, t) mimics the form of ur. The expanded form for ur and uθ becomes

u(r,θ) =
N∑

n=1

[
sin

(
nπ(z + L)

2L

) {
1H

(r)
0n0 +

M∑
m=1

(
2H

(r,θ)
mn0 sin(mθ) + 3H

(r,θ)
mn0 cos(mθ)

)

+
K∑

k=1

(
1H

(r)
0nk +

M∑
m=1

(
2H

(r,θ)
mnk sin(mθ) + 3H

(r,θ)
mnk cos(mθ)

))
cos(kωt)

}

+ cos

(
nπ(z + L)

2L

) {
4H

(r)
0n0 +

M∑
m=1

(
5H

(r,θ)
mn0 sin(mθ) + 6H

(r,θ)
mn0 cos(mθ)

)

+
K∑

k=1

(
4H

(r)
0nk +

M∑
m=1

(
5H

(r,θ)
mnk sin(mθ) + 6H

(r,θ)
mnk cos(mθ)

))
cos(kωt)

}]
,

(3.14)

where ur has coefficients jH
r
mnk and uθ has coefficients jH

θ
mnk ∀ m,n, k and j =

1, 2, . . . , 6. Expressions for the coefficients are found by substituting the respective

forms of (3.14) into equations (3.8b) and (3.8c) and equating linearly independent

terms. These expressions can then be defined in terms of the Fourier coefficients

of the switching function (equation (3.4)) and the Fourier coefficients of both

the primary coil current density (equation (3.3)) and the equivalent shield coil

current density. Implicit boundary conditions requiring 2π-periodicity in θ lead
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to simplifications in some expressions, with a few of the coefficients shown below:

1H
z
0nk =

−2BrWk

(
P P

0n + P S
0n

)

h (Gn2π2/4L2 − ρck2ω2)

1H
r
0nk =

2BZ0Wk

(
P P

0n + P S
0n

)

h (Gn2π2/4L2 − ρck2ω2 −G/rM
2)

5H
θ
mnk =

− 6H
r
mnk

m

3H
θ
mnk =

1

m

(
2H

r
mnk − 5H

z
mnk

nπrM

2L

)
.





(3.15)

3.7.1 The Residual System

With a desired magnetic field defined at the target radii, we apply the Biot-

Savart law (equation (3.1)) to compute the current density distribution. Solving

this for the current density is a highly ill-conditioned inverse problem requiring

additional assumptions to increase the likelihood of obtaining a unique solution.

These assumptions are introduced through penalty functions, and the combined

system is then solved using Tikhonov regularisation (refer to Neittaanmaki et al.

[89]).

Firstly, the Fourier series expressions for the current densities are substituted into

equation (3.1) giving

Bz(r, θ, z) = −µ0

N∑
n=1

(
P P

0nU0n(r, z; a) + P S
0nU0n(r, z; b)

)

− µ0

M∑
m=1

N∑
n=1

[
P P

mn cos(mθ) + QP
mn sin(mθ)

]
Umn(r, z; a)

− µ0

M∑
m=1

N∑
n=1

[
P S

mn cos(mθ) + QS
mn sin(mθ)

]
Umn(r, z; b) . (3.16)

The functions U0n and Umn (m ≥ 1) relate the source and field points and are
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evaluated numerically using a 2D trapezoidal rule. They are defined as

U0n(r, z; a) =
a

π

∫ L

−L

∫ π

0

[
r cos θ

′ − a
]
sin

(
nπ(z′+L)

2L

)
dθ

′
dz

′

[a2 + r2 − 2ar cos θ′ + (z − z′)2]3/2

Umn(r, z; a) =
a

π

∫ L

−L

∫ π

0

[
r cos θ

′ − a
]
cos(mθ

′
) cos

(
nπ(z′+L)

2L

)
dθ

′
dz

′

[a2 + r2 − 2ar cos θ′ + (z − z′)2]3/2
.

The principal goal in our design process is to match the magnetic field Bz to the

target fields BTF at inner radii c1 and c2, and outer radius c3. The corresponding

residual terms are

E1 =

∫ qL

pL

∫ π

−π

[BTF (c1, θ, z)−Bz(c1, θ, z)]2 c1 dθ dz , (3.17)

E2 =

∫ qL

pL

∫ π

−π

[BTF (c2, θ, z)−Bz(c2, θ, z)]2 c2 dθ dz , (3.18)

E3 =

∫ L

−L

∫ π

−π

B2
z (c3, θ, z) c3 dθ dz , (3.19)

where BTF (c3, θ, z) = 0. The shielding condition only considers the z-directed

magnetic field as Br and Bθ are orders of magnitude smaller than the combined

z-directed magnetic field; see Forbes et al. [34]. In the three residual terms, Bz is

calculated from equation (3.16).

By themselves, the three residual terms (3.17)–(3.19) do nothing to improve the

conditioning of the system, so additional constraints must be considered. These

represent secondary design concerns, of which we consider two for this model:

smoothness of current winding patterns and acoustic noise. From a construction

point of view, it is desirable to minimise the number of sharp turns in the winding

patterns. Replicating Forbes et al. [34], penalty functionals related to the curva-

ture of the respective streamfunctions (equation (3.2)) on the primary and shield
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coils are constructed:

F1 =

∫ L

−L

∫ π

−π

∣∣∇2ΨP (θ, z)
∣∣2 a dθ dz , (3.20)

F2 =

∫ L

−L

∫ π

−π

∣∣∇2ΨS(θ, z)
∣∣2 b dθ dz . (3.21)

In considering the acoustic effect, equations (3.10) and (3.12) tell us that a reduc-

tion in the deflection of the coil will lead to a reduction in the noise level inside

the chamber. This naturally leads to the additional penalty term

F3 =

∫ T

0

∫ L

−L

∫ π

−π

‖u˜‖
2 rM dθ dz dt =

∫ T

0

∫ L

−L

∫ π

−π

[
u2

r + u2
θ + u2

z

]
rM dθ dz dt.

(3.22)

Combining the functionals (3.17) - (3.22) we construct the total residual functional

R = E1 + E2 + E3 + λP F1 + λSF2 + λUF3, (3.23)

and minimise it with respect to the primary coil Fourier coefficients P P
0n, P P

mn,

QP
mn, and the equivalent shield coefficients P S

0n, P S
mn, QS

mn. The nonnegative reg-

ularisation parameters λP , λS and λU are dimensionless weights whose values are

determined by numerical experimentation; the parameters play a similar role to

Lagrange multipliers in an optimisation process. The relative contribution of each

residual term can be manipulated by changing the value of its associated regu-

larisation parameter. Empirically determined optimum values represent a trade

off between improving the conditioning of the system, noise reduction, winding

smoothness, and target field matching.
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Regularizing for a y-gradient, for example, leads to the 2N simultaneous equations

∂R

∂QP
1n

= 0,
∂R

∂QS
1n

= 0, ∀ n. (3.24)

Following Forbes et al. [30, 32] this can be written as a linear tridiagonal block

matrix system, similar to (2.21) in chapter 2.




Σaa
1y Σab

1y

Σba
1y Σbb

1y







QP
1n

QS
1n


 =




Πa
1y

Πb
1y


 , (3.25)

or succinctly as Σ Q = Π. Then, Q = Σ−1 Π and the Fourier coefficients QP
1n and

QS
1n are immediately obtained. Obviously, the invertibility of Σ (measured by its

condition number) will be controlled by the parameter values λP , λS, and λU .

A point to note is that this problem can be generalised further by considering a

λShield regularisation parameter to accompany the shield term (E3) in the residual

system (3.23). This would allow the effects of the shielding to be weighted more

strongly in favour of producing a null field if λShield was given a large positive

weighting. The unit weighting the shielding term is currently receiving suggests

that in this design the shielding is considered to be just as important as replicating

the target field in the DSV. This is only a minor loss of generailty, however, an

extra degree of freedom is missed by requiring the shielding term to have a unit

weighting. Slightly larger noise reductions may be obtained if the manufacturer

is prepared to allow stray fields to extend beyond the outer target radius (c3).
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3.7.2 Solving for the Pressure Wave

Once determined, the Fourier coefficients are inserted into the coil deflection co-

efficients (examples of which are given in equations (3.15)). To find the sound

pressure level inside the coil the pressure perturbation, pA1, must be determined

by solving equation (3.9) subject to the boundary conditions (3.10) and (3.11).

This system can be solved by seeking a representation of the form

pA1 = ψ1(r, θ, z, t) + ψ2(r, z, t),

as it yields the following decoupled systems for ψ1 and ψ2:

∂2ψ1

∂t2
= c2

A0

(
∂2ψ1

∂r2
+

1

r

∂ψ1

∂r
+

1

r2

∂2ψ1

∂θ2
+

∂2ψ1

∂z2

)

∂ψ1

∂r
= −ρA0

∂2ur

∂t2
on r = a

ψ1 = 0 on r = a, z = ±L,





(3.26)

∂2ψ2

∂t2
= c2

A0

(
∂2ψ2

∂r2
+

1

r

∂ψ2

∂r
+

∂2ψ2

∂z2

)

∂ψ2

∂r
= 0 on r = a

ψ2 = Γ±(t) on r = a, z = ±L,





(3.27)

where boundary condition (3.11) is written pA1(a,±L, t) ≡ Γ±(t) for convenience.

Boundary value problem (3.26) was considered in chapter 2 with solution

ψ1(r, θ, z, t) =
N∑

n=1

K∑

k=1

ρA0 k2 ω2

Tnk I
′
1(aTnk)

5H
r
1nk

×I1(rTnk) cos(kωt) sin(θ) sin

(
nπ(z + L)

2L

)
. (3.28)
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Here Im(x) denotes the modified Bessel function of the first kind of order m, as

defined by Abramowitz and Stegun [1], and

Tnk =

√
n2π2

4L2
− k2ω2

c2
A0

and I
′
m(aTnk) =

∂

∂ν
Im(ν)

∣∣∣∣
ν=aTnk

,

as in equation (2.26) for the simplified model of the previous chapter. In solving

boundary value problem (3.27), the time dependent boundary condition requires

that V (t) (the flow out of the tube) be determined first. For simplicity we define

V±(t) =
K∑

k=1

δk± sin(kωt), (3.29)

where the coefficients δk are determined from the conservation of mass relation

over the closed surface of the chamber,
∫∫◦ ∇ · v dS = 0. We now define Γ(t) as a

Fourier series,

Γ±(t) =
K∑

k=1

Ȧk± cos(kωt) + Ḃk± sin(kωt),

with the Fourier coefficients Ȧk± based on δk± and Weber functions, and Ḃk±

based on δk± and Bessel functions; see Zhang and Jin [119].

The derivative boundary condition in (3.27) can be satisfied by forcing ψ2 ∼
J0(rβ1,k/a) where β1,k denotes the kth zero of the Bessel function J1(x). We also

require the temporal variation to match that of the switching function, such that

the solution becomes

ψ2(r, z, t) =
K∑

k=1

J0

(
j1,k

a
r

)
((Υ1k cos(λkz) + Υ2k sin(λkz)) cos(kωt)

+ (Υ3k cos(λkz) + Υ4k sin(λkz)) sin(kωt)) , (3.30)



102 3.8. RESULTS

where

Υ1k =
Ȧk+ + Ȧk−

2 cos(λkL) J0(j1,k)
and Υ2k =

Ȧk+ − Ȧk−

2 sin(λkL) J0(j1,k)
,

and Υ3k and Υ4k have analogous forms using Ḃk+ and Ḃk− respectively. Also, for

convenience we have defined λk =
√

k2ω2/c2
A0 − j2

1,k/a
2.

Equations (3.28) and (3.30) now sum to give the pressure perturbation pA1 in the

chamber, and equation (3.12) is used to compute the noise associated with the

distortion of the gradient coil.

3.8 Results

For the results presented in this chapter, the following settings have been used

to model those of a notional MRI y−gradient coil. The primary radius was set

at a = 0.3m with shield radius b = 0.4m, thereby giving a structure of thickness

h = 0.1m; its length was L = 1m. Being modelled as a copper tube, the density is

ρc = 8.99×103 kgm−3, Young’s modulus E = 1.3×1010 Nm−2, and Poisson’s ratio

ν = 0.2. From the latter two properties all other relevant elasticity parameters

can readily be determined.

The radius of each target cylinder (defined in figure 3.1) has been arbitrarily set

to {c1, c2, c3} = {0.2, 0.1, 0.6}m. The two internal target cylinders are located

asymmetrically over the interval pL ≤ z ≤ qL with p = −0.7 and q = 0.1.

The coil is immersed in an axially directed background magnetic field of strength

BZ0 = 2T. The gradient field produces a linear variation in Bz of 100 mT/m with

switching frequency ω = 23 kHz.
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3.8.1 Coil Design: y-gradient

The primary design requirements for a shielded gradient coil are to produce a

highly linear magnetic field within the DSV and minimal field external to the

structure. Haacke et al. [45] cites 95% as the lower limit for DSV gradient homo-

geneity for imaging purposes.

Ideally, to design a quiet coil we desire the coil deflection regularisation parameter,

λU , to be as large as possible. Similarly, smoother windings on the primary and

shield coils will result from larger values of λP and λS. Through the regularisation

process, however, any improvement in secondary effects comes at the cost of

gradient homogeneity. As such, we seek parameter values that provide a balance

of secondary improvements whilst maintaining a suitable level of field homogeneity

and adequate sheilding.

Figure 3.4 demonstrates the agreement between the simulated axial magnetic

field, Bz, and the desired target field, BTF , for two values of λU . Here, λP and λS

have been empirically found and fixed at 10−7. The profiles are given for x = 0,

z = (p + q)L/2. With λU = 1, figure 3.4(a) depicts the resultant field when

a minimal attempt has been made to reduce the simulated acoustic noise level.

Conversely, figure 3.4(b) displays the field produced when λU = 1019, the largest

value λU can take and still produce sufficient gradient homogeneity. Differences

in shielding effectiveness are negligible at r = c3.

Despite the significant difference in the two parameter values, the optimised sys-

tem only produced a 0.5 dB improvement in noise level. Higher noise reductions

were observed but had to be discarded due to inadequate gradient homogeneity;

e.g. a 10 dB reduction was obtained with λU = 1021 but gradient homogeneity

was at 81%.
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Figure 3.4: Red line: the target field. Blue line: the actual field. Figure shows
the trade off of the matching of the target field over the target region −c1 to c1

for two different λU values.

3.8.2 1D and 3D Coil Deflection model comparison

Results that solely consider the ur component (a 1D model) of the chamber’s

deflection can be found in chapter 2 and will be hereafter referred to as the 1D

model. The model for the coil in this chapter mirrors that for the 1D model but

is extended to allow for 3D coil deflections. In general, the 3D model leads to

greater coil displacement which in turn leads to louder simulated acoustic noise.

However, when the added constraint of a high level of gradient field homogeneity

is required, noise reductions are comparable to those for the 1D model.

The boundary value problem (3.26) represents the governing equations for the in-

finite length pressure wave perturbation, ψ1, and boundary value problem (3.27)

represents the governing equations for the pressure perturbation, ψ2, from a ring

source - here, modelling each end of the finite length coil. The infinite pres-

sure wave has no uθ or uz dependence, indicating that in order to minimise the

simulated acoustic noise arising from the homogeneous solution for the pressure

perturbation (ψ1), it is necessary to minimise only the coil deflection in the radial
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Figure 3.5: A depiction of the coil deflection using (a) the 1D deflection model
(scaled by 104) and (b) the 3D deflection model (scaled by 103.2).

direction.

Inspection of equation (3.28) shows that ψ1 has resonances when the Fourier coef-

ficients 5H
r
1nk →∞. This also corresponds to a resonance in the radial deflection

component and thus by Mechefske et al. [87] and chapter 2 a large noise ampli-

tude will be heard. The θ-component of the coil deflection will similarly have

resonances when jH
θ
1nk →∞, however, these do not correspond to a resonance in

the pressure wave and will not affect the noise level output.

The difference in coil deflections predicted with the two models can be seen in

figure 3.5; to aid visualisation, the coil deflections (in the r̂, θ̂ and ẑ directions)

are amplified. In this case the 1D deflections are magnified by 104 whereas the 3D

deflections are magnified by 103.2. Component-wise for the 3D model, ‖uz‖ ≈ 0,

while ‖ur‖ = 0.0012 = ‖uθ‖ 6= 0. In contrast, for the 1D model ‖ur‖ = 0.00014.

The deflection in the 3D case is clearly greater, hence, the magnitude of the noise

predicted by the 3D model is significantly louder, as confirmed.
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Figure 3.6: This figure graphs (a) the noise associated with the chamber deflect-
ing in the radial direction (ψ1) and (b) the noise associated with the end effect
conditions (ψ2).

3.8.3 End Effects

The end effects have been modelled by assuming an axisymmetric, time dependent

flow rate out of the chamber. Initially it was thought an axisymmetric flow would

be appropriate as a general case, however, the cyclic θ-dependence associated

with higher order azimuthal gradient fields negates any net axisymmetric flow

out of the chamber in our model, giving V (t) ≡ 0 and therefore ψ2 ≡ 0. As a

consequence, this end effects model is only applicable for z-gradient coils.

Figure 3.6(a) gives the noise output associated with the infinite pressure wave

(ψ1) and figure 3.6(b) gives the noise output associated with the end effects only

(ψ2). The maximum SPL of ψ1 is ≈ 122.4 dB, whereas the maximum SPL of ψ2

is 63.6 dB. Thus, not surprisingly, the noise from the radial deformation of the

chamber dominates the noise effects resulting from the pressure wave reflecting

at the open boundaries. Adding the two components together produces a noise

level 0.03 dB (on average) higher than ψ1 on its own.
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Figure 3.7: (a) shows coil distribution pattern when all regularisation parameters
(λ’s) are zero. (b) shifts the emphasis to smooth current distribution patterns.

3.8.4 The Matrix Σ and its Affects on Results

The condition of matrix Σ is largely determined by the paramter values λP , λS,

and λU . As mentioned previously the Tikhonov regularisation approach we have

adopted involves a trial and error process in search of an optimum set of lambda

values. A poor choice of λ values can result in an unfeasible solution, in this case

an unbuildable coil.

Figure 3.7 shows the resulting coil winding patterns for ‘extreme’ λ choices. In

the case where no attempt to regularise the system (3.25) has been taken, we set

all λ’s to be 0 (see figure 3.7(a)). We note the current winding pattern produced

by inverting matrix Σ, solving for each Fourier coefficeint (e.g. QP
1n) and substi-

tuting into the expression for the stream function (3.2) is unsuitable for MRI use.

The windings specified are extremely dense and large opposing currents exist on

the extremeties of the coil. Although this is a mathematical solution to system

(3.25) it does not constitute a solution that can be engineered. Choosing another

‘extreme’ set of regularisation parameters where the smoothness of the winding

patterns have been given utmost importance does, on this occasion, yeild a build-
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able coil from an engineering point of view (see figure 3.7(b)). This confirms the

choice of λ’s having a two fold effect: one, simply to allow an accurate solution

of system (3.25) and two, adding weight to the regularisation term associated

with the regularisation parameter. The windings associated with figure 3.7(b) do

not, however, produce reductions in acoustic noise, and our problem thus requires

further searching for an appropriate regularisation parameter set.

3.9 Discussion and Conclusion

This chapter describes one process of designing a gradient coil to reduce simulated

acoustic noise output generated by the Lorentz forces. A Tikhonov regularisation

method has been used to overcome the ill-conditioned nature of the inverse prob-

lem successfully. The major design requirements of producing a linear field in the

DSV and small external magnetic fields to the coil have been met. Reducing the

deflection of the coil and hence the simulated acoustic noise has been achieved

as a secondary design issue to a small extent. A relatively small drop of 0.5 dB

was the optimum achievement (from a base of 134.7 dB) while still satisfying the

primary design issues.

A linearised coil deflection system for each orthogonal deflection component (3.6)

was solved in its most general form. The nature of system (3.6) suggested nu-

merical solutions would be required but an application of the Continuity equation

avoided this problem. Closed form solutions were obtained for each coil deflection

component and the pressure perturbation. The model presented in this chapter

gives a complete discription of the cylindrical deflection components and acoustic

effects of a typical gradient coil. A corollary of the results is that large amplitude

acoustic noise appears to be a negative but necessary result of a gradient coil that
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produces a linear field.

The ‘thin-walled’ nature of our gradient coil model is a first step approximation

to a genuine gradient coil which typically falls into the ‘thick-walled’ class, see

Mechefske and Wang [85]. For our ‘thin-walled’ model shear deformation effects

are obviously ignored, however, this should not be the case in general. Mechefske

and Wang [85] have demonstrated that at least for low switching frequencies shear

deformations can be ignored under a ‘thick-walled’ model.

The validity of the assumptions for the coil deflection model found in chapter 2

are confirmed by the results presented here. The form of the infinite pressure

wave is identical to the 1D deflection model pressure wave seen in chapter 2.

Similar sound pressure level results were produced in the 3D case. This predicts

that a necessary requirement for minimising the simulated acoustic noise output

generated by the Lorentz forces is minimising the radial coil deflection component.

Also demonstrated was the insignificant effects of applying open boundary con-

ditions on the pressure wave. Quantitatively, the finite length pressure wave

produced essentially the same simulated noise amplitude as the infinite pressure

wave case. The extra mathematical and computational effort required to correct

the infinite pressure wave by less than 1% is in this authors opinion not worth

while. However, this work may be useful to other researchers employing numerical

methods, who may be able to incorporate the open boundary effects more simply

into their code.

Limitations to the acoustic noise model presented in chapters 2 and 3 are its

ability to be generalised to multiple coil vibration combinations. It is believed that

combined vibration effects from multiple coils (e.g. x and y gradients together or

gradient and RF coils) complicate the vibrational and acoustic fields significantly.
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In addition to a more complex acoustic field pattern the coupled vibrations may

negatively affect the image acquisition stage as well.

Future work will consider a braced gradient coil following Lin [72] but is not in

the scope of this thesis. This paper confirms the braces will only need to be

‘ring’ clamps that force nodes in the radial deformation component to reduce the

noise. A model for the coil deflection with forced nodes to model braced positions

potentially involves a more complex partial differential equation system which

may not allow analytical solutions however.



Chapter 4

Achieving Quiet Coils through Image

Processing

4.1 Introduction

So far, our attempts to reduce the acoustically significant noise have been rela-

tively unsuccessful. Only small reductions in noise have been gained while forcing

the gradient coil to produce an adequately homogeneous linear field. In this chap-

ter we abandon the restriction that the gradient coil need produce a linear field.

As long as the field produced by the gradient coil provides unambiguous spatial

information about the imaging region (i.e. is 1 : 1 over the imaging region), then

its role is not defeated. Haacke et al. [45] suggested that useful images ought to

be obtainable with coils that generate non-linear fields, and various techniques

for doing so are presented by Janke et al. [59], Langlois et al. [66] and Bernstein

et al. [4] for example. Wang et al. [110] and Gunter et al. [44] made use of a

phantom image to calibrate the non-linear distortions of the field, using complex

three-dimensional structures from which they could calculate the true location of
111
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a point within the reconstructed image. Other researches such as Hennig et al.

[49] have developed a theoretical method to encode using non-cartesian directed

gradients. Their paper suggests it is possible to select circular slices whithin the

DSV by applying a radially directed gradient field in combination with regular

cartesian gradients. Further research into using non-linear gradients has resulted

in advanced techniques designed to produce accelerated scanning times. The ar-

ticle by Stockmann et al. [100] details a method called ‘O-space imaging’ whereby

they assert that a radially directed gradient is more efficient in terms of provid-

ing more encoding in the angular direction than in the radial direction and is

suitable for the natural cylindrical nature of a typical MRI scanner. The radi-

ally directed gradient is used in combination with a standard linear gradient to

shift the encoding area off centre to gain resolution over regions where the Z2

gradient would be 0 (i.e. the centre of the DSV). One advantage discussed in the

paper is that increasing the ring density (number of Z2 slices) leads to significant

improvements in resolution, in contrast to cartesian acquisitions. More recently,

Forbes, Brideson and While [31] devised a simple correction technique, also based

on the use of a phantom, in which the distortion effects due to field non-linearity

can in principle be cancelled away exactly, and this technique appears to show

promise in recovering good quality images even in the presence of reasonably

strong non-linearity.

In this chapter, a method is presented for designing quiet self-shielded gradient

coils. Our model follows that of chapter 2 which has been confirmed as acceptable

based on the results of chapter 3. However, in this chapter, the noise reduction

becomes the primary goal, with the requirement that the gradient coil produce a

linear field being only a secondary concern. The algorithm of Forbes, Brideson

and While [31] (referred to hereafter as the FBW algorithm) is then used to ex-
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tract high quality images from these quiet coils, and is based on the use of a

phantom. The term ‘quality’ must be clarified, ‘quality’ has a specific meaning in

image reconstruction relating to the propogation of noise throughout the forma-

tion process. Our model has not considered the effects of noise due to non-linear

field effects. We do, however, use the word ‘quality’ to denote a subjective mea-

sure of whether an image is recognisable or not and under this context we have

already used the term ‘quality’ in the abstract and introductory sections. This

technique corrects, in principle, purely for the distortion due to non-linear field

effects. However, it cannot account for noise in the original signal due to other

causes. Some sample images are shown to illustrate the robustness of this design.

The material for this chapter has been published as the article [58]: J. Jackson,

L. Forbes, P. While, and M. Brideson. Could Image Processing Enable Reduced

simulated acoustic noise during MRI Scans? Concepts Magn Reson B Magn Reson

Eng, 39(B):191-205, 2011.

4.2 Mathematical Formulation

The approach for designing the gradient coil is essentially that of chapter 2 and

again a brief summary is given for completeness.

4.2.1 The Geometry

We model our gradient coil system as a set of six coils, comprising three primary

coils all located at radius r = a, and 3 shield coils all lying at radius r = b > a.

Each coil is modelled as a cylindrically shaped copper sheet with current flowing

on both sides. One gradient coil pair is considered to be a primary coil and shield
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coil in combination. A depiction of our model for one gradient coil pair is given

in figure 2.1 (or 3.1). The chamber has length 2L, inner (primary) radius a and

outer (shield) radius b. Hence, the coil has thickness h = b − a and a midpoint

radius of rM = a + h/2. We also assume the coil material has an associated

Young’s Modulus E and Poisson’s ratio ν.

We have adopted the standard cartesian coordinate system, with the origin lo-

cated at the centre of the chamber and the z-axis aligned with the axis of sym-

metry. Naturally, the shape of the coil lends itself to the standard cylindrical

coordinate system, as in chapters 2 and 3.

The two internal target cylinders (located at radii c1 and c2) aid in giving the

magnetic field in the DSV its appropriate gradient form, while the external target

cylinder (located at r = c3) enforces the shielding constraint. To enable imaging

of a region not centrally located within the chamber, the two internal target

cylinders are specified over an asymmetric interval pL ≤ z ≤ qL. Here, p and

q are dimensionless constants where −1 < p < q < 1 (with the symmetric case

occurring when p = −q). Results are presented in this chapter for both symmetric

and asymmetric designs.

4.2.2 Magnetic Field and Current Distribution

The magnetic field is calculated from the Biot - Savart law once the current

distribution is known. We are interested solely in the z-directed component,

Bz, of the magnetic induction field, B, which is related to the magnetic field

strength, H, simply by B = µ0H. Assuming our current distribution has the form

j = jθ(θ
′, z′)êθ + jz(θ

′, z′)êz, and using the fact that equal current is contained

between contours of the stream function (see Brideson et al. [11]), Forbes et al.
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[30] argued that the primary coil stream function takes the form

ΨP (θ, z) = −
N∑

n=1

2L

nπ
P P

0n cos

(
nπ(z + L)

2L

)

+
M∑

m=1

N∑
n=1

2L

nπ

[
P P

mn cos (mθ) + QP
mn sin (mθ)

]
sin

(
nπ(z + L)

2L

)
.(4.1)

The shield stream function takes the form of equation (4.1) but with all P su-

perscripts replaced with S superscripts. Use of the continuity equation ∇ · j = 0

then allows computation of jθ, jz, and hence Bz. The Fourier coefficients are as

yet unknown and we use a regularisation approach to determine them, which will

be described shortly.

4.2.3 Coil Deflection and Noise

Yao et al. [117] demonstrated that to reduce noise output from a gradient coil

one must reduce the coil distortion in the radial direction. We have adopted this

idea, and take from Jackson et al. [57], following Boresi and Chong [9] p262, our

deformation model to be

ρc
∂2ur

∂t2
+

1

r2
M

(Λ + 2G)ur −G∇2ur =
2BZ0

h
(jP

θ + jS
θ ), (4.2)

where ur is the coil displacement in the radial direction, ρc is the density of

the scanner medium (copper), and Λ and G are Lamé coefficients found from the

Young’s modulus and Poisson’s ratio of the coil. Notice that a small displacement

approximation has been made, in which all radial derivatives are ignored. Thus,

∇2 has its typical cylindrical form without the radial derivative components i.e.

∇2ur = 1/r2∂2ur/∂θ2 +∂2ur/∂z2. The reference radius for our deflection analysis

is taken to be r = rM and our coil is moddeled as a ‘thin walled’ vibrating cylinder
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of radius rM .

Calculating the resulting pressure wave from the coil deflection effects is a difficult

problem and we adopt a linearisation approach in order to solve for the pressure

perturbation analytically. The linearised pressure perturbation, pA1, satisfies the

wave equation, (2.8), and is subject to the boundary condition (2.9) of the coil. For

simplicity, we assume an infinite-domain pressure wave model and can therefore

ignore the effects of the open boundaries at z = ±L. The only imposed boundary

condition is that the air inside the chamber have the same radial speed as the

inner wall of the gradient coil. Hence, our pressure perturbation problem again

becomes

∂2pA1

∂t2
= c2

A0∇2pA1 (4.3)

∂pA1

∂r
= −ρA0

∂2ur

∂t2
on r = a, (4.4)

as in the previous chapters. Here cA0 is the speed of sound and ρA0 is the density

of air inside the chamber, as in chapters 2 and 3. The noise level inside the

chamber can now be found using

SPL = 20 log10

( |pA1|
pref

)
, (4.5)

where the noise level is measured in decibels (dB(A)) and pref is taken to be

2× 10−5 Nm−2, as previously.

4.2.4 Method of Solution

Solving for the coil deflection and pressure wave follows directly from chapter 2.

The coil deflection is assumed to have a similar Fourier series representation to the
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azimuthal current density. The coefficients of the coil deflection are then found

in terms of the current density Fourier coefficients (still unknown) by equating

linearly independent terms. Solving the pressure perturbation system (equations

(4.3) and (4.4)) is also based on Fourier series representations.

The regularisation process is similar to equation (2.19); however, in this chap-

ter we are primarily interested in minimizing the simulated acoustic noise. We

therefore create a residual system where the residual term involves minimizing the

coil deflection (4.7), and the regularisation terms are related to: field matching

(4.8), shielding (4.9), winding pattern smoothing (4.10) and (4.11), and power

maximisation (4.12). The residual system thus takes the form

R = E1 + λ1F1 + λ2F2 + λ3F3 + λP F4 + λSF5 − λPowerF6, (4.6)

where each term is given below and terms E1−F5 are discussed in chapter 2, and

take the forms

E1 =

∫ T

0

∫ L

−L

∫ π

−π

u2
r(θ, z, t) rMdθ dz dt, (4.7)

Fj =

∫ qL

pL

∫ π

−π

(HTF (cj, θ, z)−Hz(cj, θ, z))2 cj dθ dz, for j = 1, 2 (4.8)

F3 =

∫ L

−L

∫ π

−π

H2
z (c3, θ, z) c3 dθ dz , (4.9)

F4 =

∫ L

−L

∫ π

−π

|∇2ΨP (θ, z)|2 a dθ dz, (4.10)

F5 =

∫ L

−L

∫ π

−π

|∇2ΨS(θ, z)|2 b dθ dz, (4.11)

F6 =
ρr

h

(∫ L

−L

∫ π

−π

‖jP‖2adθdz +

∫ L

−L

∫ π

−π

‖jS‖2bdθdz

)
. (4.12)

The regularisation term F6 in (4.12) is an expression of the coils’ power usage,

found in Jin [60], p117. The regularisation parameters (the λ values) must be
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determined through experimentation to achieve an optimum. Each term has a

quadratic dependence on the Fourier coefficients and this process is known as

Tikhonov regularisation [105]. As each λ is increased it adds more weight to

its corresponding regularisation term. We seek a current distribution that will:

minimise the simulated acoustic noise, match the target field, produce smooth

winding patterns, and use a moderate amount of power by minimizing the residual

system with respect to the unknown Fourier coefficients P P
0n etc. Notice that the

sign in front of λPower is negative in (4.6), and this indicates that when λPower is

increased, the coil solution will require increased power. Typically a gradient coil

is desired to use a minimum amount of power; however, we found that minimizing

both noise and power results in a gradient coil of insufficient field strength, thus

negating the purpose of the gradient coil, which is to spatially encode nuclei in the

target region. We compensate for this by requiring that the gradient coil uses a

moderate amount of power. Optimisation of the residual system (4.6) with respect

to the Fourier coefficients yields a tri-diagonal block matrix equation similar to

equations (2.21) and (3.25). An accurate solution of the Fourier coefficients (from

the block matrix equation) will result if the λ terms have been chosen large enough

to condition the system adequately.

4.3 Results

Here we limit our analysis to a y-gradient design by noting the x-gradient analysis

is analogous. The problem presented can actually be simplified to analyse a

z-gradient coil, but this is not discussed further here. The dimensions of our

illustrative y-gradient coil mimic those capable of full human body scans. The

primary and shield coils have a half length of L = 1m and radius a = 0.3m and
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b = 4
3
a = 0.4 m respectively. The two inner target fields are set at radii c1 = 0.2m

and c2 = 0.1m, and are longitudinally symmetric with p = −q = −0.3 where

z ∈ [pL, qL]. The third target field is located at c3 = 3
2
b = 0.6 m and extends

the full length of the coil. The coil is immersed in a background magnetic field of

strength BZ0 = 2T and the small variations caused by the gradient fields have a

gradient strength of Bgrad = 100 mT/m. We have modelled the switching of the

gradient coils as a repeating piecewise (trapezoidal) linear ‘ramp’ wave discussed

in detail in section 3.4.

4.3.1 A Minimum Power Coil compared to a Minimum

Noise Coil

A minimum power coil is presented as a reference coil due to its commonality in

MRI (see Turner [108]). To produce a minimum power coil we simply ignore the

residual term E1 and set λ1 = λ2 = λ3 = 1, λP = λS = 0, and −λPower as large as

possible while ensuring the induced field remains within a 5% deviation from the

target field. In our case we take λPower = −103. The requirements for a minimum

noise coil are more difficult to specify. The regularisation process becomes an in-

tricate balancing act between λ values to achieve an optimum solution. Typically,

it is a requirement that an induced gradient field be within a 5% maximum devia-

tion from the target field. We relax this condition considerably and later describe

how to recreate a usable image given the non-linear field produced. The shielding

and smoothness of the winding patterns, however, are still important and must be

weighted accordingly. We also increase the power used by the minimum noise coil

to ensure the field produced by the minimum noise coil has adequate strength.

Our minimum noise coil has the following regularisation parameter configuration:
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Figure 4.1: Comparison of the primary windings between a) the well known min-
imum power coil configuration and b) the minimum noise coil.

λ1 = λ2 = 10−25.2, λ3 = 10−24.9, λP = λS = 10−32, and λPower = 10−22.2. These

values were chosen by experiment to reduce the simulated acoustic noise. The

winding patterns on the primary coil for the minimum power coil and minimum

noise coil are presented in figure 4.1.

The windings for the minimum power coil are undoubtedly smoother and easier

to build; however, the simulated acoustic noise output between the two coils is of

most significance here. Figure 4.2 shows the simulated acoustic noise produced

from the minimum power and minimum noise coils. The minimum noise coil

produces 49 dB less peak noise than the minimum power coil. A reduction of

49 dB in noise is unparalleled in MRI literature. Mansfield et al. [77] employed a

force balancing approach to reduce noise actively, gaining reductions up to 30 dB.

The passive technique of Edelstein et al. [23] used a copper sheet to shield a

gradient coil acoustically, and this achieved maximum reductions of 25 dB.

Our premise is that we are reducing the deflection of the coil in the radial di-
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Figure 4.2: Comparison of the simulated acoustic noise output between a) the
minimum power coil and b) the minimum noise coil. As seen, the reduction in
maximum noise is a large 49 dB for the minimum noise coil.
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Figure 4.3: Comparison of the radial coil deflection of the chamber for a) the min-
imum power coil and b) the minimum noise coil. As seen, the radial deformation
is significantly reduced in the minimum noise coil. The small displacements have
been magnified by 104 for ease of visualisation.
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rection in order to reduce the simulated acoustic noise output. In figure 4.3 we

can see a disparity between the distortion of the minimum power coil and the

minimum noise coil. This is reflected in figure 4.2, where the noise level output

is significantly lessened for the minimum noise coil. Quantitatively the 2-norm of

the radial coil displacement is 2.54×10−4 and 1.15×10−6 for the minimum power

and minimum noise coils respectively, which supports further the claim of reduced

noise output.

The fields along the y-axis produced by the minimum power coil and minimum

noise coil are seen in figure 4.4. The minimum power coil has less than 5%

inhomogeneity from the target field. On the other hand, the minimum noise

coil produces a very non-linear field. Using present day technology and practices

the field seen in figure 4.4(b) would be deemed unusable for image construction

purposes. However, the recent FBW algorithm [31] offers the possibility that

even the very non-linear field of figure 4.4(b) may be capable of yielding images

of acceptable image quality and acquired with greatly reduced noise levels. This

is now investigated in detail for the minimum noise coil.

The magnetic field generated by the y-gradient minimum-noise coil was calculated

on the x−y plane, orthogonal to the direction of the main magnetic field (oriented

along the z-axis). As discussed above, the x-gradient situation is a congruent

problem simply involving a 90◦ rotation in the x− y plane. In order to make the

field spatially encoding, an average was taken of the x and y-gradient fields to

produce an overall field Bz.

The linear part of this non-linear gradient field is first estimated by least-squares

fitting, over a square in the x− y plane inscribed within the outer target cylinder

of radius c1 depicted in figure 2.1. This square is thus located within the region
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Figure 4.4: Comparison of the Bz fields produced between a) the minimum power
coil and b) the minimum noise coil. The red line indicates the target field. The
minimum power coil has a maximum deviation of less than 5%. In contrast, the
minimum noise coil has a maximum deviation of over 55%.
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2. This linear component of the field has the form

BZ linear = xGX + yGY , (4.13)

where the x and y-gradient strengths are estimated from the non-linear field Bz

using the least-squares formulae
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3
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−c1/
√
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∫ c1/
√

2

−c1/
√

2

yBz(x, y) dx dy. (4.14)

These fields over the inscribed square within the target zone on the x − y plane

are illustrated in figure 4.5. The gradients were calculated to be GX = 0.0245

and GY = 0.0240T/m respectively, using (4.14). The curvature in the non-linear

field is evident in the diagram, particularly in the corners of the inscribed square,

and the field lies above or below the plane over different portions of the central
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Figure 4.5: Magnetic Field within the inscribed square in the outer target cylinder,
on the x − y plane. The non-linear field Bz is shown in red, and its linearised
component Bz linear obtained by least-squares fitting is the plane shown in black.

section of the square.

As a means of testing how well the non-linear field in figure 4.5 is capable of gen-

erating a faithful replication of an image, we have imposed an optical photograph

over the inscribed square |x| < c1/
√

2, |y| < c1/
√

2, and used the density of the

optical image as a proxy for the magnetic spin density m(x, y) in an actual MRI

scan. In the usual spin-echo process of magnetic resonance imaging, the measured

signal MT obtained from illuminating the sample with an RF signal at frequency

ω is found from the Bloch equation in the form

MT =

∫∫
m(x, y) exp

(
−i

∫
ω dt

)
dx dy (4.15)

and further details are available in the texts by Vlaadingerbroeck and den Boer

[109] and Haacke et al. [45]. The gradient field is spatially encoded according to
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the Larmor relation ω = γBz in which the field Bz can be represented in the form

Bz = xGX + yGY +N (x, y). (4.16)

This generalises the linear approximation in (4.13), since the function N (x, y)

represents all the non-linear components of the field. When equation (4.16) is

substituted into (4.15), and sampling at each frequency is assumed to occur over

the time interval ∆t, it follows that what is obtained from the imaging process is

the distorted signal

Md
T (kx, ky) =

∫∫
m(x, y)C(x, y) exp (−i[xkx + yky]) dx dy, (4.17)

where the distortion function due to non-linearity is represented by the term

C(x, y) = exp (−iγN (x, y)∆t) (4.18)

and the two wavenumbers are

kx = γGX∆t and ky = γGY ∆t. (4.19)

When the inverse Fourier Transform of the signal (4.17) is taken, the original

image is not recovered, but instead, the distorted image

md(x, y) =
1

(2π)2

∫∫
Md

T (kx, ky) exp (i[xkx + yky]) dkx dky (4.20)

is obtained, due to the effects of field non-linearity. Now suppose that a phantom

sample with known spin density p(x, y) is imaged in the same non-linear field. It

will give a distorted signal analogous to that in (4.17), and the Inverse Fourier
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Transform similar to (4.20) will then produce a distorted image pd(x, y) instead

of the original. According to the FBW algorithm [31], an undistorted image of

the original spin density function m(x, y) can then be obtained from the formula

m(x, y) = p(x, y)
md(x, y)

pd(x, y)
. (4.21)

This procedure is now investigated using an optical image and for the minimum-

noise coil. A photographic image has been chosen to represent the spin density

function m(x, y), in part because the authors do not have access to an MRI

whole-body imaging system, and also because the photo serves as a severe test of

the capacity of this new quiet coil to generate useful images from its non-linear

magnetic field. Previous work by Tieng et al. [103] and Eggers et al. [24] has

provided simulated validation of image processing techniques that restore clarity

to an image without the use of a phantom. The work by Tieng et al. [103],

however, does require that the non-linearity of the field be measurable. Eggers

et al. [24] on the other hand, discretise the imaging region and develop several

computational methods (of varying efficiency) for overcoming the ill-conditioned

non-linear field imaging problem.

The original optical image is shown in figure 4.6. It was taken from a photograph

sampled at every fifth point in both the x and y-coordinates to produce a density

map over a 320×240 matrix, and then imposed over the coordinate grid−c1/
√

2 <

x < c1/
√

2, −c1/
√

2 < y < c1/
√

2. Care must be taken in choosing the window in

the Fourier Transform space
(
kx, ky

)
over which the frequencies are to be sampled;

this is equivalent to choosing the time interval ∆t over which each frequency is

acquired, and in the present chapter, we have therefore chosen to sample over

the frequency domain −γ∆tGX < kx < γ∆tGX , −γ∆tGY < ky < γ∆tGY ,

in which γ is the nuclear gyromagnetic ratio as before, with value taken from
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Figure 4.6: The photographic image of Ellie The Cat imposed over the square re-
gion inscribed within the outer target region. This is an effective 0.0768 Megapixel
image, and will serve as a proxy for the magnetic spin density function m(x, y).

γ/2π = 42.6 × 106 Hz/Tesla. It is necessary to experiment somewhat with the

time interval ∆t in order to obtain sufficient resolution in the re-constructed

image, while at the same time avoiding numerical errors in the evaluation of the

integrals in equations (4.17) and (4.20). This has some parallels with some of the

techniques for k-space sampling discussed by Blaimer et al. [7].

The signal Md
T

(
kx, ky

)
obtained from the image in figure 4.6 using the non-linear

field in figure 4.5 has been computed from equation (4.17). Good resolution has

been obtained with the choice ∆t = 2.5/2π milliseconds, which defines the window

in k-space as described above. The real part of this transform is presented in

figure 4.7. The Fourier Transform of a purely linear field would normally appear

as a narrow peak in the centre of the region, but the strong influence of field

non-linearity here is responsible for the diffused signal evident particularly in the

foreground of this picture. The non-linear distortion function in equation (4.17)



128 4.3. RESULTS

Figure 4.7: The Fourier Transform of Ellie The Cat obtained from the non-linear
field produced by the minimum noise coil.

was calculated from equation (4.18)

C(x, y) = exp
[−iγ∆t

(
Bz −Bz linear

)]
,

using the linear component of the magnetic field calculated in equation (4.13) by

least-squares fitting.

Figure 4.8(a) shows the distorted image md(x, y) in equation (4.20) calculated for

this case. It bears little resemblance to the original image in figure 4.6, and would

not be useful for any purpose at all. This is entirely to be expected, and of course

is the reason that such care is normally taken to ensure that the background

magnetic field is linear to a high degree of homogeneity. Indeed, the patterns of

interference lines in figure 4.8(a) coincide precisely with the maxima and minima

in the field Bz produced by this coil, so that it is evident that the entire image is

dominated by non-linear field effects.
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(a) Minimum Noise Uncorrected (b) Minimum Noise Clean Image

Figure 4.8: Comparison of the re-constructed images of Ellie The Cat using a)
The uncorrected Inverse Fourier Transform and b) the FBW algorithm. A simple
Gaussian phantom was used for the corrected image in b).

The image in figure 4.8(b), on the other hand, recovers a great deal of the detail

present in the original picture in figure 4.6, down to very small length scales. It

was obtained using the FBW algorithm [31] given in equation (4.21), making use

of the simple Gaussian phantom function

p(x, y) = exp

[
− (

x2 + y2
)
/a2

]
, (4.22)

in which the width parameter a was chosen to be a = c1/2. We experimented

with this choice (4.22) to a limited extent, but no discernible effect was seen in

the image in figure 4.8(b), and indeed Forbes et al. [31] argue that the FBW

technique (4.21) is insensitive to the choice of phantom provided that p(x, y) > 0,

at least in principle. There is still appreciable ghosting and distortion at the top

left and bottom right corners of this image, and this is clearly associated with the

highly curved portions of the non-linear magnetic field at those corners, visible

in figure 4.5. It may be possible to reduce these effects further by the choice of
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a different phantom to that in equation (4.22), but this has not been pursued

here; nevertheless, within the inner target zone (a circle of radius c2 = 0.1m in

figure 4.8(b)) the recovered image bears an obvious resemblance to the original.

A difference map between the original and re-constructed image shows that for

this field, the pointwise difference is less than 0.1% over the inner target zone of

radius c2.

4.3.2 Asymmetric Minimum Noise Coil

A generalisation of the symmetric target field case has been considered. Results

are presented for a minimum noise coil with the interior target fields being located

in the z-direction over the interval [pL,qL] where p = −0.7 and q = 0.1. As

an illustration of the robustness of this method of design, results are presented

that give smoother winding patterns (compared to the symmetric case, see figure

4.1(b)) for a smaller reduction in noise for the asymmetric gradient coil described.

Two designs are shown that sacrifice the matching of the target field (similarly

to that shown in 4.4(b)) for different levels of winding smoothness and noise

reduction. The noise level generated by such an asymmetric coil that has no coil

deflection minimisation is simulated to be 130 dB, which we take as our peak

reference noise level. In comparison the noise produced from the coil depicted in

figure 4.9(a) is 87 dB, a reduction of 43 dB. The windings in figure 4.9(b) appear

smoother than that of 4.9(a) and as such a smaller reduction in noise is obtained.

For Design 2, the noise output was calculated to be 100 dB, a reduction of 30 dB,

which is still significant.

Figure 4.10 shows the Design 1 distorted image md(x, y) from equation (4.20),

and the corrected image obtained by the FBW algorithm and Gaussian phantom
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Figure 4.9: Two different sets of λ values that produce different winding patterns
(and noise levels) for an asymmetric gradient design.

(a) Design 1 Uncorrected (b) Design 1 Clean Image

Figure 4.10: Comparison of the re-constructed images of Ellie The Cat for the
field produced by the coil windings in Design 1, using a) The uncorrected Inverse
Fourier Transform and b) the FBW algorithm. A simple Gaussian phantom was
used for the corrected image in b).
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(a) Design 2 Uncorrected (b) Design 2 Clean Image

Figure 4.11: Comparison of the re-constructed images of Ellie The Cat for the
field produced by the coil windings in Design 2, using a) The uncorrected Inverse
Fourier Transform and b) the FBW algorithm. A simple Gaussian phantom was
used for the corrected image in b).

function (4.22). In this case, the sampling time interval was increased slightly to

∆t = 3/2π milliseconds, in order to improve resolution for this very asymmetric

field by expanding the sampling domain in the Fourier k-space. Again, the un-

corrected image in figure 4.10(a) is dominated by the non-linear features of the

gradient field, and would not be useful for almost any practical purpose. By con-

trast, the corrected image in 4.10(b) recovers a reasonably high level of accurate

detail, at least within the inner target zone (picturing a circle of radius c2 = 0.1m

on this diagram). It is evident, however, that the image in figure 4.10(b) is of

a slightly inferior quality to that for the symmetric minimum noise coil in figure

4.8(b). This is perhaps to be expected, due to the very asymmetric location of

the target zones in Design 1.

The corresponding comparison between the uncorrected and corrected images for

the field produced by Design 2 is given in figure 4.11. For this design, the domain

in the Fourier k-space was increased slightly wider, by changing the sampling time
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interval to ∆t = 4/2π milliseconds in order to retain resolution of the detail in

the re-constructed image in figure 4.11(b). Again, the uncorrected image in figure

4.11(a) is highly affected by the non-linearity of the magnetic field generated by

the gradient coils, and is of little value, but the cleaned image obtained with

the FBW algorithm in figure 4.11(b) is able to recover detail to a high degree

of accuracy at least within the inner target zone. There is significant distortion

about the top left and bottom right corners of the diagram, however, and this

was not able to be removed. The corrected images for both Design 1 and Design

2 in figures 4.10(b) and 4.11(b) were both obtained with the simple phantom in

equation (4.22), and it is not known if an alternative phantom might improve

these re-constructed images.

4.3.3 Length Considerations

Results are now presented for a symmetric coil of half length, L = 0.5m. Shown

in figure 4.12 is the primary winding pattern (4.12(a)) and noise output (4.12(b))

for a half length minimum noise coil. The shorter length minimum noise coil

has a similar winding pattern to that of the full length symmetric coil (refer to

figure 4.1(b)); however, the current required for the half length coil is considerably

higher, as shown in table 4.1. When setting comparable λ values, the reductions

in noise for the half length coil (compared with the half length minimum power

coil which produced 124 dB) are 13 dB less than that of the full length minimum

noise coil.
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Figure 4.12: A minimum noise design for a symmetric half length (L = 0.5m)
gradient coil. The primary winding pattern is shown in (a), and the corresponding
noise level is given in (b).

4.3.4 Performance

The current (A) that each design uses is presented in table 4.1 and is inversely

proportional to the coil’s efficiency, η. Table 4.1 also presents a measure of each

coil’s performance defined by Chronik and Rutt [19] (the η2/L factor). Note that

Designs Current (A) Performance (η2/L) Noise (dB)

Min Power (Sym) 2770 0.758×10−5 123
Min Noise (Sym) 1640 0.778×10−5 74
Design 1 (Asym) 1920 1.36×10−5 87
Design 2 (Asym) 1520 2.15×10−5 100

Half Length (Sym) 3110 0.328×10−5 88

Table 4.1: This table summarises the current used and coil performance for each
coil design presented. All values are given in standard units.

for the minimum power and minimum noise symmetric coils this parameter is

comparable and as such this demonstrates that noise reduction is being traded
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for field homogeneity and not coil performance.

4.4 Discussion

For the minimum noise coil an extreme example is presented to illustrate the

versatility of this technique. As noise is measured on a log scale (see Bies and

Hansen [6]) a reduction of approximately 50 dB in sound pressure level corre-

sponds to a reduction in pressure perturbation of 2.5 orders of magnitude. The

extreme minimum noise case does, however, force the gradient coil to be manu-

factured with dense localised windings and strong opposing current nearby. From

an engineering perspective such a coil is difficult to manufacture. Referring to

table 4.1, it is important to note that the performance of both coils is similar

and meet acceptable modern design standards; see Zhang et al. [118]. The values

calculated are less than half an order of magnitude from the optimised power

coils presented by Zhang et al. Thus, our coil exchanges field linearity for noise

reduction without compromising performance. Field linearity has been regarded

as an essential requirement in the design of a gradient coil, and the uncorrected

images shown in figures 4.8(a), 4.10(a) and 4.11(a) demonstrate how an image is

rendered completely useless by magnetic field inhomogeneity. However, the use of

a phantom in the FBW algorithm of Forbes et al. [31] enables good quality images

to be recovered in spite of field non-linearity. This suggests that coils could now

be designed that deliver large reductions in acoustic noise, but still permit images

of practical use in medical diagnosis from their non-linear fields. Whether this

optimistic outlook carries over from the simulation to real-world remains to be

tested.

The determination of the magnetic fields produced in this chapter differs from
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chapters 2 and 3. In chapters 2 and 3 the magnetic fields were calculated simply by

applying the continuous current distributions to the Biot-Savart Law through the

Fourier coefficients. In the previous chapters this was acceptable as the winding

patterns generated did not produce the same degree of oscillations and thus the

integral in the Biot-Savart Law was well behaved and a discretised coil approach

would closely resemble the continuous winding patterns. In this chapter, however,

a discrete approach has been taken. Each winding pattern has been contoured

and discretised into small arcs of current. The magnetic field emanating from each

arc has then been calculated and the resulting field is the sum of fields produced

from each arc. This approach takes an extra step towards modelling a realistic coil

made of grooves etched into a copper sheet from a continuous current distribution.

The placement of each discrete wire becomes critical to ensure each oscillation

in the continuous current distribution is captured and a realistic representation

of the continuous winding patterns designed are obtained from the discretisation

process.

As stated in the introduction of this chapter the term ‘image quality’ has been

used throughout this chapter as a subjective measure of a usable image for clinical

purposes. This differs from its technical definition relating to noise in an image

as a result of the imaging process. Here, no quantitative measure has been given

to the ‘quality’ of images recovered using the FBW algorithm. A quantitative

measure for the image quality was considered but no algorithm or parameter was

deemed appropriate for this assesment. Future work will involve adding simulated

noise into the original image (in this case figure 4.6) and then carefully analysing

how the noise propogates throughout the FBW reconstruction algorithm. This

will allow calculation of a meaningful quantitative value for image quality.

Localised dense opposing windings appear to be an unavoidable result of noise
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reduction in gradient coil design. Noise reduction is predicated on reducing the

Lorentz forces that cause the chamber to deform. Conceptually, dense opposing

windings will produce localised Lorentz forces that will cancel each other locally,

thus leading to a smaller net force on the chamber, less deflection, and less noise.

All designs presented have been calculated using 30 modes (N = 30) of the har-

monic series found in equation (4.1). All winding patterns had suitably converged

with this number of terms. In addition the grid size and spacing of each design

was also considered and stable solutions were retained. This suggests our model

is producing genuine non-trivial stable winding patterns that are at least theoret-

ically accurate.

The current output of each gradient coil is included in table 4.1 to reflect the

significance of the power term in the regularisation process. Without the power

term (i.e. setting λPower to 0) the field strength of the gradient coil vanishes.

Since a gradient field must produce a unique field strength at each point, to enable

spatial encoding of the sample, the role of the gradient coil is clearly negated with

a null field. It is important, therefore, to establish that the coil specifications meet

certain power requirements.

We now compare the fields produced from the two full length symmetric coils

being considered. As the performance of the coils is so similar, figure 4.4 demon-

strates the extent to which target field matching has been traded off, in order

to produce the minimum noise coil. Figure 4.4 shows the field for the minimum

power coil, which is homogeneous to within 5%, and the field for the minimum

noise coil, which has a maximum field error of over 55%. As is evident from the

diagrams, a strong non-linear field component is present over the target region

in figure 4.4(b). The field flattens out around y = 0 but importantly still has

sufficient strength to encode the imaging region effectively, as is evident from the
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reconstructed images in figures 4.8(b), 4.10(b) and 4.11(b) generated by the FBW

algorithm [31].

More time was spent searching for optimum regularisation parameters in the

asymmetric case. Two of the best illustrative designs found are presented in

figure 4.9. The noise reduction associated with Design 1 (seen in 4.9(a)) is 13 dB

larger than that of Design 2 (figure 4.9(b)); however, the winding patterns for

Design 1 are clearly more complex than Design 2. The choice of the λ parameters

was directed towards noise reduction for Design 1, whereas the λ emphasis was

directed more towards the smoothing of the winding patterns in Design 2. The

fields produced by both asymmetric coils are similar to that seen in 4.4(b) and

table 4.1 indicates Design 2 has a marginally better performance than Design

1. Thus, figure 4.9 displays the trade off between noise reduction and winding

smoothness (for slightly better performance). Considering the fact that Design 2

still reduces the noise by 30 dB, this demonstrates that there is a large flexibility

to this design approach. Very smooth winding patterns can be found that reduce

the noise by 10 - 20 dB, which is anticipated to have a very significant effect on

the level of discomfort experienced by patients.

The role that the coil length plays in acoustic noise reduction (refer to figure

4.12) is worth noting. As observed, to reduce noise, sections of the coil must

contain dense opposing windings. For a shorter coil, there simply is much less

available space for the dense opposing windings to fit. Thus, the noise reduction

for a shorter coil will not be as large, which is confirmed in figure 4.12. The

performance (refer to table 4.1) of the symmetric half length coil is appreciably

worse than that of the full length minimum noise coil. The reduced performance

is a result of reduced efficiency for the shorter coil, due to the extreme (more so

than the full length of coil) dense opposing winding. Thus, the degradation in
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noise reduction is compounded with poorer performance for shorter coil designs.

Imaging in the presence of non-linear fields may lead to peripheral nerve stimu-

lation (PNS) [88], with the gradient field potentially becoming dangerously large

towards the edges of the chamber. The field produced by the minimum noise

coil, seen in figure 4.4(b), shows that the gradient field is clearly steeper towards

the outer limits of the chamber than the relatively constant 100 mT/m gradient

of the minimum power coil. This may become an issue if the patient is moving

when the coils are being switched. Quantitative calculations of gradient strength

switching are beyond the scope of this thesis but from an engineering perspective

should be considered as a priority to ensure that the quiet coils designed produce

minimal PNS. The effects of the non-linear fields are to lessen the gradient field

strength in the inner regions of the chamber, which may also detrimentally affect

image resolution.

All presented coils have theoretical efficiency and inductance values that would

be acceptable for practical purposes. The performance of each coil is thus more

or less typical of today’s modern standard gradient coils; refer to Zhang et al.

[118] and While et al. [115].

This is a theoretical feasibility study. We do not have the facilities for manu-

facturing. A construction and rigorous testing phase was not completed due to

the limited resources available. However, designs following the work in this thesis

at a later date may verify the simulated results predicted. The large simulated

amperage required (refer to table 4.1) would be difficult to produce even with

the best amplifiers today. Another downside of the winding patterns designed is

the aforementioned compactness of the windings. A gradient coil consists of cur-

rent flowing through grooves of cross-sectional area approximately 2mm x 2mm

ettched into a primary and sheild copper sheet. A groove linking each winding
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is essential to allow current to flow from winding to winding, hence each current

distribution forms a sprial of grooves carved into the copper sheets of defined

radius. This step is discussed in detail in Peeren [92] and illustrates the prac-

tical issues between a simulated continuously distributed current winding and a

manufactured coil to be used in clinical imaging procedures. Current flowing in

the same direction is neccesarily connected to similarly designed portions of the

coil. The aforementioned tightly wrapped nature of the acoustically optimised

winding patterns is likely to make construction difficult and even mapping the

grooves required on the copper sheet might become an advanced design task.

4.5 Conclusion

We have presented a robust method for reducing the simulated acoustic noise

output by a gradient coil in a whole body MRI application. Using a Tikhonov

regularisation process to design coil windings, the noise is reduced significantly

by minimizing the coil’s deflection in the radial direction. An unavoidable result

of this is the non-linearity of the field produced inside the imaging region. This

non-linearity, however, is mitigated by an image processing technique described in

Forbes et al. [31] and discussed here in relation to the new coil designs presented.

Further encouraging signs were obtained by a consideration of the inductance and

efficiency values obtained for the coil designs. These L and η values lie within

the acceptable range for modern gradient coils (see Zhang et al. [118]) despite

involving designs that generate dense windings in localised areas. Intuitively, it

is to be expected that the shorter coils offer less option for noise reduction, since

they effectively have a lower capacity to reduce coil distortion through repeated

winding sections containing opposing currents. This was confirmed in this study.
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In future work the methods of this chapter should be available to optimise gradient

coil designs, focussing on a variety of performance criteria, rather than considering

the field linearity in isolation. Requiring the field to be linear to within 5% is

very restrictive; however, as demonstrated here, it is possible to relax the rigidity

of this requirement while still obtaining useful simulated images, and it is easy

to imagine clinical protocols that might require a known phantom to be imaged

routinely, so that these alternative coil designs can be exploited. This may offer

gradient coil engineers more flexibility to design devices that incorporate key

aspects of patient comfort.
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Chapter 5

Summary and Conclusions

This thesis has been devoted to the advancement of a theoretical design for quiet

gradient coils. This is an important field of research since the effects of large

noise amplitude can cause discomfort and hearing impairment to patients and

nearby personnel. Larger noises are becoming more and more of an issue for MRI

engineers as modern scanners are built with increasingly larger field strengths;

see Jing-Huei et al. [61].

The method developed is based on Tikhonov regularisation and successfully ac-

counts for the ill-conditioned inverse problem of determining windings that pro-

duce a specified linear field. The method involves selecting appropriate penalty

constraints, such as an integrated coil deflection term in company with other

terms to reduce noise levels and sufficiently condition the ill-posed system. Ap-

plications of the described method are broad and cover gradient models where

the length and width can change, the switching frequency ranges, and whether

the coil is shielded or not, among other variations.

This thesis has been ordered accordingly to represent the logical extensions added

143



144

to each model. A description of the fundamental concepts behind MRI was pre-

sented in chapter 1. This chapter started with a short historical account of the

events that led to the development of MRI, then moved onto a discussion of the

physical principles involved, a look at basic coil winding patterns, and finally a

brief description as to the role of key hardware components, with particular em-

phasis placed on the gradient coils. The problem of large noise generated by the

gradient coils is discussed (along with surrounding issues) and the importance of

reducing these effects becomes clear. The first chapter is intended to acquaint

the reader with the necessary background information required to understand the

more significant contributions of this thesis.

Chapters 2, 3, and 4 constitute a substantial part of the original work developed

throughout the doctoral research program. Firstly, in chapter 2, a simple model

is put forward that illustrates the problem of pro-active acoustic noise reduction.

The main difficulty to overcome is that of determining the winding pattern on

a gradient coil that produces a linear field leads to an ill-conditioned system.

This is achieved using Tikhonov regularisation with a high degree of success.

The natural penalty function that minimises the deformation of the chamber

in order to reduce the simulated acoustic noise is adopted, as well as winding

smoothing penalty functions, and together they combine adequately to ensure

an accurate solution of the ill-conditioned system. Genuine periodic switching

of the gradient coils is considered along with associated resonance effects. The

importance of the switching function and associated switching frequency with

respect to noise output is highlighted. Comparatively small noise reductions of

0.6 dB were achieved, yet this simple model forms a solid base to build upon.

A natural extension to the model presented in chapter 2 is the consideration of

a full three dimensional coil deformation model and finite length pressure wave.
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These expansions are considered explicitly in chapter 3 in detail. The approach

of designing the gradient winding patterns is analogous to that of chapter 2; how-

ever, the emphasis of chapter 3 is placed on the effects of the coil distorting in the

azimuthal and longitudinal directions as well as the consequences of the open end

boundary conditions on the pressure wave. Considerably more complex math-

ematical and computational techniques were required to solve the three dimen-

sional deflection and finite length pressure wave problems. Ultimately, however,

the effects of a three dimensional deformation model and finite length pressure

wave were found to be insignificant for a range of parameters, thus confirming the

model in chapter 2 as acceptable. Reductions in noise were of similar magnitude

to that of the model in chapter 2, but important insight was gained by considering

a more complete gradient coil model.

Lastly, a robust technique for dramatically reducing the simulated acoustic noise

output is presented in chapter 4. It was found that significant reductions in noise

were achievable only by sacrificing field linearity. Thus, in the Tikhonov regu-

larisation process, the regularisation parameters were chosen primarily to reduce

the deflection of the coil (and hence acoustic noise) at the expense of replicating

the target field. The resulting nonlinearities of the magnetic field are typically

detrimental to the acquired image; however, use of the FBW algorithm restores

clarity (especially over the central part) to the image successfully. Applications of

the resulting method were to the one-dimensional model presented in chapter 2,

which was confirmed as satisfactory from the work detailed in chapter 3. Some-

what extreme examples of field nonlinearity were considered, and the method was

shown to be capable of reducing the simulated acoustic noise and recovering good

images. Reductions up to 49 dB in simulated acoustic noise were obtained and

the trade off between field linearity, winding smoothness, and noise reduction was
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demonstrated.

More research into the scope of designs that the FBW algorithm allows needs to

be undertaken as mentioned in the concluding remarks of chapter 4. Gradient

coils that are no longer required to produce a linear field have the potential

to accomplish many desirable design features simultaneously such as reducing

power and inductance, minimizing peripheral nerve stimulation, and lowering

heat generated, for example.

The gradient coil is given a simple structural design and may not replicate a

modern clinical coil to a high degree of accuracy, however, under the geometry

used (refer to figure 2.1) complete analytical solutions for the coil’s deflection

components and acoutsic noise output were obtained. It is believed that more

complex coil models will require numerical methods for computing SPL’s pro-

duced from a vibrating gradient coil. Analytical solutions were obtained from

derived equations which encompass both electromagnetic and mechanical aspects

of an MRI scanner. As previously justified, the most siginficant body force acting

on a gradient coil is the Lorentz force and other elastic properties of the gradient

coil have been incorporated neatly into the deflection modelling. The model we

have used to simulate our gradient coil appears to have an unavoidable problem

of producing loud acoustic noise. The field strength we have assumed the primary

magnet to have (2T), along with an acoustically optimised current distribution

that produces a transverse gradient of respectable strength, together, produce a

Lorentz force of sufficient magnitude to distort the chamber enough to generate

a large amplitdue pressure wave. This leads to loud acoustic noise and without

using image processing techniques to enable the linearity of the gradient field to

be sacrificed becomes a problem.

Limitations to the designs produced in chapter 4 may become evident in the
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manufacturing stage. The dense reverse winding sights may need to be diminished

somewhat in order to facilitate construction. In addition, localised Lorentz forces

resulting from dense reverse windings, which have been ignored, may become

significant and add (in some areas) to the deformation of the coil and therefore the

acoustic noise. The solutions derived entail a delicate balance of (in our case four)

regularisation parameters to achieve extreme noise reductions. Unfortunately

there is no way around this time consuming manual experimentation stage in the

design process.

A rigorous experimental testing of the coils designed will need to be undertaken

to confirm the theory presented. Nevertheless, the method presented in chapter

4 accomplishes the goal of reducing the simulated acoustic noise output spectac-

ularly. The robustness of the developed method allows a wide design range of

gradient coils to be engineered, that force the acoustic noise output to be well

below the threshold of pain. It is envisaged that this work will contribute to the

advancement of knowledge of quiet gradient coils and noise simulation.
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Appendix A

Deriving the Open End Boundary

Condition

A.1 Formulating the Boundary Problem

In this section, an extensive derivation of the open end boundary condition for the

pressure perturbation (equation (3.11)) presented in chapter 3 is given. Concerns

for brevity and conciseness forced a complete justification to be omitted from the

body of the thesis. The problem is to derive an appropriate boundary condition

for the pressure wave reaching the open (air) boundary of the chamber (at r = a,

z = ±L). This allows us to determine how much of the pressure wave is reflected,

and how much acoustic noise the reflected wave contributes to the interior of the

chamber. Refer to figure A.1 for a geometrical description of our assumed end

effect condition.

The boundary condition for a semi-infinite duct with axial symmetric flow is

considered in detail here. Assuming the geometrical model seen in figure A.1,
149
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VHtL

Figure A.1: A depiction of our assumed axial-symmetric flow (V (t)) out of a
semi-infinite duct with an infinite baffle.

we formulate the problem by using linearised acoustic theory. Starting with the

linearised form of the conservation of momentum and mass equations, and the

isentropic gas equation we have

∂vr

∂t
+

1

ρ0

∂pA1

∂r
= 0,

∂vz

∂t
+

1

ρ0

∂pA1

∂z
= 0,

∂ρA1

∂t
+ ρ0

(
∂vr

∂r
+

vr

r
+

∂vz

∂z

)
= 0,

pA1 = c2
A0ρ1, (A.1)

where vr and vz are small air speeds induced from the coil deflection components

ur and uz.

Our axi-symmetric half plane model (seen in figure A.1) has the following math-

ematical formulation.
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On z = 0,

vz =





0, r > a

V (t), r < a
, (A.2)

and at z = ∞,

pA1 = 0, vr = 0, vz = 0.

Rearranging and combining the linearised conservation equations (A.1) in terms

of the pressure perturbation, pA1, we get the axi-symmetric wave equation

∂2pA1

∂t2
= c2

A0

(
∂2pA1

∂r2
+

1

r

∂pA1

∂r
+

∂2pA1

∂z2

)
. (A.3)

Now we consider the Hankel transform of order 0. Let the Hankel transform of

order 0 of f(r) be denoted by F0(k), and defined by

F̂0(k) =

∫ ∞

0

rf(r)J0(kr)dr,

so P̂A10(k, z, t) =

∫ ∞

0

rpA1(r, z, t)J0(kr)dr.

Taking the axi-symmetric wave equation (A.3), and multiplying it by rJ0(kr) and

integrating with respect to r on both sides (this is equivalent to taking the Hankel

transform of order 0 of the problem), we obtain

∂2P̂A10

∂t2
= c2

A0

(
−k2P̂A10 +

∂2P̂A10

∂z2

)
, (A.4)

after applying some simplifications using Bessel function identities found in Abramowitz

and Stegun [1].
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Next, we denote the Laplace transform in time of f(t) as F (s), with the following

standard definition

F (s) =

∫ ∞

0

f(t)e−stdt,

giving P̂A10(k, z, s) =

∫ ∞

0

P̂A10(k, z, t)e−stdt,

and therefore P̂A10(k, z, s) =

∫ ∞

0

∫ ∞

0

rpA1(r, z, t)J0(kr)dre−stdt.

Taking the Laplace transform (in time) of the Hankel transformed wave equation

(A.4) gives

s2P̂A10 − sP̂A10

∣∣∣
t=0

− ∂P̂A10

∂t

∣∣∣∣∣
t=0

= c2
A0

(
−k2P̂A10 +

∂2P̂A10

∂z2

)
.

Our results are calculated at a time significantly far along so that we can ig-

nore initial effects. Hence we can assume the pressure wave starts off so that

P̂A10

∣∣∣
t=0

= ∂P̂A10/∂t
∣∣∣
t=0

= 0, which allows us to simplify the above equation.

Finally, the twice transformed wave equation becomes

s2P̂A10 = c2
A0

(
−k2P̂A10 +

∂2P̂A10

∂z2

)

which is rearranged to give

∂2P̂A10

∂z2
=

(
s2 + c2

A0k
2

c2
A0

)
P̂A10 . (A.5)

We require solutions that vanish as z → ∞; hence, the solution to the ordinary

differential equation (A.5) becomes

P̂A10(k, z, s) = A(k, s)e

(
−z

s2+c2A0k2

c2
A0

)

, for z > 0. (A.6)
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This is the general form of the twice transformed pressure perturbation, pA1.

In order to solve for the coefficient, A(k, s), we need an expression for the twice

transformed boundary condition, on z = 0. Using the z-component of the mo-

mentum conservation expression we get

∂pA1

∂z
= −ρA0

∂vz

∂t
, for z ≥ 0,

and applying our boundary condition equation (A.2) gives

∂pA1

∂z

∣∣∣∣
z=0

=





0, r > a

−ρ0V
′(t), r < a

,

which is our boundary condition on z = 0 in terms of the pressure perturbation.

Taking the Hankel transform of order 0 (as previously) of the above expression

we get ∫ ∞

0

r
∂pA1

∂z

∣∣∣∣
z=0

J0(kr)dr = −ρA0V
′(t)

∫ a

0

rJ0(kr)dr

which results in

∂P̂A10

∂z
(k, 0, t) = −ρA0V

′(t)
a

k
J1(ka),

after evaluating the Bessel integral on the right hand side in closed form. Similarly,

as before, we next take the Laplace transform in time of the above equation

involving P̂A10(k, 0, t). Assuming V (0) = 0, and defining V (s) =
∫∞
0

V (t)e−stdt,
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we get

∂

∂z

∫ ∞

0

P̂A10(k, 0, t)e−stdt = −ρA0
a

k
J1(ka)

∫ ∞

0

V ′(t)e−stdt

⇒ ∂P̂A10

∂z

∣∣∣∣∣
z=0

= −ρA0
a

k
J1(ka)

([
V (t)e−st

]∞
t=0

+ s

∫ ∞

0

V (t)e−stdt

)

⇒ ∂P̂A10

∂z

∣∣∣∣∣
z=0

= −ρA0
a

k
J1(ka)sV (s). (A.7)

Applying boundary condition (A.7) to equation (A.6), we determine the coefficient

A(k, s) to be

A(k, s) = ρA0cA0
a

k
J1(ka)

sV (s)√
s2 + c2

A0k
2
.

So, our final expression for the twice transformed pressure perturbation is

P̂A10(k, z, s) = ρA0cA0
a

k
J1(ka)V (s)

s√
s2 + c2

A0k
2

e
−z

√
s2+c2

A0
k2

cA0 . (A.8)

Thus, we have found the solution of the twice transformed pressure wave. To find

the pressure perturbation on r = a, z = 0, the inverse Laplace transform and

inverse Hankel transform must be applied in successive order.

A.2 Inverting the Transformed Pressure Wave

This is a difficult problem. The complicated nature of the twice transformed

pressure perturbation, (A.8), makes inverting the expression hard to compute in

closed form. However, we are only interested in evaluating the pressure at the

open ends of the chamber, which in our model is the plane z = 0. Looking solely
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at the plane z = 0, in (A.8) we get

P̂A10(k, 0, s) = ρA0cA0
a

k
J1(ka)sV (s)

1√
s2 + c2

A0k
2
.

We begin by using the inverse Laplace transform. From Gradshteyn and Ryzhik

[42] we use the known result ` {J0(cA0kt)} = 1/
√

s2 + c2
A0k

2, which allows us to

write

`
{

P̂A10(k, 0, s)
}

= ρA0cA0
a

k
J1(ka)`

{
V
′
(t)

}
` {J0(cA0kt)} .

So, we can take the inverse Laplace transform by using the Convolution Theorem.

We can now write the Hankel transform of our solution to the pressure wave as

P̂A10(k, 0, t) = ρA0cA0
a

k
J1(ka)

∫ t

0

V ′(τ)J0(cA0k(t− τ))dτ.

Finally, we invert the Hankel transform to get

pA1(r, 0, t) = ρA0cA0

∫ ∞

0

a

k
kJ1(ka)

∫ t

0

V ′(t)J0(cA0k(t− τ))dτJ0(kr)dk

⇒ pA1(r, 0, t) = ρA0cA0a

∫ ∞

0

V ′(τ)

∫ ∞

0

J1(ka)J0(kr)J0(cA0k(t− τ))dkdτ.

The expression for pA1 given, above, is the boundary condition that we enforce at

the open air boundary of the coil, on r = a, z = 0. Thus, we evaluate pA1(r, 0, t)

at r = a to obtain,

pA1(a, 0, t) = ρA0cA0a

∫ ∞

0

V ′(τ)

∫ ∞

0

J1(ka)J0(ka)J0(cA0k(t− τ))dkdτ. (A.9)

We now take equation (A.9), and evaluate the integrals, to obtain a more usable
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form for the boundary condition.

A.3 Manipulation of the Boundary Condition

The form of pA1, given in (A.9), is a complicated expression. Using integration

formulae from Gradshteyn and Ryzhik [42] we can evaluate the complicated triple

Bessel function integral with respect to k using a Weber-Schafheitlin discontinuous

integral.

Firstly, we use integration by parts to evaluate the τ -integral. Consider that

∫ t

0

V ′(t)J0(cA0k(t− τ))dτ = V (t)− cA0k

∫ t

0

V (τ)J1(cA0k(t− τ))dτ,

which leads to

pA1(a, 0, t) = ρA0cA0aV (t)

∫ ∞

0

J1(ka)J0(ka)dk

− ρA0c
2
A0a

∫ t

0

V (τ)

∫ ∞

0

kJ1(ka)J0(ka)J1(cA0k(t− τ))dkdτ

=
1

2
ρA0cA0V (t)

−ρA0c
2
A0a

∫ t

0

V (τ)

∫ ∞

0

kJ1(ka)J0(ka)J1(cA0k(t− τ))dkdτ

(A.10)

Furthermore, Gradshteyn and Ryzhik [42] provide the expression (p.718)

∫ ∞

0

kJ0(ka)J1(ka)J1(cA0k(t− τ))dk =




1√
2πacA0(t−τ)

(sin v)−1/2P
1/2
1/2 (cos v), 0 < cA0(t− τ) < 2a,

0, cA0(t− τ) > 2a,
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where cos v = cA0(t − τ)/2a and P
1/2
1/2 (cos v) =

√
2/π(sin v)−1/2 cos v, such that

equation (A.10) can be simplified to

pA1(a, 0, t) =
1

2
ρA0cA0V (t)− ρA0c

2
A0a

∫ t

0

V (τ)G(t− τ)dτ,

where G(t− τ) =





1
aπ

1√
4a2−c2A0(t−τ)2

, t− τ < 2a
cA0

0, t− τ > 2a
cA0

.

After carefully analysing the domain of G(t − τ), we finally arrive at a split

definition for the pressure perturbation on r = a, z = 0.

pA1(a, 0, t) =





1
2
ρA0cA0V (t)− ρA0c2A0

π

∫ t

0
V (τ) 1√

4a2−c2A0(t−τ)2
dτ, if t < 2a

cA0

1
2
ρA0cA0V (t)− ρA0c2A0

π

∫ t

t− 2a
cA0

V (τ) 1√
4a2−c2A0(t−τ)2

dτ, if t > 2a
cA0

.

This allows us to determine how much of the pressure wave has been reflected.

In our case, we only consider the long term effects of the pressure wave. Taking the

values a = 0.3m and cA0 = 343ms−1, our interest is solely in the case t > 2a/cA0.

Thus, the applied boundary condition we use is

pA1(a, 0, t) =
1

2
ρA0cA0V (t)− ρA0c

2
A0

π

∫ t

t− 2a
cA0

V (τ)
1√

4a2 − c2
A0(t− τ)2

dτ,

for large t.
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Appendix B

Electromagnetic Theory

The study of electromagnetism (EM) underpins the physics behind the NMR

process. A brief overview of basic EM theory will be given in this section; however,

the reader is directed to texts such as Jackson [56] for an extensive coverage of

this topic. Starting with Maxwell’s equations, we have

∇ ·D = ρ (Gauss’ Law) (B.1)

∇ ·B = 0 (no magnetic monopoles) (B.2)

∇× E = −∂B

∂t
(Faraday’s Law) (B.3)

∇×H = J +
∂D

∂t
(Ampere’s Law). (B.4)

Taking the divergence of Ampere’s Law and substituting it into Gauss’s Law we

obtain the Continuity equation

∂ρ

∂t
+∇ · J = 0. (B.5)

The relationship between electric field vector terms (i.e. terms relating to bound

159
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and unbound charge), and the magnetic field vector terms (i.e. terms relating to

bound and unbound current) are given by

D = ε0E + P (= εE) , (B.6)

H =
1

µ0

B−M

(
=

B

µ

)
, (B.7)

where ε0 is the relative permittivity of free space and µ0 is the relative permeability

of free space.

B.1 Derivation of the Biot - Savart Law

The Biot - Savart Law is used to compute the magnetic induction field, B, at

any point in space given a current density, J. Starting from Maxwell’s equations

(B.3,B.4) in a source free, time independent form, we have

∇ ·B = 0, (B.8)

∇×B = µ0J. (B.9)

Equation (B.8) allows us to define a vector potential, A, for B, where

B = ∇×A. (B.10)

Upon using the appropriate form of the vector triple cross product, we can sub-

stitute (B.10) into equation (B.9) and get

∇ (∇ ·A)−∇2A = µ0J. (B.11)



B.1. DERIVATION OF THE BIOT - SAVART LAW 161

We have specified the curl of A; however, we are still free to choose its divergence.

In order to simplify (B.11) we simply take a Coulomb gauge (see Jackson [56])

where

∇ ·A = 0

⇒ ∇2A = −µ0J. (B.12)

Equation (B.12) is known to be the vector Poisson equation, which has a well

known solution (see Stratton [101]) of the form

A(r) =
4π

µ0

∫ ∫ ∫

V

J(r′)
R

dV
′
,

where R = || r′−r ||, and a ‘dash’ denotes a source variable. To find the magnetic

field produced from the vector potential A, we apply (B.10) and get

B(r) = ∇×A(r) =
µ0

4π

∫ ∫

S

∇×
(

J

R

)
dS ′,

in which J is a surface current density which is typically most appropriate for MRI

use. Using Stokes Theorem, we can write the Biot - Savart Law in its common

form using a line current, I, as

B =
µ0I

4π

∫
dl′ ×R

R3
.
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