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Abstract 

The nonlinear nature of the equation of state of seawater leads to numerous interesting processes in 

the ocean. Two of the more well-known processes caused by nonlinearities in the equation of state 

are cabbeling and thermobaricity. Other nonlinearities lead to difficulties in analyzing water-mass 

transformation on continuous 'density' surfaces due to the ill-defined nature of neutral surfaces. 

This ill-defined nature of neutral surfaces describes the problem of not being able to globally 

connect neutral tangent planes, i.e. planes which describe the local mixing direction of fluid 

particles in the absence of diapycnal mixing, to form a well-defined surface in three-dimensional 

space. All these processes have been known to exist for quite some time but their impact on ocean 

circulation and its analysis remains elusive. 

In this work an algorithm is introduced which improves the description of existing density surfaces 

to ensure that the resulting surfaces are as close to approximating neutral tangent planes as 

possible. Because of the remaining slope errors between these continuous 'density' surfaces and 

the neutral tangent planes, even in the absence of diapycnal mixing processes fluid trajectories 

penetrate through any continuous 'density' surfaces. This leads to a fictitious diapycnal diffusivity 

and an extra physical mechanism that achieves mean vertical advection in the ocean through any 

continuous 'density' surface. 

Using these accurate density surfaces, the effects of cabbeling, thermobaricity and the diapycnal 

advection due to the ill-defined nature of neutral surfaces are quantified. It is shown that these 

processes cause a significant downward diapycnal transport on the order of 6 Sv, concentrated in 

the Southern Ocean. This additional production of dense water has implications on the ocean's 

energetics which is discussed in this work. A new form of vertical advection, similar to the 

diapycnal advection due to the ill-defined nature of neutral surfaces but caused by temporal 

changes of the ocean's hydrography instead of spatial changes, is also introduced here. 

Another consequence of the ill-defined nature of neutral surface is the non-existence of a 

geostrophic streamfunction. New approximate expressions for the geostrophic streamfunction 



are also developed and are shown to be significantly more accurate than previously available 

expressions. 

All the algorithms described and the used to quantify the diapycnal velocities caused by 

nonlinearities in the equation of state are implemented in Matlab. This code including a user 

manual is part of this work. 
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Chapter 

Introduction 

1.1 The role of density in oceanography .  

1.1.1 Theory 

The density distribution of the world's oceans is fundamental to understanding ocean circulation 

and therefore climate. The strength of currents within the ocean depends on the distribution 

of pressure, which itself depends ,on the variations of density, as described by the geostrophic 

balance (Eqn.(1.1)). Within the ocean's interior, away from the top and bottom Elunan layers, for 

horizontal distances exceeding a few tens of kilometers, and for times exceeding a few days, the 

horizontal pressure gradients almost exactly balance the Coriolis force resulting from horizontal 

currents. This geostrophic balance can be written as (e.g. Gill (1982)) 

ap 	ap 	ap 
=Pfv ; 	= -Pfu; 	= -Pg ,  Dx 

where p is density, f = 212,sin0 is the Coriolis parameter (with Q being earth's angular momentum 

and 0 latitude) and (u, v) is the horizontal velocity in x/y-direction. The pressure p is calculated 

by integrating the hydrostatic equation in Eqn.(1.1), 

dp = gp(z)dz, 	 (1.2) 

from the sea surface to the depth of interest. Clearly an accurate density field is necessary 

for precise estimates of ocean currents. Therefore the most straight-forward way to describe 

circulation in the ocean Would be to have a density variable which can be used to define surfaces 
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of constant density, calculate gradients of pressure along these surfaces, and use these to decribe 

ocean currents. 

Density surfaces also play an important role for mixing processes in the ocean. If we assume a 

vertically stable stratified fluid without any horizontal stratification, a vertical excursion of a fluid 

parcel would lead to the parcel being surrounded by fluid with different density. This then causes a 

buoyant restoring force, and consequently an oscillation of the parcel around its initial equilibrium 

position with a frequency proportional to the square root of the vertical gradient of 'density' (e.g. 

Gill (1982)), which we can write as 

N 2  — g aP  
p az 

(1.3) 

In contrast, an excursion of this fluid parcel along a density surface would not lead to a buoyant 

restoring force. This is why stratification acts as an effective barrier to motion across density 

surfaces. 

Diffusivity estimates, that is estimates of mixing along and across density surfaces, come from 

indirect measurements such as from measurements of dissipation. This approach was suggested 

by Osborn (1980) and has been reviewed by Gregg (1987) and Davis (1994b), leading to estimates 

of diapycnal diffiisivities of approximately 10 -5  7712 s -1  in the upper 1000 m of the ocean. Tracer 

release experiments, such as the pioneering work by Ledwell et al. (1993), have led to direct 

measurements of tracer diffusivity in the ocean. These measurements show that over large scales 

the isopycnal to diapycnal anisotropy can be as large as 10 8  in the ocean interior, with smaller 

values over rough topography. 

If mixing with an isopycnal diffusivity of K 	103 m2 s -1  would happen along a slope that 

differed from that of the isopycnal mixing direction by an angle whose tangent was s, then the 

individual fluid parcels would be transported above and below the isopycnal and would need to 

sink or rise in order to attain a vertical position of neutral buoyancy (McDougall and Jackett, 

2005b). This vertical motion would either (a) involve no small-scale turbulent mixing in which 

case it would be equivalent to isopycnal mixing, or (b) the parcels would mix and entrain with 

the ocean environment, so suffering irreversible diffusion. But with the dissipation of mechanical 
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energy in the main thermocline being consistent with a diapycnal diffusivity of only 10-5rn2s—i 

(Toole and McDougall, 2001), and using a isopycnal diffusivity of 10 3m2 s -1 , the angle s has 

a maximum value of 10 -4 . Since we believe that diapycnal mixing processes, such as breaking 

internal gravity waves are responsible for the bulk of this observed diapycnal mixing, we believe 

that the angle s is likely to be much smaller, showing how important it is for ocean models to mix 

along the isopycnal direction (McDougall and Jackett, 2005b). This line of argument gives strong 

support to the idea that the strong lateral mixing of mesoscale eddies occurs along isopycnals, for 

otherwise, diapycnal diffusivity in the ocean would be much larger than is observed. 

1.1.2 Application 

The above examples highlight the importance of using 'mixing surfaces', i.e. surfaces along 
1 which water parcels can be moved without causing buoyant restoring forces, to analyze ocean 

circulation. This idea of 'mixing surfaces' (i.e. surfaces of constant 'density') lead to the analysis 

of hydrographic data on these surfaces (e.g. Reid (1986), Reid (1989), Reid (1994) and McCartney 

(1982)) and the inversion of hydrographic data to obtain ocean circulation and mixing (e.g. Schott 

and Stommel (1978), Wunsch (1978), Armi and Stommel (1983), Killworth (1986), Zhang and 

Hogg (1992), Ganachaud and Wunsch (2000), Lumpkin and Speer (2003), Lumpkin and Speer 

(2007)). This idea of there being very little mixing, in the diapycnal direction has also lead to z-

coordinate ocean models (such as for example MOM4 (Griffies et al., 2004)) rotating their mixing 

tensor along these surfaces and 'layered' models Which use these surfaces as coordinates (e.g. 

Bleck et al. (1992) and Oberhuber (1993)). All these methods aim to describe ocean circulation - 

making use of these 'mixing surfaces', between or along which the underlying physics governing 

oceanic flow is analyzed. 

The importance of the representation of isentropic mixing in ocean models has first been 

pointed out by Solomon (1971). Veronis (1975), after a conversation with Henry Stommel, 

recommended to replace the mixing in ocean models from being along level surfaces to being 

along potential density surfaces. The fundamental mathematics used to rotate the mixing tensor, 

used to represent mixing along isopycnals in ocean models, have been derived by Redi (1982). 

After it has been shown that mixing in the horizontal/vertical coordinate system rather than in 

the isopycnal/diapycnal direction causes a fictitious flux of density in the horizontal direction 

(McDougall and Church, 1986), a rotated mixing tensor has been implemented in an ocean model 
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for the first time (Cox, 1987). This implementation of the rotated mixing tensor could not resolve 

all issues associated with mixing along the isopycnal/diapycnal direction due to problems with 

the thennobaric nonlinearity in the equation of state. These problems were solved a decade later 

by a more sophisticated technique which current ocean models use (Griffies et al., 1998). This 

thermobaric nonlinearity in the equation of state also causes problems in calculating pressure 

gradients in layered models, which have been addressed by Sun etal. (1999) and Hallberg (2005). 

Historically the first 'mixing surfaces' used were surfaces of constant in situ density. However 

the use of in situ density is inadequate for water-mass analysis due to the compressibility of 

seawater, and so potential density, being the density that a fluid parcel would have if it were 

moved isentropically and adiabatically to an arbitrarily chosen, but fixed, reference pressure, was 

introduced (Wiist, 1933; Montgomery, 1938). But already Eckman (1934) pointed out that the 

vertical gradient of potential density was not an appropriate measure of the vertical stability of the 

water column because of the temperature dependence of compressibility, and recommended using 

several different reference pressures (he even suggested the notation which is in use today, a l , a2 , 

etc.). The first work using Ekman's suggestions was Kawai (1966), using it to evaluate potential 

vorticity. Later these errors associated with using potential density have been reduced by forming 

a series of potential density surfaces referenced to a series of different pressures in order to better 

approximate the surfaces along which the ocean Mixes tracers (Lynn and Reid, 1968; Reid and 

Lynn, 1971; Ivers, 1975; Reid, 1981). 

The causes for the problems associated with potential density are the pressure-dependence of the 

• thermal expansion coefficient and the saline contraction coefficient. The adiabatic (and isentropic) 

compressibility, k, the thermal expansion coefficient, a ® , and the saline contraction coefficient, 

can be written as 

10p, 
 e 	

10p , 	,e  1 5P = 	a = —Isp and P • 	 I e  = — j I S 
(1.4) 

where e is conservative temperature (McDougall, 2003). If the compressibility were zero, in situ 

density could be used to describe flow in the ocean, whereas if the thermal expansion coefficient 

and the saline contraction coefficient were constant, potential density would be adequate. But with 

the known nonlinearities in the equation of state of seawater, and in particular, because a®/13® 
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is a function of pressure, none of the above density variables are adequate to describe water-mass 

transformation in the ocean. 

1.1.3 Density conservation equation 

Due to this important role of density in oceanography it is clearly important to accurately derive 

the 'density' conservation equation. This conservation equation of density can be derived as a 

linear combination of the conservation equations of salinity and conservative temperature (both 

salinity and conservative temperature are assumed to be conservative in the ocean). The advantage 

of such a 'density' conservation equation is that the lateral advection does not affect density as 

it does salinity and temperature, making it possible to infer diapycnal advection which cannot 

be measured from large-scale property distributions in the ocean (Davis, 1994a). Another use 

of the linear combination of the conservation equations for salinity and temperature is to infer 

the strength of isopycnal and diapycnal mixing processes in the ocean using inverse methods 

(McDougall, 1991b; Zika and McDougall, 2008). 

The only 'nuisance' which results from deriving a 'density' conservation equation are terms arising 

due to nonlinearities in the equation of state of seawater, namely cabbeling and thermobaricity. 

These processes are an additional diapycnal motion through density surfaces. In detail, cabbeling 

is a consequence of water parcels with different temperatures and salinities mixing along an 

isopycnal (i.e. all these parcels have the same density), with the resulting parcel being denser 

than the initial parcels. This can be seen as isopycnal mixing leading to diapycnal motion due 

to the cabbeling nonlinearity in the equation of state (which is mainly due the thermal expansion 

coefficient being a function of temperature). Thermobaricity is a consequence of the thermobaric 

nonlinearity, i.e. the thermal expansion coefficient being a function of pressure. In this case 

if a fluid parcel with a certain temperature moves along an isopycnal which has a pressure 

gradient along its direction, this thermobaric nonlinearity leads to diapycnal motion. Compared to 

cabbeling which always causes a downward diapycnal velocity, thermobaricity can cause upward 

and downward diapycnal velocities. These nonlinear processes have been discussed in detail by 

McDougall (1984) and McDougall (1987b) who have shown that they can lead to substantial 

water-mass conversion in some areas of the global ocean. 
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1.2 Neutral physics 

In the absence of diapycnal mixing, fluid parcels move in directions in which they do not encounter 

buoyant restoring forces (McDougall, 1987a). These directions describe the neutral tangent plane. 

The lack of a buoyant restoring force implies that the parcel's in situ density at the new position 

must be the same as that of the seawater that surrounds the parcel. This means that the two-

dimensional gradients of in situ density and pressure must obey 

V ri lnp = 	np, 	 (1.5) 

where V is the gradient along a neutral tangent plane. Using Eqn.(1.5) and Eqn.(1.1) we know 

that spatial gradients in a neutral tangent plane must also obey 

vne = oevns. 	 (1.6) 

This implies that a normal to the neutral tangent plane is in the direction 

ceeve — il3c)V8 = te7p — Vlnp, 	 (1.7) 

which is written in terms of the three-dimensional spatial property gradients. 

To find an accurate surface which can be used to describe circulation in the ocean (e.g. a 

'mixing surface') one would expect to be able to link neutral tangent planes, which can be defined 

everywhere in the ocean, to construct a continuous 'neutral surface'. Early work on these 'neutral 

surfaces' goes as far back as the work by Pingree (1972), Ivers (1975) and Foster and Carmack 

(1976), whereas a more detailed analysis of the neutral properties has been done by McDougall 

(1987a). From McDougall and Jackett (1988) we know that a surface can only be well-defined if 

the vector normal to the surface at every point, n, obeys 

n•V'xn=0. 	 (1.8) 
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In the case of the neutral tangent plane this can be written as (McDougall and Jackett, 2007) 

Hn = (aeve - pevs) -v x eve  00 v s ) 	 (1.9) 

where FP is what we call neutral helicity. McDougall and Jackett (2007) have shown that neutral 

helicity can also be written as 

Hn  = i3e7(Vp- VS x V8). 	 (1.10) 

Here Tr is the thermobaric parameter which represents the key nonlinearity of density and can be 

written as 

ae 
= 

Therefore a 'neutral surface' which has the same slope as the neutral tangent planes at every point 

only exists if neutral helicity, Hn  , is zero in the ocean. For the ocean to have zero neutral helicity 

this means that the line of intersection of the S and e planes, VS x VO, must lie in an isobaric 

surface. A sketch of the S, O, p and p planes is shown in Fig. 1.1. A 'neutral surface' would only 

exist if both the lines VS x ye and Vp x V'p align whereas a neutral tangent plane is well-defined 

if both these lines are not coincident. McDougall and Jackett (2007) have shown that the ocean is 

surprisingly close to fulfilling these constraints, implying that neutral helicity is quite small. 

One way of looking at the smallness of neutral helicity in the world's ocean is to plot all global 

hydrographic data on a S — e — p diagram. From vector calculus (such as Phillips (1956)) 

it is lcnow that if three scalar functions, such as S(x,y, z), e(x,y, z) and p(x, y, z), satisfy 

Vp • VS x VC) = 0, there is a functional relationship between the three variables with all data 

lying on a single surface f (S, 8, p) = 0 in S — e — p space (McDougall and Jackett, 2007). 

Examples showing how close the ocean is to lying on such a surface can be seen in Fig.1.2. 

Fig.1.2(a) and Fig.1.2(b) show a S — e — p diagram of the global ocean below 250 dbar, whereas 
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neutral tangent plane 

Figure 1.1: Sketch of planes of constant salinity,  S,  conservative temperature, e and potential 
density, o-9, all intersecting the line ye x VS and the planes of constant pressure, p, and in situ 
density, p, that intersect along the line Vp x Vp.  The  neutral tangent plane includes both the lines 
ye x VS and Vp x Vp, whereas a 'neutral surface' would only exist if both these lines would 
coincide, i.e. the line ye x VS lies in an isobaric surface (McDougall and Jackett, 2009). 

Fig. 1.2(d) shows data from the Atlantic Ocean with salinity plotted against a linear combination of 

conservative temperature and pressure. Colour in  these  panels represents latitude with blue being 

in the south and red in the north as can be seen in Fig.1.2(b). 

With neutral helicity being small in the ocean, it is  possible  to define a density surface along which 

the errors between the actual direction of mixing (i.e. the neutral tangent plane) and the slope of the 

continuous 'density' surfaces are small. This idea  has  been used by Jackett and McDougall (1997) 

to write an algorithm calculating neutral density surfaces (7n-surfaces) for ocean data. Underlying 

this algorithm is a reference data set which has been labelled with the 7n-variable in such a way 

that surfaces of constant ryn minimize the error between the slope of the 7n-surfaces and the 

neutral tangent planes. The improvement of -yn-surfaces calculated by this algorithm compared 

to potential density can be seen in Fig. 1.3, which  shows  an example of a neutral tangent plane, a 

7n-surface and two potential density surfaces through  the  Atlantic Ocean. From this figure it can 

be seen that using a potential density surface can  lead  to a pressure error of the surface greater 

than 1000 dbar. 

Even though the density surfaces calculated by the algorithm of Jackett and McDougall (1997) 

are close to obeying the neutral property (i.e. they closely approximate the directions of neutral 

tangent planes), they do not obey it exactly. The residual difference in slope between these surfaces 

and the neutral tangent planes then leads to a fictitious diapycnal diffusivity and an additional 

diapycnal advection. The fictitious diapycnal diffusivity -is a consequence of the isopycnal mixing 
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(a) 
	

(b) 

(c) 
	

(d) 

Figure 1.2: (a) AS— e —p diagram of the global ocean for all data below 250  dbar.  (b) The 
colour in (a), (c) and (d) represents latitude with blue being in the south and red in the north. Panel 
(c) is the same as panel (a) but viewed from a different angle. Panel (d) is data  from  below 250 
dbar from the North Atlantic only. Plotted is salinity vs. a linear combination of conservative 
temperature and pressure. 
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Figure 1.3: Surfaces of constant -yn (blue solid line),  o-e and o-2 (dashed lines with o-2 being the 
lower dashed line), and a neutral trajectory (red line) along 328°E in the Atlantic Ocean. All the 
surfaces coincide at 250 dbar and 59°S (figure from McDougall and Jackett (2005a)). 

being assumed to be along the '7n-surface instead of along a neutral tangent plane. The additional 

diapycnal advection through a -y-surface is illustrated in Fig. 1.4. Here the red line represents 

a neutral trajectory and the blue surface a -yn-surface. This shows that flow along this helix 

will lead to a dia-surface transport through any well-defined density surface. This is what we 

call the helical nature of neutral trajectories or the ill-defined nature of neutral surfaces. Further 

insight into the helical nature of neutral trajectories can be gleaned from Fig. 1.5(a) and (b) (figures 

from McDougall and Jackett (1988)). On the first leg pressure is constant and salinity and 

temperature vary according to Eqn.(1.6), on leg two salinity and temperature are constant but 

pressure increases. Leg three is similar to leg one and on leg four pressure decreases while salinity 

and temperature stay constant. The reason for the finishing point being at a different depth from 

the starting point can be seen from Fig. 1.5(b). The salinity and temperature change on legs one and 

three occur at different pressures, therefore with a different thermal expansion coefficient, ae (p), 

and a different saline contraction coefficient, 3e  (p), leading to a different slope in Fig. 1.5(b) due 

to the slope 3e  (p)/ae  (p) being a function of pressure. This idealized example shows that it is 

impossible to describe the path of a fluid trajectory with a mathematically well-defined (i.e. a 

continuous) 'density' surface. We will therefore always put 'density' in quotes when talking about 
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continuous 'density' surfaces, showing that these continuous surfaces are surfaces along which a 

density variable is constant, even though water parcels following these surfaces encounter buoyant 

restoring forces. 

Figure 1.4: The neutral helix depicts a trajectory of the mean circulation such  as would  occur in 
the absence of interior diapycnal mixing. The helical nature of this neutral trajectory means that 
mean vertical motion occurs through density surfaces (figure from McDougall and Jackett (2007)). 

1.3 Equation of state 

For the last thirty years oceanographers have used the International Equation of State of Seawater 

(Unesco, 1981) to express density in terms of practical salinity, in situ temperature  and  pressure, 

i.e. 

P = P(S,T,P). (1.12) 

Here practical salinity is defined in terms of conductivity, which is defined by  the  Practical 

Salinity Scale, PSS-78. Often the equation of state (Eqn.(1.12)) is expressed in  terms  of potential 

temperature, 0, instead of in situ temperature. This International Equation of State  of  Seawater has 

been updated to be more accurate (McDougall et al., 2003; Jackett et al., 2006). Further studies 

also made use of conservative temperature, 0, and expressed the equation of state in terms of this 

temperature variable (Jackett et al., 2006), i.e. 
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Figure 1.5: An idealized example of how mean vertical advection arises from the ill-defined nature 
of neutral surfaces (figure from McDougall and  Jackett  (1988)). 

P = P(S,  e,p). 	 (1.13) 

It has been shown that conservative temperature, which is proportional to potential enthalpy, 

is almost perfectly conserved in the ocean, whereas potential temperature is not conserved in 

turbulent mixing processes (McDougall, 2003), thus making 8 more accurate for oceanographic 

use. 

Recently the 'Thermodynamic Equation of Seawater - 2010',  or  `TEOS-10' has been introduced 

as a new approach to seawater thermodynamics  (McDougall  et  al.,  2010). This new approach uses 

the Gibbs function (Feistel et al., 2008) to derive  all  thermodynamic properties of seawater. Using 

this approach all these thermodynamic variables  are  consistent with each other (i.e. they obey the 

thermodynamic Maxwell cross-differentiation  relations).  Additionally with TEOS-10 Absolute 

Salinity (Millero et al., 2008) has been introduced instead of practical salinity. Absolute Salinity 

takes into account the variation in composition of seawater in different ocean basins, making it a 

more accurate variable to be used in defining the  density  of seawater. 
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1.4 Objectives of the thesis 

The aim of this thesis is to accurately estimate diapycnal motion caused by nonlinear processes 

in the ocean. This work has been written as a series of four publications which deal with each 

step of this analysis, starting with the calculation of very accurate approximately neutral surfaces 

which are needed for accurate estimates of diapycnal motion, and building up towards describing 

the implications of the nonlinear equation of state of seawater for the global ocean. In detail these 

chapters/publications are 

• Chapter 2 

'A new method for forming approximately neutral surfaces' 

A. Klocker, Ti. McDougall and D. R. Jackeu 

Ocean Science, 5, 155-172, 2009 

This paper introduces an algorithm which optimizes existing density surfaces to ensure that 

they are as close as possible to being 'neutral'. These surfaces are the closest everywhere 

to achieving the neutral direction along which layered stirring and mixing occurs in the 

ocean and give a good reference frame to study isopycnal and diapycnal motion. This 

paper also estimates the fictitious diapycnal diffusivity on these optimized density surfaces, 

which is a consequence of the isopycnal mixing being assumed to be along these continuous 

'density' surfaces instead of along a neutral tangent plane. A comparison with estimates 

of the fictitious diapycnal diffusivity on other density surface (e.g. surfaces of constant 

potential density or neutral density) shows a large improvement of these optimized surfaces 

in describing the direction of neutral tangent planes. These optimized surfaces are used in 

all subsequent calculations of this thesis. 

• Chapter 3 

'Quantifying the consequences of the ill-defined nature of neutral surfaces' 

A. Klocker and Ti McDougall 

Journal of Physical Oceanography, in press, 2009. 

Using the optimized surfaces introduced in chapter 2, the aim of this chapter is to quantify the 

mean diapycnal advection due to neutral helicity. This diapycnal advection is a consequence 
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of oceanographers using continuous 'density' surfaces to analyze water-mass transformation 

in an ocean with non-zero neutral helicity (i.e. the lateral velocity is assumed to be along 

a continuous 'density' surface instead of along a neutral trajectory). It is shown that this 

diapycnal advection can locally be of similar magnitude as the diapycnal advection caused 

by other processes, such as cabbeling, thermobaricity and small-scale turbulent mixing. Due 

to this diapycnal advection being of significant size it should be taken into account when 

analyzing water-mass transformation on density surfaces. Additionally to estimating this 

diapycnal advection in an ocean with small neutral helicity a pertubation experiment is 

conducted to understand the reaction of the ocean to a state with increased neutral helicity. 

A process which is similar to the diapycnal advection due to neutral helicity and can produce 

vertical advection due to seasonal changes in the ocean's hydrography is shown here as well. 

• Chapter 4 

'The influence of the nonlinear equation of state on global estimates of dianeutral ad-

vection and diffusion' 

A. Klocker and Ti McDougall 

submitted to Journal of Physical Oceanography, June 2009. 

Having developed optimized approximately neutral surfaces (chapter 2), this tool is used 

in this chapter to accurately estimate the diapycnal advection due to cabbeling and 

thermobari city. These estimates, together with the results of chapter 3, show that these four 

nonlinear processes, i.e. cabbeling, thermobaricity, the diapycnal advection due to neutral 

helicity and the vertical advection due to temporal changes in the ocean's hydrography, lead 

to a downward diapycnal advection which is significant compared to dense-water production 

by high-latitude convection. This additional dense water plays a role in ocean energetics and 

previous work using the one-dimensional advection/diffusion balance to understand ocean 

energetics will be revisited here. 

• Chapter 5 

'An approximate geostrophic streamfunction for use in density surfaces' 

Ti McDougall and A. Klocker 

The special issue of Ocean Modelling honouring Peter D. Killworth, 

in press, 2009 
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Due to the non-existence of neutral surfaces which describe the direction of neutral tangent 

planes everywhere on this surface, it is also impossible to find an exact expression of 

a geostrophic streamfunction. Here approximate expressions in potential density and 

approximately neutral surfaces will be developed which show a large improvement compared 

to geostrophic streamfunctions previously used, such as the Montgomery potential and 

variations thereof. Also, a similar numerical technique to that described in chapter 2 is 

used to numerically find the very best streamfunction in these surfaces. Oceanographers will 

then have available the approximate expressions that are derived in this paper as well as the 

code to calculate optimized geostrophic streamfunctions. 

• Appendix 

The appendix includes many derivations and details which make the chapters in this thesis 

more readable. Additionally to the work described above, a Matlab toolbox for water-mass 

analysis on density surfaces has been developed which includes the algorithm to optimize 

density surfaces and can be used to recreate the above results. This code is available on a CD 

included in this work and will shortly be available on the internet, and a manual describing 

how to use the code and technical details of the code can be found in appendix E. 

For all the above calculations model output from MOM4 (Griffies et al., 2004) and a climatology 
-- 

(Gouretski and Koltermann, 2004) are used. MOM4 is a 'level' ocean model (i.e. a z-coordinate 

ocean model) which rotates its mixing tensor along neutral tangent planes as described in Griffies 

et al. (1998). The only change made to the standard version of MOM4 is the use of conservative 

temperature and is irrelevant for the results shown here. The WOCE climatology (Gouretski 

and Koltermann, 2004) has been constructed by averaging observations neutrally instead of along 

pressure levels. Both the neutral physics implemented in MOM4 and the neutral averaging done 

to create the WOCE climatology give an ideal hydrography to study diapycnal advection caused 

by nonlinear processes. 

For all the subsequent calculations the equation of state by Jackett et al. (2006) in terms of 

conservative temperature has been used (potential temperature in the climatology is converted 

to conservative temperature). Therefore several variables have the superscript e to show that 

these variables are calculated with respect to conservative temperature. At the time of writing this 
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thesis `TEOS-10' is becoming the state-of-the-art equation of state, including the use of Absolute 

Salinity. But until now the code to evaluate the Gibbs function with respect to conservative 

temperatures has not been released and will therefore not be used here. 
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Chapter 

2 A new method for forming approximately 
neutral surfaces 
A. Klocker, T J. McDougall and D. R. Jackett 
Ocean Science, 5, 155-172, 2009 

2.1 Abstract 

We introduce a simple algorithm to improve existing density surfaces to ensure that the resulting 

surfaces are as close to neutral as possible. This means the slopes at any point on the surfaces are 

close to neutral tangent planes - the directions along which layered stirring and mixing occurs - 

minimizing the fictitious diapycnal diffusivity. Inverse techniques and layered models have been 

used for decades to understand ocean circulation. The most-used density surfaces are potential 

density or neutral density surfaces. Both these density surfaces and all others produce a fictitious 

diapycnal diffusivity to some degree due to the helical nature of neutral trajectories - with the 

magnitude of this artificial diffusivity in some cases being larger than the values measured in the 

ocean. Here we show how this error can be reduced by up to four orders of magnitude and therefore 

becomes insignificant compared to measured values, thus providing surfaces which would produce 

more accurate results when used for inverse techniques. 

2.2 Introduction 

Transport in the ocean does not occur along surfaces of constant in situ density and several 

approaches have been used to find a density variable whose isosurfaces accurately describe the 

direction along which flow in the ocean occurs. Using inappropriate density surfaces leads to 

a fictitious diapycnal diffusivity, D 1 , sometimes orders of magnitude larger than the measured 

diapycnal diffusivity in the ocean. ar is an error resulting from mixing along a well-defined 

surface instead of along neutral tangent planes. This fictitious diapycnal diffusivity does not 

represent a real physical process. 
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Scalar properties in the ocean get stirred (and subsequently mixed) efficiently by mesoscale 

eddies and two-dimensional turbulence along neutral tangent planes (McDougall, 1987a). These 

are defined such that when water parcels are moved small distances along these planes, they 

experience no buoyant restoring forces. It is impossible to link these neutral tangent planes to 

form a surface, therefore 'neutral surfaces' will always be mathematically ill-defined (McDougall, 

1987a; McDougall and Jackett, 1988). If we were to follow a neutral trajectory around an ocean 

basin (linking up neutral tangent planes) and arrive back at the initial latitude/longitude one 

normally arrives at a different depth than where one started. This shows that the definition of 

a neutral surface is path-dependent, an effect caused by the nonlinearity of the equation of state of 

seawater (because the ratio cee  /0e  is a function of pressure; see appendix A.1 for a more detailed 

explanation). Therefore it is not possible to find a 'perfect' surface to describe flow in the ocean. 

There will always be errors associated with density surfaces due to path-dependency - but how 

large is this unavoidable error? 

Efforts to construct density variables minimizing Df include approximately neutral surfaces 

(Jackett and McDougall, 1997; Jackett et al., 2009) and orthobaric density surfaces (de Szoeke 

et al., 2000). These algorithms label a three-dimensional hydrography with a density variable. We 

can then find surfaces in this hydrography on which the density variable is constant and use these 

surfaces for inverse techniques or for plotting variables such as temperature, salinity and nutrients 

to understand the evolution of water masses. Compared to these density-labelling algorithms the 

technique described in this work takes one density surface - which can be a surface of constant 

potential density, neutral density or any other density variable - and improves it to ensure it is as 

close to the neutral tangent planes as possible thus minimizing the fictitious diapycnal diffusivity. 

This algorithm is ideal for creating optimized approximately neutral surfaces to use as water mass 

density boundaries in inverse models. The improvement due to these optimized approximately 

neutral surfaces might not be significant in large box inverse models of non-synoptic hythographic 

sections compared to the other assumptions made (i.e. steady state, etc.) but we expect that these 

surfaces will significantly decrease the error of inverse models using synoptic sections for process 

studies that particularly target the determination of mixing. 

2.3 Basic properties of density surfaces 

Many different density surfaces have been used in the past for inverse techniques, layered ocean 

models or other applications describing ocean circulation along isopycnals. These different density 
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surfaces all differ in the extent to which they achieve the three desirable but mutually inconsistent 

properties (McDougall and Jackett, 2005b): 

• being as neutral as possible 

• being as quasi-material as possible 

• possessing a geostrophic streamfunction (commonly called a Montgomery potential), 

where quasi-material means that flow through a surface only arises due to mixing processes. 

In this work we will mainly focus on the first point, comparing how 'neutral' different density 

variables are. 'Neutral' here ,- describes the direction along which a parcel can travel without 

experiencing buoyant restoring forces. The 7n-variable (Jackett and McDougall, 1997) and the 

11 -variable (Jackett et al., 2009) for example were constructed to produce a surface which is as 

neutral as possible by minimizing the slope difference between these respective surfaces and the 

neutral tangent planes, but ignoring the last two points mentioned above. Eden and Willebrand 

(1999) took a different approach and tried to construct a density variable which is a compromise 

between neutrality and two other properties, (a) the horizontal gradient of the neutral density 

should agree with the gradient of in situ density and (b) the vertical gradient of the neutral density 

should be proportional to the static stablility of the water column. 

These requirements are quite different to the properties used by McDougall and Jackett (2005b). 

We note that the integrating factor b (McDougall and Jackett, 1988), defined by 

z  = pb(0°  Sz  — eez), 	 (2.1) 

varies in the ocean whereas the extra requirements of Eden and Willebrand (1999) would only be 

strictly true if the integrating factor b were equal to one everywhere in the ocean. p in this equation 

is in situ density, Oe is the saline contraction coefficient, ae the thermal expansion coefficient and 

5', and a z  are the vertical gradients of salinity and conservative temperature. 

McDougall (1988a) shows that b is given by 
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b exP[—  92  PV I N -2 (V a0 — epVaP) • dl], 
a 

(2.2) 

where N 2  is the buoyancy frequency and V a  is the gradient along an approximately neutral 

surface. TO is the thermobaric parameter given by 

= f3e ( a 
	

(2.3) 

This equation was actually derived for spatial gradients along a neutral tangent plane and here it 

is written in terms of gradients in an approximately neutral surface. It was also derived ignoring 

the dependence of the saline contraction coefficient on pressure (in comparison to 4). For both 

these reasons we use an approximately equal sign in Eqn.(2.2). Choosing the appropriate density 

variable will always depend on ones application - a surface which satisfies all three properties does 

not exist due to the nonlinear nature of the equation of state. It is therefore very important to know 

the advantages of each density variable and the errors associated with them. One density variable 

might do a good job for one application but introduce substantial errors for another. 

To quantify the quality (in the sense of being close to neutral) of a density surface we use the 

fictitious diapycnal diffusivity of density caused by mixing laterally along a density surface with 

a slope different to that of the neutral tangent plane. Df is given by 

Df = 	 (2.4) 

where K is a lateral diffusivity (taken to be 1000 m 2 s -1  in the following calculations) and s is 

the slope difference between the density surface used and the neutral tangent plane, 

S = Vaz — Va z, 	 (2.5) 

where Va  is the gradient along a neutral tangent plane and V a  is the gradient along any 

approximate surface (whether it be a potential density surface, an approximately neutral surface 
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or any other surface). The fictitious diapycnal diffusivity described here is the same as Df iCtiti"5  

in McDougall and Jackett (2005b). A derivation of af can be found in appendix A.2. 

It has been shown that the mean diapycnal diffusivity in the ocean interior is roughly 10 -5m2 s-1 , 

even though it can be larger above rough topography (Polzin et al., 1997). If 13 1  for a specific 

density surface is comparable or larger than 10-5m2 s -1  over a significant area, then using this 

surface to describe the flow in the ocean would introduce significant mixing that is purely due to 

the error of the definition of the density surface used. 

When describing ocean flow the terms `isopycnal' and `diapycnal' are used to describe flow 

along and through 'density' surfaces, respectively. But since it is impossible to construct a 

mathematically well-defined neutral surface due to the effects of the nonlinear equation of state, it 

is only possible to define an approximately neutral surface. Therefore to properly define diapycnal 

transport we have to distinguish between flow across a mathematically well-defined approximately 

neutral surface and the actual isopycnalidiapycnal transport. In the latter `isopycnal' means along 

a neutral helix (the trajectory we would get if we connect neutral tangent planes following fluid 

flow) and `diapycnal' means across this neutral helix. 

The vertical velocity ea through an approximately neutral surface, rya, can be written as (in a 

steady state) 

ea  = e ehel , 	 (2.6) 

where e is the diapycnal transport due to cabbeling, thermobaricity, double diffusion and small-

scale turbulent mixing, and ehel  is the vertical velocity through the approximately neutral surface 

due to the helical shape of neutral trajectories (see chapter 3 for an estimate of ehel ). The 

diapycnal velocity ehel  transports mass, salinity, conservative temperature and all other tracers. 
ehel This diapycnal transport, 	exists without requiring the dissipation of kinetic energy. It can be 

written as 

ehel =  v. s, 	 (2.7) 
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where V is the horizontal velocity (u, v). 

The diapycnal transport ea can also be written in terms of the material derivative of 'y', 

D-ya  
Dt  ea = 
'Ycz'  

(2.8) 

as is illustrated in Fig.2.1, where rya is the variable which is constant in the approximately neutral 

surface. 

  

A 

  

  

Figure 2.1: This figure shows the differences between e, ehel , ea and w. The lateral velocity 
(ui vj) is directed horizontally. The three surfaces shown are the approximately neutral surface 
(rya), the neutral tangent plane (ntp) and the top-most is the lateral velocity plus w, where w 
includes all components leading to a flow which differs from a purely horizontal flow (the tilt of 
an approximately neutral surface, mixing effects and a diapycnal velocity caused by the ill-defined 
nature of neutral surfaces, eha).  

The property of the ocean's hydrography which stops us from forming mathematically well-

defined neutral surfaces, neutral helicity, can be written as (McDougall and Jackett, 1988) 

= rTbeVp • VS x VO = —N2
Tr(VnP x vrie) • k. (2.9) 

From this equation we can see that neutral helicity is a ,  consequence of the thermobaric parameter 

(Eqn.(2.3)), therefore a consequence of the equation of state of seawater being nonlinear in the 

sense that the ration of the thermal expansion coefficient to the saline contraction coefficient is a 

function of pressure. 
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The first part of Eqn.(2.9) means that for neutral helicity to be zero the line of intersection of the 

S and e planes, VS x ye, must lie in the isobaric surface, the second part requires the epieutral 

gradients of pressure and temperature to be parallel. Both of these requirements are close to being 

met in the real ocean, but the amount by which neutral helicity is non-zero may be important for 

some effects. 

To improve existing surfaces we construct an algorithm with the aim of reducing the residual 

fictitious diapycnal diffusivity so that it is only due to neutral helicity and not due to any other 

effects. 

We take one of the existing density surfaces as the initial condition and use a least-squares 

approach to minimize the area integral of E2 , where E is similar to the slope error s but is also 

dependent on vertical stratification, 

N2 
= Oe VaS aeV 	\7 ae = —( 7,z — Vaz) = 2 S, (2.10) 

with N2  being the buoyancy frequency and g the gravitational acceleration. In the neutral tangent 

plane c = 0. 

An important relationship in the neutral framework is that between neutral helicity in an 

approximately neutral surface and the two-dimensional curl of E, Va  X c. According to theory 

(Eqns. (38) and (39) in McDougall and Jackett (1988)) they should be related as can be seen from 

the following equation 

(5,1 
--8zN2g -1 	P  — A-1  7 	E • dl 7 	A 

= — if Va xe-lcdxdy 
A 

P='• ff Tbe (VaP X Vae) k dxdy 
A 

pde 

gIV-2 Hn dxdy. 
A 

(2.11) 
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Here 8.z is the depth change of a neutral trajectory after completing a closed loop around the ocean 

(i.e. the neutral trajectory finishes at the same horizontal position as it started from but at a different 

depth). p1  is the locally referenced potential density. The step from —5zN 2 g-1  to — 4:4  E • dl has 

been derived in McDougall and Jackett (1988), and ffA  Va  X E • k dxdy follows from fA  e • dl 

using Stokes' theorem (see appendix A.3 for a proof of Stokes' theorem for the two-dimensional 
fie  curl). —Va  x e • k is not exactly equal to TbeVap X V a0 k because the small term Vap 

Oe 	 ae has been ignored (A, is only about 10% of .7,fT  and 1E1 is much less than laeVael, see appendix 

A.4). To the extent that V ap and vne are good approximations of Vrip and vne, Eqn.(2.9) 

demonstrates the approximate equivalence of Tr (V ap x V ae) k and g N -2  Hn  in Eqn.(2.11). 

By considering a variety of areas, A, the equality of the various area integrals implies that the 

integrands —V„ X E • k, TO (V ap X va c') k and g./V -2Hn are approximately equal. Since 

neutral helicity is a property of the ocean's hydrography and we also know that —V a  X e • k is 

effectively equal to neutral helicity, we therefore know that —V a  x e • k is also set by the ocean's 

hydrography. 

To check this relationship between gAT -2Hn and —V a  x e • k we choose an approximately 

neutral surface in the North Atlantic which is close to the depth of the Mediterranean outflow 

(7n  = 27.25 kg m-3 ). We choose this depth because one would think that this warm and salty 

water would cause the ocean to have increased values of neutral helicity in this region due to high 

temperature gradients crossing pressure gradients (see Eqn.(2.11)), making it an interesting region 

for our calculations of the mean diapycnal advection caused by these larger values of neutral 

helicity. 

The data we use here and in all the following examples are model output from a standard MOM4 

run with a resolution of 10  x 2°. The only change to the standard run is the use of conservative 

temperature (McDougall, 2003), e, instead of potential temperature. This change is not relevant 

to the results. 

2.4 Improvement of approximate density surfaces 

Our aim is to minimize the difference between the neutral tangent planes and the approximately 

neutral surfaces, that is, essentially to minimize the area integral of the density gradient error E. 
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Since the curl of E, Va  X E, is given by the hydrography, we choose to minimize c  by  adding a 

pertubation density field, (1)' (where I = lnpl, p1  being the locally referenced potential density), 

so that E is minimized while V a  x c is unaffected by the presence of V. In  this  way a new 

density surface can be formed by taking into account the pertubation density,  V. As  described 

below, the new height of the density surface is adjusted by converting the density change from 

the density pertubation field into a depth change using Eqn.(2.16). This can be seen in Fig.2.2 

in which the blue surface is the initial approximately neutral surface ( -ya-surface)  on  which the 

density pertubation field, (1.', is calculated and the green surface is the new surface after the density 

pertubation field in the initial approximately neutral surface is imposed, 

E = E
init VaV, (2.12) 

where E is the smallest possible density gradient error (i.e. the residual density gradient error is due 

to neutral helicity) and Etnit  is the initial density gradient error field. A more detailed description 

of the theory behind this algorithm and numerical testcases can be found in appendix A.5. 

	■ 

Figure 2.2: The blue surface shows the initial approximately neutral surface (-ya-surface) on which 
the density pertubation field, 43, ', is calculated. This density pertubation field is converted into a 
depth change, 6,z, which is then applied to the initial surface to get the new approximately neutral 
surface (the green surface). 

Now we apply the idea of minimizing E, without changing its curl, Va  X E,  to  construct an 

algorithm which optimizes existing density surfaces to be as neutral as possible with the residual 

error only being due to neutral helicity. As an initial condition we can use any density variable 

that labels a three-dimensional data set. We then choose a surface on which this density variable 

is constant and linearly interpolate S and 6 onto that surface. With these variables  we  can then 
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calculate the density gradient error E = 13eVaS — ae  Vae I  . From every grid point we want to 

calculate an x-component,c ien„it , and a y-component,Eninsit , of the initial density gradient error c init , 

which we will then use as initial conditions in the algorithm. From a numerical perspective this 

will look like 

f ieVj t = oe (seast swest) ae (eeast ewest) 

einnsit = 00 (snorth ssouth ) (le (enorth esouth) ,  
(2.13) 

where the thermal expansion coefficient a e  and the saline contraction coefficient Oe are averaged 

onto the points in between the tracer grid points (the green points in Fig.2.3; the red point are the 

tracer points). 

T,S • 

',S 

• 
y-slope 

T,S T,S • • 
x-slope 

• • 
x-slope 

• 

• 

• 
y-slope 

TS 
Figure 2.3: The grid used by the algorithm explained in this paper. The red points are the tracer 
grid points and the slopes errors/pressure gradient errors are calculated on the green points. 

We now construct a matrix A with the number of rows being the number of equations and the 

number of columns being the number of grid points. Here the number of equations refers to the 

'The first part of equation Eqn.(2.10) (see McDougall and Jackett (1988) for a derivation) uses 
gradients in an approximate surfaces without the need of any information along the neutral tangent 
plane, which makes it much more efficient to compute c, therefore we will use this definition of E 
in all further calculations. Calculating c via the second part of Eqn.(2.10) would require multiple 
calls of the equation of state and therefore become computationally more expensive. Note that we 
have adopted the opposite sign convention for E compared with McDougall and Jackett (1988) 
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sum of all equations that can be written for all ocean grid points, that is two equations for every 

'open ocean' grid point and one equation or zero equations for grid points which are adjacent to 

boundaries (with boudaries to the the east and/or north). This matrix is a sparse .matrix; for the 
nwi t equations it will have a '1' for the eastern grid point and a '-1' for the western grid point - all 

the other entries are '0' in each row. The same is true for the c riinsit-equations. We also constrain 

the average pertubation density, to be zero. This would show up in the matrix A as a row filled 

with ones and in the vector Einit  as zero. Now we have a sparse matrix A, a vector init (which 

has as many entries as the matrix A has rows) and we want to find the pertubation density .31)' for 

which 1E1 2  is minimized. To solve this set of equations, 

minimize I AV _ (2.14) 

we can use a direct inversion, 

(12.' = (AT  • A -1 AT E init) .  (2.15) 

Alternatively we could solve Eqn.(2.14) using an iterative technique, e.g., the LSQR algorithm of 

Paige and Saunders (1982), as implemented in Matlab (2007). For the larger data sets the iterative 

technique is the computationally more efficient approach. 

We now have a (13'-field which we need to convert into a depth change, ö z, to find the depth of the 

optimized approximately neutral surface. From McDougall and Jackett (1988) we know that 

N2 	„I 
— —5z = 	= (1) /  

g 	p 1  
(2.16) 

We thus have to calculate N 2  on the surface to find the depth of the new optimized approximately 

neutral surface2 . 

2We use (N2  + 3 * 10-6 s -2 ) instead of N2  to ensure that the algorithm is stable when N 2  is 
close to zero. 
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Due to the algorithm working on an horizontally extensive two-dimensional surface the first guess 

of the depth change, Oz, will not be the final solution. We thus linearly interpolate S and e onto 

the new surface and calculate new lateral density gradient errors. We then treat these new density 

gradient errors as we did the e ini t -field before to get a more accurate optimized approximately 

neutral surface. If we repeat these steps often enough 1612 will converge. Once it has converged 

the surface will be as close to neutral as possible, with the residual fictitious diapycnal diffusivity 

being due only to the path-dependency caused by neutral helicity. We will call this surface the 

w-surface. 

On all density surfaces we will have regions where the surface outcrops or hits the bottom 

topography. Due to this we will end up with several regions on a density surface which do not 

communicate with each other. A typical example is a marginal sea with narrow connections to the 

open ocean. In the algorithm described above we deal with this problem of independent regions by 

writing a set of equations as in Eqn.(2.14) for each seperate region. Similar to before we constrain 

the average pertubation density of each region, V, to be zero. 

When optimizing approximately neutral surfaces with the method above we sometimes get a 

result where 1612  does not converge. This is because of the algorithm overestimating the depth 

change, oz, due to the algorithm not knowing about the stratification above and below the surface 

optimized. This can then lead to a growing 161 2  due to the algorithm trying to overcorrect at these 

casts. If this happens we have to dampen the depth change; this means we only use a certain 

percentage of the depth change estimated by the algorithm to calculate the optimized surface. 

Another way of minimizing the possibility of this problem is to discard the data in the mixed 

layer - a region in which other processes than neutral physics are dominant. On all the following 

surfaces we will discard data shallower than 200 dbar. 

Even though in the above algorithm we minimize the density gradient error until 1€1 2  converges, 

this might not be necessary for every application. Depending on the application it might be enough 

to minimize the density gradient error until the maximum associated fictitious diapycnal diffusivity 

on the surface decreases below a chosen value, e.g. some value which is smaller than the mean 

diapycnal diffusivity measured in the region where one is interested in. Setting such a value instead 

of running the algorithm until 1E1 2  converges can save a substantial time of computing time. Below 

we will show surfaces where 1E1 2  has converged to show what is possible with this algorithm. 
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A similar approach as above can be used to minimize the slope error, s, instead of the density 

gradient error, e. This would be more consistent with the aim of minimizing the fictitious 

diapycnal diffusivity but on the other hand the minimization of the density gradient error is easier 

to understand when compared to the theoretical ideas in appendix A.5. Both approaches give very 

similar results. 

McDougall and Jackett (1988) contains an algorithm that similarly modifies existing approximate 

neutral surfaces by minimizing the sizes of the square of the density gradient errors, c, at 

each spatial location, in this case weighted by N -2 . This was achieved using a multi-

dimensional Newton technique, one dimension for each data point on the approximate surface, 

with one additional dimension for a Lagrangian-multiplier equation constraining the mean 

pressure perturbation to be zero. The computational method described above is a two-dimensional 

analogue of a new sparse matrix inversion technique that labels three-dimensional oceanographic 

data with a new neutral density variable yi  (Jackett et al., 2009). The optimization methods 

described in this paper and in McDougall and Jackett (1988) and Jackett et al. (2009) all have as 

their goal the minimization of (weighted) sums of squares e • E, the differences between the three 

methods being in the simplicity of the equations that are actually used. McDougall and Jackett 

(1988) used the set of linear equations to minimize c c while assuming given values of the vertical 

gradients of salinity and potential temperature. The solution technique proceeded iteratively until 

convergence with revised values of the vertical gradients of salinity and potential temperature 

being made after each iteration if required. By contrast, the method of the present paper finds 

values of a logarithmic density perturbation, V, such that the resulting c • c is minimized on the 

original surface in space. We then use this perturbation logarithmic density to estimate the pressure 

perturbation, as described by Eqn.(2.16) above. This new surface is then iterated through the same 

process again until convergence is achieved. This description shows that the two methods are quite 

similar. We have found the present method to have good convergence properties and the code has 

been extended to include stations where the surface in question is not simply connected. As will be 

shown later, the development of the optimization technique for a single surface leads to significant 

improvements in the accuracies achieved by the two-dimensional surfaces when compared with 

iso-surfaces of three-dimensional variables (e.g. the code developed by Jackett and McDougall 

(1997) to calculate -yn), all in terms of their abilities in approximating neutral tangent planes. The 

technique described here can be seen as a Lagrangian method, calculating the change of pressure 

of a surface, whereas in techniques used to label a three-dimensional data set can be seen as an 
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Eulerian method where density is calculated at every point in x/y/z-space. 

To illustrate the improvements of the optimized approximately neutral surface, the w-surface, 

we choose a surface with an average pressure  of  about 1400 dbar. Pressure and conservative 

temperature on this surface are shown in Figs.2.4(a) and (b). The surface chosen here is just an 

arbitrary example of a density surface covering  the  global ocean and the results are very similar 

for surfaces that are denser or lighter than the surface  shown.  Neutral helicity on the same surface 

is shown in Fig.2.4(c). The regions of elevated  values  of neutral helicity are mainly concentrated 

in the Southern Ocean (especially in the regions  of high  eddy activity) and in the North Atlantic 

(close to where the surface outcrops and close to  the  Mediterranean outflow). This is where we 

would expect high values  of  neutral  helicity  due  to strong gradients  of pressure and temperature. 

Figure 2.4: (a) Pressure, (b) conservative temperature and (c) g1V-2  Hn on the w-surface. 

Comparing Figs.2.5(a) and (b) one can see the improvement achieved by using the algorithm 
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introduced in this paper compared with the 7n-surface (which was used as initial condition). 

Shown is the fictitious diapycnal diffusivity, Df, plotted as log io  Df where the colour scale 

was chosen to make the comparison of both surfaces possible. Both the North Atlantic and the 

Southern Ocean have regions with a fictitious diapycnal diffusivity larger than 10 -5m2s -1  on the 

7n-surface and therefore exceeding the values measured in most regions in the ocean. These are 

the regions where most density variables produce large errors with the other regions  of  the global 

ocean usually being less problematic. Most other regions have fictitious diapycnal diffusivities of 

approximately 10 -7m2s -1 . This has been reduced by a few orders of magnitude in  the  (.4J-surface, 

pushing all the fictitious diapycnal diffusivities significantly below the values measured in the 

ocean with the remaining errors located close to the outcropping regions. On the w-surface there 

are no fictitious diapycnal diffusivities larger than 10 -5m2s -1  with most regions having values 

smaller than 10 -10 7-n2 s -1  which is insignificant compared to the values measured  in  the ocean. 

The higher slope errors close to the outcropping regions are caused by high values  of  Vap (and 

Va0) causing high values of neutral helicity (compare Figs.2.4(c) and 2.5(b)). 

Figure 2.5: logio(Df) on the (a) 7n-surface and the (b) w-surface. 

Similar results can be seen in Fig.2.6 for data calculated from the WOCE climatology (Gouretski 

and Koltermann, 2004), comparing Df on a 7n-surface and an w-surface with an average pressure 

of about 1400 dbar. As in the model output the new algorithm leads to an improvement (a 

reduction) in Df, even though it is not as large as in the example using model output due to the 

code used to calculate 7n (Jackett and McDougall, 1997) being dependent on a reference data set 

which is based on a Levitus climatology (Levitus, 1982), which is closer to the climatology used 

here than the model output. Another difference between the model output and the climatology is 
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the patchiness of the fictitious diapycnal diffusivity in the climatology. This is due to the averaging 

of observational data done to construct climatologies. 

Figure 2.6: logio (Df) on the (a) -yn-surface  and  the (b) w-surface calculated using WOCE 
climatology data. 

The improvement of the 7 1 -surface can also be seen by looking at the fictitious diapycnal 

diffusivity, Df, on a frequency plot (see Fig.2.7). Fig.2.7(b) shows the surface used in the previous 

figure and Figs.2.7(a) and (c) show a lighter and a denser surface. One can see that af decreases 

by a few orders of magnitude when using the co-surface compared to the 7n-surface. The large 

improvement is possible because the model output we are using had water masses that deviated 

significantly from observed ocean properties. When applied to atlas data the fictitious diapycnal 

diffusivity in an w-surface is perhaps just one to  two  orders of magnitude less than in a 7n-surface. 

The improvement made by the algorithm can be seen by plotting -yn on an w-surface (Fig.2.8). -yn 

values have a range from 27.61 kg M-3  to 27.65  kg  M-3  on the w-surface which is a substantial 

density change. 

Another way of seeing the improvement is by plotting Tr(Vap x V ae) • k 	gl\T -2H 71  vs. 

—V, x c • k for the -yn and the w-surfaces (see Figs.2.9 (a) and (b) for -yn and w respectively). For 

the w-surface one can see a very good agreement between g1V -2H 71  and —Va  x k, as all the 

points of the surface almost end up on the line. 

Even though the change between our initial condition and the w-surface are quite large in terms 

of the fictitious diapycnal diffusivity, the correlation between gIV -2Hn and —Va  x • k or the 
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Figure 2.7: Frequency plot of log io (Df ) for the 'y-surface (red) and the w-surface (black) with 
an average pressure of (a) 1000 dbar, (b)1400 dbar (the surface used throughout the text) and (c) 
1800 dbar. The black vertical line shows a fictitious diapycnal diffusivity of 10 -5m2s-2 ; values 
right of this line are larger than the mean value for the diapycnal diffusivity measured in the ocean 
interior. 
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Figure 2.9: Tr (Vap x V ci0) k gN -2H72  vs. - Vra  X E • k for (a) a -yn and (b) an w-surface. 
The rms error of the difference between theory  and  the plotted data decreases by a factor of 6. 

variations of -yn on the w-surface or the actual changes of temperature and pressure between the 

initial condition and the w-surface are reasonably  small. 

2.5 How 'neutral' are existing density variables? 

To show the differences between different density variables we use a density surface in the North 

Atlantic with an average depth of about 600 dbar.  We  concentrate on the North Atlantic instead of 

the global ocean because  it  is easier to see differences on a smaller scale and neutral physics are 

interesting in the North Atlantic due to the Mediterranean outflow producing increased values of 

neutral helicity. Showing only the North Atlantic  also  gives us the opportunity to use the density 

variable -yEI'vof Eden and Willebrand (1999), a density variable fitted only to the North Atlantic. 

The results shown below are very similar for depth ranges different to the average pressure of the 

density surfaces of about 600 dbar. 

The density surfaces which we compare are  the  new and the old neutral density variables 

(Jackett et al., 2009) and -yn (Jackett and  McDougall,  1997) respectively), a -y-variable 

approximated with a rational function of salinity  and  conservative temperature (-yrf, (McDougall 

and Jackett, 2005b)), a -y-variable approximated  with  a function fitted to data of the North Atlantic 

(-yEw , (Eden and Willebrand, 1999)) potential density with reference pressures of 0, 600, 1000 and 

2000 dbar (0-09 0-600 , a1000  and clam), orthobaric  density  (p,,, (de Szoeke et al., 2000)), modified 

steric anomaly surfaces and the optimized approximately neutral density surface, the w-surface, 
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of this paper. Note that the algorithm producing co-surfaces improves exisiting density surfaces 

(i.e. it works in two dimensions), whereas all other density variables mentioned above label a 

three-dimensional hydrography with density. 

2.5.1 Different approximations to neutral surfaces 

Five different approximations to neutral surfaces have been discussed to date. All of them except 

7EW  are constructed to minimize s 2  or e2  (i.e. minimize the slope difference or density gradient 

errors between the approximately neutral density surface and the neutral tangent plane). 

The first -y-variable, 'yr', is dependent on a pre-labelled dataset and therefore the quality of a 

surface calculated with this technique is highly dependent on the proximity of the dataset to be 

. labelled to the reference dataset (which is the Levitus climatology (Levitus, 1982)). Therefore if 

this code is used for model output simulating a different ocean (a paleo ocean or future climate) 

or if the model drifts from its initial state, the 7n variable may be less neutral than a well chosen 

potential density surface. This problem has been adressed with a new method of constructing 

approximate neutral surfaces, -y i , which uses the old -yri variable as an initial condition and an 

iterative inversion method to improve the surfaces. This new variable is computationally more 

expensive but significantly improves the accuracy of the surfaces. The third 7-variable, -yrf, is a 

rational function approximating neutral density surfaces dependent only on S and O. In contrast 

to -y i  and -yn; -yrf is independent of pressure, latitude and longitude. Not being dependent on 

latitude and longitude means that it ignores the hemispheric changes in water-mass characteristics, 

therefore making it less neutral than the other neutral density variables (at least when used for a 

global density surface). The advantage of -yrf is that it is faster and easier to compute making it 

better for use by the ocean modelling community. 7EW  is a neutral density variable constructed 

for use in the North Atlantic. Compared to the other approximate surfaces its main aim is not only 

to have the approximately , neutral surface as neutral as possible but also to approximately satisfy 

the points mentioned in section 2.3, i.e. trying to make the horizontal gradient of the 'neutral 

density agree with the gradient of the in situ density and trying to make the vertical gradient of 

the neutral density proportional to the static stablility of the water column. Compared to the other 

'7-variables, w (as described in this paper) only improves a single surface rather than producing a 

continuum of surfaces in a three-dimensional dataset. 

The 7i -surface (Fig.2.10(a)) , which is the most accurate method to date of achieving the neutral 
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property in three-dimensional hydrography, shows the smallest values of Df compared to all 

the other density variables in this analysis (apart from individual w-surfaces constructed by the 

algorithm described in this paper). The main regions of increased fictitious diapycnal diffusivity 

are the Mediterranean outflow, the outcropping regions in the north and the Gulf stream region. 

We would expect increased values of slope error on a good approximate neutral surface in regions 

where we have increased values of neutral helicity, which is proportional to V ap x Vae. Such 

large values of neutral helicity are likely to occur in regions of either a strong pressure gradient 

on the surface, a strong temperature gradient or both. To have zero neutral helicity on a surface 

the pressure gradient and the temperature gradient have to be exactly aligned, or one of the two 

needs to be zero. The highest values of Df occur near Spain where there are strong pressure 

gradients and temperature gradients that do not align. Further off the coast of Spain there is a 

strong temperature gradient but the pressure gradient is quite small (the density surface is relatively 

flat) and therefore Df reduces drastically. The other two regions of high Df are mainly due to a 

very strong pressure gradient, near the outcropping of the density surface. 

Looking at the '7n-surface (Fig.2.10(b)) we can see a very similar pattern to the 1 ,i -surface and 

slightly increased values of fictitious diapycnal diffusivity. These increased values are due to 

the offset of the model output from the reference data set used by the 'y-code as explained by 

McDougall and Jackett (2005b). This is the major problem of this density variable which has been 

adressed with the new 'y-variable (Jackett et al., 2009). The main improvements of -yi  compared 

with -yr' are in the Southern Ocean (not shown here) and the North Atlantic. 

-yrf (Fig.2.10(c)) gives a very small fictitious diapycnal diffusivity over most of the North Atlantic 

with the larger errors located at a concentrated region where the surface outcrops. This is likely 

due to a change in the outcropping region from the hydrography which has been used to construct 

this variable. 

^yEW  (Fig.2.10(d)) is the 7-variable with the largest fictitious diapycnal diffusivity. The order of 

magnitude of this diffusivity is comparable with that of a potential density surface with a reference 

pressure which is not well chosen. The reason for this is that instead of trying to minimize only s 2  

as with the other '7-variables, the aim of this function was to also minimize the other two mutually 

inconsistent points mentioned in section 2.3. 

w (Fig.2.10(e)) shows the smallest fictitious diapycnal diffusivity, with the highest values close to 
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Figure 2.10: logio(Df) for (a) -yi, (b) -yn, (c) -yr/ , (d) 'yEW  and (e) w. The surface chosen for 
these plots has an average pressure of approx. 600 dbar. The same colour scale is used in each 
plot. 
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Spain. This two-dimensional approach decreases this diffusivity by about two orders of magnitude, 

pushing Df far below the values measured in the ocean. The errors close to Spain are likely due 

to the crossland mixing scheme used in MOM4 to distribute the Mediterranean outflow into the 

North Atlantic. 

2.5.2 Potential density 

Potential density is a widely used density variable. At its reference pressure a potential density 

surface coincides with the neutral tangent plane but as soon as a potential density surface departs 

from its reference pressure, the slope of this surface increasingly differs from the slope of the 

neutral tangent plane. This can be seen by looking at the normal to the potential density surface, 

13e (pr)vs — cce (pr )ve, 	 (2.17) 

and the normal to a neutral tangent plane, 

fie  (AV S cee (P)Ve, 
	 (2.18) 

realizing that these two expressions are equal only at the reference pressure pr . 

It can also be shown that the variations of potential density (referenced to P r) along a neutral 

tangent plane are given by (Jackett and McDougall, 1997; McDougall and Jackett, 2005b) 

e  a 
Gre 	

e 	ae 
—vnue = 0 (.737.)1—(P) —  —(pOlvne 

	

0e 	fie 

[y — pdVne- 
(2.19) 

The fictitious diapycnal diffusivity on potential density surfaces referenced to 0, 600, 1000 and 

2000 dbar are shown in Fig.2.11. These potential density surfaces show a large fictitious diapycnal 
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(a) logio(Df ) for go 
	 (b) logio(Df ) for C/600 

Figure 2.11: logio(Df) for (a) ao, (b) asoo, (c) ai000 and (d) 0-2000• The surface chosen for these 
plots has an average pressure of approx. 600 dbar. The colours chosen for these plots  are  the same 
as for those of Fig.2.10. 
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diffusivity in the east where the warm water of the Mediterranean enters and at the northern outcrop 

where cold surface waters are reached. 

The fictitious diapycnal diffusivity in these figures is also due to the offset of the pressure on these 

surfaces from the reference pressure (Eqn.(2.19)). The a 600 -surface is the closest we can get to 

the approximate neutral surface due to the reference pressure being optimally chosen, with larger 

errors in the other potential density surfaces (proportional to the distance of the reference pressure 

to the average pressure of that surface). 

2.5.3 Modified steric anomaly surfaces 

A similar variable to potential density that has not been used much recently is steric anomaly (also 

called specific volume anomaly). Here we define a modified steric anomaly variable as 

1 	1 
OS, e,P) = p(s,e,p) p(S,,er,p)' 

(2.20) 

where Sr  and Or  are fixed values of salinity and conservative temperature. This differs from the 

normal definition of steric anomaly by simply replacing 35 psu with some other fixed salinity and 

replacing in situ temperature of 0°C with a different reference temperature. It is important to note 

that once the reference parcel is decided on, the second part of the equation is a function only of 

pressure. 

It can be shown that the variation of modified steric anomaly along a neutral tangent plane is given 

by 

PV728 = —[it — -12- kr]VnP ,  TO [0 — edvnp, 
Pr 

(2.21) 

where ic is the adiabatic and isohaline compressibility of seawater and pr  and nr  are the density 

and compressibility at (Sr;  0,p) (where Sr  and Or  have been optimally chosen to minimize the 

spatial variation of 5). 
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The fictitious diapycnal diffusivity on the modified steric anomaly surface (Fig.2.12(a)) shows the 

largest values close to large pressure gradients on the surface, which is a logical consquence of 

Eqn.(2.21). The largest error is west of Spain close to where the crossland mixing scheme of 

MOM4 distributes the Mediterranean outflow into the North Atlantic. This region of large error 

can be seen in the fictitious diapycnal diffusivity of most surfaces but it is largest in the modified 

steric anomaly surface. The other region of large Df is along the highest V ap - the region where 

the surface outcrops in the northern North Atlantic. One big advantage of using steric anomaly 

surfaces is the existence of a geostrophic streamfunction, the Montgomery potential (Montgomery, 

1937). 

(a)logio(Df) for (b) log io(Df) for p, 

Figure 2.12: logio(Df ) for (a) ,f5 and (b) pt,. The colours chosen for these plots are the same as for 
those of Fig.2.10 and Fig.2.11. 

2.5.4 Orthobaric density 

Orthobaric density (de Szoeke et al., 2000), p,,, has recently been introduced as a density variable 

that is a function of pressure and in situ density that has the property that as long as water mass 

variations occur in a monotonic way with pressure along the neutral directions, it can be made 

quite neutral for a single ocean basin (McDougall and Jackett, 2005a). If used for the global ocean 

it is not possible to tune this variable so that it is a good approximation to neutrality. This is 

due to the inability of the variable to accurately accommodate differences between water masses 

at fixed values of pressure and in situ density such as occur between the Northern and Southern 

Hemisphere portions of the World Ocean (McDougall and Jackett, 2005a). 

The fictitious diapycnal diffusivity for p, is shown in Fig.2.12(b). Most of the large values for 
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Df are concentrated at regions of highest Vp,p. This can be seen by looking at the change of 

orthobaric density along a neutral tangent plane (Eqn.(14) of McDougall and Jackett (2005a)) 

vrip, = -4) -10?[e - 60(p,p)]vnp, 	 (2.22) 

where 00 is a reference conservative temperature and 4) is an integrating factor, both a function 

of pressure and in situ density . p, shows some  of  the largest errors in 131  of all the surfaces 

analyzed. 

2.5.5 Further comparisons 

Above we have seen two-dimensional maps  of  the fictitious diapycnal diffusivities on the 

previously described approximate density surfaces in the North Atlantic, giving us a view as to 

how good these surfaces are in representing isopycnal flow in the ocean. To further facilitate this 

intercomparison we now look at frequency distributions of D1 . These distributions for lin , cro and 

w, plotted on a log io -scale, can be seen in Fig.2.13 . Fig.2.14 shows the 95 th -percenti1es of the 

fictitious diapycnal diffusivities for all density surfaces previously considered. That is, the vertical 

axis shows the value of the fictitious diapycnal diffusivity of density that is exceeded by 5% of the 

data. 

Figure 2.13: logio(Df ) of -yn (green), ao (red)  and  w (black). The black vertical line shows a 
ficititious diapycnal diffusivity of 10 -5 m2 s -2 ;  values  right of this line are larger than the mean 
value for the diapycnal diffusivity measured in the ocean. These values for the fictitious diapycnal 
diffusivity are for one actual surface (with an average pressure of 600 dbar). 

It is clear from Fig.2.13 that there is a substantial decrease of fictitious diapycnal diffusivity going 

from ao to --yn to w. The surfaces on which these frequency distributions are calculated are the 
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Figure 2.14: The 95th -percentiles of the fictitious diapycnal diffusivity in the North Atlantic is 
shown for all the density surfaces considered. One can see that for the North Atlantic the cr moo 
and pu-surfaces have fictitious diapycnal diffitsivities exceeding 10 -5m2 s -1  over more than 5% 
of their area. These values for the fictitious diapycnal diffusivity are for one actual surface (with 
an average pressure of 600 dbar). 

same as the density surfaces shown previously, all with an average pressure of  600  dbar. It is 

known that ao is not the potential density surface with an ideally chosen reference pressure; by 

choosing a better reference pressure the fictitious diapycnal diffusivity would decrease, but still be 

larger than for the other surfaces shown. The 7n-surface is dependent on a reference dataset which 

limits its neutrality since the model output drifted from the reference data set. 

In Fig.2.14 one can see that for the North Atlantic the 02000 and py -surfaces  have  fictitious 

diapycnal diffusivities exceeding 10 -5m2 s-1  over more than 5% of their area.  The  decrease 

in fictitious diapycnal diffusivities from p,,-surfaces to potential density surfaces to approximate 

neutral density surfaces shows the considerable improvement that can be achieved by using more 

accurate density variables for inverse models or other applications of density surfaces describing 

isopycnal flow. 

2.6 Conclusions 

We have developed a new method for finding an individual approximately neutral surface through a 

three-dimensional hydrographic data set (either observational data or model output).  The  degree of 

non-neutrality along such an w-surface has been minimized and the fictitious diapycnal diffusivity 

associated with these w-surfaces is the least that has been found to date using other surfaces. 

These surfaces are ideal to use as water-mass density bounaaries in inverse models.  The  improved 
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neutrality of these surfaces might not be significant for large box inverse models of non-synoptic 

hydrographic sections but will definitely improve inverse models using synoptic sections for 

process studies that particularly target the determination of mixing. 

The small deviation of these .'-surfaces from exact neutrality is shown to be limited by the neutral 

helicity that is inherent in the hydrographic data. 

The algorithm for forming these w-surfcaes is described and the extent of the non-neutrality of 

many other density surfaces is compared with these w-surfaces. MATLAB software to form these 

surfaces is available at ht tp : / /www . TEOS - 1 0 . org. 
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Chapter 

3 Quantifying the consequences of the 
ill-defined nature of neutral surfaces 
A. Klocker and T J. McDougall 
Journal of Physical Oceanography, in press, 
2009 

3.1 Abstract 

In the absence of diapycnal mixing processes, fluid parcels move in directions along which they 

do not encounter buoyant forces. These directions define the local neutral tangent plane. Because 

of the nonlinear nature of the equation of state of seawater, these neutral tangent planes cannot be 

connected globally to form a well-defined surface in three-dimensional space; that is, continuous 

'neutral surfaces' do not exist. This inability to form well-defined neutral surfaces implies that 

neutral trajectories are helical. Consequently, even in the absence of diapycnal mixing processes, 

fluid trajectories penetrate through any 'density' surface. This process amounts to an extra 

mechanism that achieves mean vertical advection through any continuous surface such as surfaces 

of constant potential density or neutral density. That is, the helical nature of neutral trajectories 

causes this additional dia-surface velocity. A water-mass analysis performed with respect to 

continuous 'density' surfaces will have part of its diapycnal advection due to this dia-surface 

advection process. Hence this additional dia-surface advection should be accounted for when 

attributing observed water-mass changes to mixing processes. Here we quantify this component 

of the total dia-surface velocity and show that locally it can be the same order of magnitude as 

dia-surface velocities produced by other mixing processes, particularly in the Southern Ocean. 

The magnitude of this dia-surface advection is proportional to the ocean's neutral helicity which is 

observed to be quite small in today's ocean. We also use a perturbation experiment to show that the 

ocean rapidly readjusts to its present state of small neutral helicity, even if perturbed significantly. 

Additionally, we show how seasonal (rather than spatial) changes in the ocean's hydrography can 

generate a similar vertical advection process. This process is described here for the fir'st time, 
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and albeit the vertical advection due to this process being small it helps to understand water-mass 

transformation on density surfaces. 

3.2 Introduction 

Diapycnal mixing in the deep ocean is a key process by which dense water that sinks near the 

poles is made less dense and returned to the sea surface as part of the thermohaline circulation. 

However, in addition to the diapycnal motion that is caused by diapycnal mixing, there are 

several other physical processes that can cause diapycnal motion. Double-diffusive convection 

is perhaps the best known of these additional processes. In addition there is the diapycnal motion 

caused by cabbeling and thermobaricity, both being caused by a combination of isopycnal mixing 

and the nonlinear nature of the equation of state. Neither cabbeling nor thermobaricity has a 

signature in the dissipation of mechanical energy; that is, both cabbeling and thermobaricity 

operate independently of the amount of diapycnal mixing. 

There are (at least) three other processes by which seawater can migrate through isopycnals 

without the need for diapycnal mixing. First, sub-mesoscale coherent vortices, by maintaining 

anomalous water mass characteristics, are able to migrate through density surfaces (McDougall, 

1987c)). This process is essentially a finite amplitude version of thermobaricity. The second and 

third processes are the subject of the present paper; the second being the mean vertical motion 

achieved by the ocean circulation because of the helical nature of neutral trajectories in space, 

and the third being a temporal analogue of this neutral helical advection. This third temporal 

helical motion is described in this paper for the first time. In the remainder of this introduction we 

discuss the previous work that has appeared in the literature on the spatial neutral helical advection 

process. 

Reid and Lynn (1971) were the first to discuss the possibility of neutral surfaces being ill-

defined. They showed that lateral mixing along a locally referenced potential density surface 

at one pressure, followed by a pressure excursion and then isopycnal mixing at the new pressure, 

and finally, a subsequent movement back to the origirial pressure, results in a difference in the 

potential density at the original pressure. In this way they showed that a neutral trajectory could 

be helical in nature. The example discussed by Reid and Lynn (1971) did not come from the real 

ocean and the authors thoirght that this process would not be important in the real ocean. Ivers 
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(1975) discussed the same process but thought (incorrectly) that such helical motion could only 

occur if the water column had neutral vertical stability (i.e. zero buoyancy frequency) somewhere. 

McDougall and Jackett (1988) introduced theoretical relationships between the pitch of the neutral 

helix and the nature of the thermodynamic variables in space, introducing the concept of neutral 

helicity. The concept introduced by Reid and Lynn (1971) of isopycnal mixing at two distinctly 

different pressures is the physical process that underlies the theory developed by McDougall and 

Jackett (1988) (see Fig. 1(a) of McDougall and Jackett (1988) for a sketch of the concept introduced 

by Reid and Lynn (1971)). Theodorou (1991) has analyzed data from the Mediterranean and from 

the northern North Atlantic to quantify the vertical pitch of the neutral helix in these locations, 

finding the vertical ambiguity to be no more than 4m. 

3.3 Consequences of neutral helicity 

It is known that in the absence of diapycnal mixing processes a fluid parcel moves along the 

neutral tangent plane (McDougall, 1987a; McDougall and Jackett, 1988). Locally we can define 

these neutral tangent planes, i.e. the direction along which a fluid parcel can move without working 

against buoyancy forces (McDougall, 1987a), but due to the helical nature of neutral trajectories 

these neutral tangent planes cannot be connected globally to form a continuous 'density' surface. 

Therefore density surfaces such as potential density surfaces or approximately neutral surfaces 

are only approximations to the directions along which fluid parcels move. When discussing 

continuous 'density' surfaces we therefore put 'density' into quotes to remind that we are talking 

about surfaces along which a certain density variable (such as potential density or neutral density) 

is constant, even though water parcels following these surfaces do have to do work against buoyant 

restoring forces. It has been shown that the error between a continuous 'density' surface and the 

neutral tangent planes can be reduced substantially by using appropriate techniques (Jackett and 

McDougall (1997); Jackett et al. (2009) and chapter 2) but it is impossible to define a surface 

which has a slope equal to the neutral tangent plane at every point. Such a surface would only be 

possible if neutral helicity in the ocean, defined as 

Hn (aeVe —13eVS) • V x (ae Ve — OeVS), 	 (3.1) 

is everywhere zero (McDougall and Jackett, 1988). Here ae Ve — /3e VS is normal to the 

local direction of mixing (i.e. the neutral tangent plane), with a e  being the thermal expansion 
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coefficient and and fie the saline contraction coefficient with respect to conservative temperature, 

e. Neutral helicity can also be written as any of the following four expressions (McDougall and 

Jackett, 2007), 

Hn = 13eTbe (Vp • V S x ye) 

= Pzi3eV,0  (V p S x Vpe) - k 	
(3.2) 

= g -1 N 2 Tbe (VnP x Vrie) • k 

g -1 N2 Tbe (VaP X Vae) • k, 

where Tr is the thermobaric parameter, 

= 13e  (cee  /0e  )p. 	 (3.3) 

Here Va  is the gradient along an approximately neutral surface. The derivation of Eqn.(3.2) can 

be found in McDougall and Jackett (1988, 2007). The last line of Eqn.(3.2) is an approximation 

to neutral helicity. It would be an exact identity if the gradients of pressure and temperature 

in the approximately neutral surface were equal to those in the neutral tangent plane, Yap and 

Vae. In most regions the ocean seems to adjust itself so that neutral helicity is close to zero, 

as demonstrated in McDougall and Jackett (2007). But as long as neutral helicity is not exactly 

equal to zero, a mathematically well-defined density surface does not describe the direction of 

lateral mixing. Due to this resulting slope error there is a fictitious diapycnal diffusivity of density 

(chapter 2) and an additional diapycnal advection through any continuous 'density' surface. 

The diapycnal advection through continuous 'density' surfaces can be derived in terms of the 

diapycnal velocity through neutral tangent planes by the following argument. First we note the 

conservation equations for salinity and conservative temperature 

Sti r, + V VS + eS, = h—  V i,- (liKV,„S)+ (DS) z 	(3.4) 
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Figure 3.1: Schematic of the diapycnal velocity, e hel , due to neutral helicity. Here we ignore all 
other diapycnal processes, such as cabbeling, thermobaricity and small-scale turbulent mixing. 
The blue surface shows an approximately neutral surface (a rya-surface), the red arrow shows the 
path of a fluid trajectory (which is along the neutral tangent plane) with lateral velocity V; yo 
(tan ep = isi) is the angle between the -ya-surface and the neutral tangent plane and  ehel is the 
diapycnal velocity due to neutral helicity,  V  • s. 
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and 

()t in + V. G',20 + e(), = 	(hKV„e)+ (De), 	(3.5) 

where Vn  is the gradient operator in the neutral tangent plane, h is the thickness between two 

neutral tangent planes, V is the thickness-weighted lateral velocity, averaged between a pair 

of closely-spaced neutral tangent planes, and S and e are the thickness-weighted salinity and 

conservative temperature. An expression for the diapycnal velocity e through neutral tangent 

planes is obtained in terms of mixing processes by cross-multiplying Eqns.(3.4) and (3.5) by 13° 

and ae  respectively and then substracting to find 

e ll2 
= ae  (De z ) f3e (DSz )+ h—l ae V,-, • (hKV 7,0)— h-1 0eV 7, • (hK77 7,S) 

(3.6) 
= ae (De) — /3e(DS) -KCrV rie. Vne — KTbeVne • Vnp, 

where Cr and Tr are the cabbeling and thermobaric coefficients defined in McDougall (1987b) 

and in chapter 4, that is 

Ce  = aCee  2ae  °Cle (aCt)2  513e  
b 	De 	13° OS 	(0e) 2  OS 

and 

ae a ae 

	

= Ocee 	_Q 	 e f a 

	

OP 	fie  OP 	136  )71  

The right-hand side of Eqn.(3.6) describes small-scale turbulent mixing (the first two terms) and 

processes due to the nonlinear equation of state (the third and fourth terms), namely cabbeling and 

thermobaricity. The terms on the right-hand side of Eqn.(3.6) are explained in detail in chapter 4 

and will not be discussed here. 

(3.7) 

(3.8) 
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We now write the material derivative of S and 8 on the left-hand side of Eqns.(3.4) and (3.5) with 

respect to continuous 'density' surfaces so that they become 

and 

Stl a  + V • VaS 	h—l Vn  • (hKVaS) + (DS) z  

et la + V • Vae + eae z  = h- 1 \7 7, • (hKV,O)+ (De). 

(3.9) 

(3.10) 

Here ea is the vertical velocity through the continuous approximately neutral surface (or any other 

continuous 'density' surface). These equations are again cross-multiplied by the same 00  and cxe 

coefficients and substracted obtaining (using Eqn.(3.6)) 

ea = e g 
N2

V • [0eVa S — aeVag] + —N2 [Oe St la — cee etla]. (3.11) 

From chapter 2 we know that 

Pe VaS — ae Va0] = Vn z — Vaz = s, 	 (3.12) 

that is, this is the vector slope difference between the slope of a neutral tangent plane and the 

slope of the approximately neutral surface (or any other continuous 'density' surface). Hence 

the middle term on the right-hand side of Eqn.(3.11), V • s, is the vertical velocity through the 

approximately neutral surface due to the lateral flow occuring along the neutral tangent plane. Due 

to the slope error s this vertical velocity through approximately neutral surfaces depends on the 

surface used. When the approximately neutral surface is formed very accurately, such as the w-

surfaces described in chapter 2, V • s is almost solely due to neutral helicity l  , and we label V • s 

1 Due to the way the algorithm described in chapter 2 works we know that in an ocean with 
zero neutral helicity this algorithm will find a surface on which the slope error s is zero. But by 
using different weights when solving the set of equations by the direct inversion or the iterative 
technique this algorithm would result in a slightly different w-surface in an ocean with non-zero 
neutral helicity. Nevertheless in the case of an ocean with zero neutral helicity all choices of 
weight would lead to a surface with zero slope error. 
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as ehel  , the vertical velocity through the w-surface due to neutral helicity. 

ehel  can be understood by looking at Fig.3.1. In this figure the blue surface is an approximately 

neutral surface, -ya, the red arrow describes a fluid trajectory (which in the absence of mixing 

processes is along local neutral tangent planes) with lateral velocity V, and co (tan cp = isl) is the 

angle between the approximately neutral surface and the fluid trajectory. Note that if Eqn.(3.11) is 

used in a neutral tangent plane, the slope error (Eqn.(3.12)) would equal zero leading to ehel  = 0. 

This shows that it is necessary to take this diapycnal advection due to neutral helicity, ehel  , into 

account when using continuous 'density' surfaces fo'r water-mass analysis (where s 0) but not 

when doing this water-mass analysis locally with respect to a neutral tangent plane (where s = 0). 

Similarly, the last term in Eqn.(3.11) can be written as 

lP a  
g  0[0e  Stla cee etiai = 	= ztin — ztla, 

Pz 
(3.13) 

namely the vertical velocity of the neutral tangent plane (at fixed latitude and longitude) minus 

the vertical velocity of the approximately neutral surface, with p1  being the locally referenced 

potential density. This is then the vertical velocity through the approximately neutral surface due 

to water parcels simply moving vertically while staying on the neutral tangent plane (in time at 

fixed x and y). In section 3.6 of this paper we call this vertical velocity (Eqn.(3.13)), which is 

described here for the first time, etniP 

Rewriting Eqn.(3.11), we can express the vertical velocity through an approximately neutral 

surface, ea,  as 

ea = e + V (Vn z — Vaz) ztln zt la 	
(3.14) 

= e ehel etnip 

Note that the words `diapycnal' and `isopycnar are generally used to describe `dia-surface' and 

'along-surface' flow as well as flow through and along a neutral tangent plane. To be more accurate 
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about which directions are meant when using 'cliapycnal' and isopycnal' we recommend the use 

of the symbol e for the diapycnal velocity through a neutral tangent plane and ea for the diapycnal 

flow through a well-defined (i.e. continuous) 'density' surface. 

The aim of this paper is to quantify the diapycnal velocities attributable to neutral helicity. We will 

show that in some regions these diapycnal velocities are of the same order of magnitude as those 

caused by the usual water-mass transformation processes. This is particularly true for the Southern 

Ocean where these 'extra' diapycnal velocities need to be taken into acount when analyzing water-

mass transformation on continuous 'density' surfaces. To quantify these diapycnal velocities we 

calculate ehel  at every point on a surface and sum the diapycnal transport from these velocities (an 

Eulerian perspective). An alternative method (McDougall and Jackett, 1988) is to follow neutral 

trajectories in the ocean to calculate their vertical excursion from an approximately neutral surface 

(a Lagrangian perspective). The latter method is based on two assumptions which are hard to 

justify in the ocean (discussed in appendix B) and therefore we do not use this approach here. A 

more sophisticated Lagrangian approach would be to use full Lagrangian particle trajectories of 

millions of parcels in an ocean model. 

We note that in calculating the diapycnal velocities attributable to the slope error s given by 

Eqn.(3.12), s does not have to be caused by neutral helicity, but can be a result of the definition 

of the continuous 'density' surface used. We will demonstrate how ehel  can change when 

using different continuous 'density' surfaces by comparing diapycnal velocities through accurate 

approximately neutral surfaces (examples of which are the -jfn-surfaces by Jackett and McDougall 

(1997) or the w-surfaces described in chapter 2) with those through potential density surfaces. To 
wuhoe distinguish eh° through these various surfaces we will use the symbols ehel, ehCl,  el, etc. for 

ehel  through w-surfaces, -yri-surfaces and uo-surfaces respectively. 

The estimates of the diapycnal velocities ehei  through the best type of approximately neutral 

surfaces depend on the magnitude of neutral helicity in the ocean. From McDougall and Jackett 

(2007) we know that the ocean is in a state in which neutral helicity is relatively small but non-

zero. Therefore we conduct an experiment in which we push the ocean into a state in which neutral 

helicity is significantly larger than in its normal state. This experiment helps to understand if or 

how the ocean adjusts back to its normal state and how this perturbation effects the diapycnal 

velocftiy ehel 
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We will also show how temporal changes in the ocean's hydrography can cause vertical advection, 

etrnP, due to these same nonlinear effects. The idea behind this process is similar to the diapycnal 

advection due to neutral helicity, as described above, but instead of being dependent on the 

spatial variation of S, e and p, this vertical advection is due to seasonal changes of the ocean's 

hydrography. 

3.4 Quantifying diapycnal advection through continuous 'density' 
surfaces 

To quantify the diapycnal advection due to neutral helicity we need a data set with salinity, 

temperature, pressure and lateral velocity. Due to the sparseness of velocity measurements in the 

ocean we have to use model output for this analysis. The model we use here is MOM4 (Griffies 

et al., 2004). The standard MOM4 configuration is used, but with conservative temperature 

(McDougall, 2003) instead of potential temperature as the model's conserved temperature 

variable, although this change is not important for the results in this paper. This model 

configuration uses an isopycnal diffusivity of 1000 m 2  s -1 , the vertical mixing scheme by Bryan 

and Lewis (1979) and the McDougall et al. (2003) equation of state. The 'density' surfaces we 

use here to compute ewhel are w-surfaces which are the most accurate continuous 'density' surface 

approximation to describing neutral tangent planes with the residual slope errors being caused 

almost solely by neutral helicity (chapter 2). 

ewhel  is studied on two different co-surfaces, w = 27.25 kg Tri-3  and co = 27.75 kg 771-3  (Fig.3.2). 

The average pressure of these surfaces is 1000 dbar and 1800 dbar respectively. These particular 

surfaces were chosen because both of these surfaces extend over most parts of the global ocean 

and cover quite different depth ranges. The results shown here are very similar on surfaces below 

and above these two surfaces. The highest values of ewhel oCcur in the Southern Ocean, with 

large values also occuring close to the outcropping regions in the North Atlantic. Along most 

of the Antarctic Circumpolar Current the magnitude of the diapycnal velocities is greater than 

10-7m s -1 . These velocities appear as both upward and downward diapycnal velocities. The 

regions of large ewhel  are created by neutral helicity forming from large isopycnal pressure gradients 

and isopycnal temperature gradients (see Eqn.(3.2)), occuring near outcropping density surfaces. 

The main change we observe on going from a less dense surface to a denser one is that the regions 

of high ewhel  in the Southern Ocean are more confined to a thinner region on the less dense surfaces 

and are wider in the latitudinal direction on denser surfaces. 
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Figure 3.2: Diapycnal advection due to neutral helicity, eu,hel  , on (a)  an  w =  27.25  kg M-3  

surface (with an average pressure of approx. 1000 dbar) and (b) an w = 27.75  kg M-3  surface 
(with an average pressure of approx. 1800 dbar). Red patches show an  upward  diapycnal 
velocity, blue patches a downward diapycnal velocity. The largest diapycnal  velocities  occur in the 
Southern Ocean and the North Atlantic where the isopycnal gradients of pressure  and  conservative 
temperature, and therefore neutral helicity, are the largest. 
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Another way of looking at the diapycnal advection caused by neutral helicity is to use zonal mean 

values of del  (averaged along w-surfaces). We consider the zonal mean of e each of 

the Atlantic Ocean, the Pacific Ocean and the Indian Ocean basins separately (Fig.3.3). The 

southern Atlantic Ocean (Fig.3.3(a)) has a positive (upward) del  in the upper layers and negative 

(downward) del  beneath. In contrast the Pacific Ocean (Fig.3.3(b)) shows positive values of del  
on the northern limit of the Antarctic Circumpolar Current and negative values of del  on the ACCs 

southern extent. The Indian Ocean (Fig.3.3(c)) is dominated by a negative e 1 . Almost the entire 

diapycnal velocity caused by neutral helicity is in the Southern Ocean. The North Atlantic is the 

only other region where we can see large values of ewhel  . However, the del  values in the North 

Atlantic are much smaller than in the Southern Ocean and these values are confined to single grid 

cells instead of forming large patches of one sign. 

To further understand the physics behind the diapycnal advection due to neutral helicity, we 

compare the zonal mean (averaged along w-surfaces) of del  (Fig.3.4(a)), the zonal mean of 

gIV -2 11n (Fig.3.4(b)), and the zonal mean of the slope errors, s (Fig.3.4(c)). Large values of 

e1, g  N-2 Hrt and the slope errors tend to occur in similar locations, but signs and shape of these 

values can be different. The difference between neutral helicity and the slope errors is probably 

due to the algorithm used to construct w-surfaces, redistributing the slope errors slightly differently 

than one might expect in order to minimize the slope errors over the global ocean. The slope errors 

and ewhel  show very similar patterns. 

We have shown that neutral helicity causes del  on the order of 0(10 -7m 8 -1 ). In most regions 

with high values of e of positive ewhel  occur with patches of negative del  and vice 

versa. Hence we explore whether there is a net diapycnal transport due to these velocities when 

integrated over the global ocean. We consider the transports through w-surfaces (Figs.3.5 and 3.6), 

ao-surfaces and a2-surfaces (Fig.3.6). The diapycnal transports through the w-surfaces in Fig.3.5 

(blue line) exclude data above the base of the mixed layer, a region where processes other than 

neutral physics are dominant. The transports exluding data above 200 dbar are also considered 

(black line) and do not always align with the blue line. These discrepancy is due to complicated 

processes in the shallow Southern Ocean. The algorithm used to construct w-surfaces encounters 

numerical issues near the base of the mixed layer and therefore we get spikes in our transports as 

can be seen when looking at the blue line in contrast to the black. 

We now look at transports caused by ehel  through potential density surfaces (see Fig.3.6). For 
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(a) Atlantic 

Figure 3.3: Zonal mean of ewhei  along w-surfaces in (a) the Atlantic Ocean, (b) the Pacific Ocean 
and (c) the Indian Ocean. Red patches show an upward zonal mean diapycnal velocity, blue 
patches a downward zonal mean diapycnal velocity. 
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Figure 3.4: Zonal mean along w-surfaces of (a)  the  diapycnal advection e,h€1 , (b) gIV-2Hn, and 

(c) the slope error s. 
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Figure 3.5: A vertical profile of diapycnal transports caused by the diapycnal advection through w-
surfaces. The blue line excludes data shallower than the mixed layer and the black lines excludes 
data shallower than 200 dbar. The spikes  of  the blue line are due to problems with the construction 
of w-surfaces close to the mixed layer. 
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Figure 3.6: A vertical profile of diapycnal transports caused by the diapycnal advection through 
w-surfaces, acrsurfaces and o-2-surfaces.  The  vertical black lines show 0 Sv and ±1  Sv.  All data 
above 200 dbar are excluded. 
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all the following calculations data above 200 dbar are excluded. Fig.3.6 shows transports 

associated with ehel to be much larger than the transports associated with ehel  with even the ao 	 (4.1 5  

transports through o-2-surfaces being approximately twice as large as those through w-surfaces. 

The diapycnal transport through the w-surfaces is almost solely due to neutral helicity. 

The e 1 -transports show a strong increase with depth. One of the reasons for the increase of the 

transports associated with ehel  through co -surfaces with depth are due to the increasing pressure 

difference from the reference pressure. This can be understood by looking at the slope difference s 

between a potential density surface, V,z, and a neutral tangent plane, V n z, which can be written 

as (McDougall, 1988a) 

vne  s = vriz - v,z  ez 

where p, is defined as 

Oe(p)  r[Rt, — 1] 
Oe  (Pr) Pip ri • 

The stability ratio of the water column, Ro , and r are defined as 

ae  ez  Ro  = 	and r = 	  
f3eSz 	ae ()/13e  (Pr)' 

(3.15) 

(3.16) 

(3.17) 

where pr  is the reference pressure. From Eqn.(3.15), the slope of a potential density surface differs 

from the slope of a neutral tangent plane due to the temperature gradient along the neutral tangent 

plane. In the Southern Ocean, where this isopycnal temperature gradient is large and mainly of 

one sign, Eqn.(3.15) implies a significant slope difference of one sign, as shown in the frequency 

distribution of slope errors for the w-surface and the o -0-surface in Fig.3.7. In this figure the slope 

errors on the potential density surface are larger than on the w-surface and biased towards positive 

slope errors giving an additional e 1 -transport. 

Another reason for increased values of transports though g o-surfaces are issues concerning regions 

in which the vertical stratification of a -0 decreases downwards, which is also why co-surfaces 
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have not been routinely used as the vertical coordinate of density coordinate models for about a 

decade now (Sun et al., 1999). Therefore diagnostic calculations of the diapycnal velocity, such 

as ea =become ill-defined where (a-o) z  = 0. Therefore ehel  in this case is not only due ag Dt 	 ao 

to neutral helicity but also due to errors caused by the way potential density surfaces are defined. 

ehel  causes diapycnal transports larger than ehel  but much smaller than ehel  This is due to 02- ao 

surfaces being less neutral than w-surfaces but with its reference pressure chosen to optimize 

these potential density surfaces for the entire water column they are a great improvement over a -0 - 

surfaces. Using a a-2-surface also avoids issues with density inversions in the deep ocean which 

causes a substantial part of e 1  in the deep ocean. 

Because of the minimization procedure used to construct w-surfaces (minimizing the slope error 

s) we expect Chet  to be caused by neutral helicity (in the case of an idealized ocean with zero 

neutral helicity this minimization procedure used to construct w-surfaces creates a surface with no 

remaining slope errors). 

0.25 -  

-2.5 	0 	2.5 	5 
slope error 	x 10 -6 

Figure 3.7: The frequency distribution of the slope errors, s. Red is for a w = 27.25 kg M-3  

surface, blue for a co-surface with the same average pressure as the w = 27.25 kg 172 -3  surface. 
Note the biased distribution of the slope errors on the co-surface. 

The e,hei -transports are smaller than 1 Sv for most of the water column. These are small transports 

compared to that caused by other forms of water-mass transformation, such as for example bottom 

water production, cabbeling or thermobaricity. But even though the global integral of the e 1 -

transports is not large, the regional velocities caused by eel  (0(10 -7m s -1 )) are comparable to 

diapycnal velocities caused by cabbeling and thermobaricity as quantified by McDougall (1987b). 

05 	
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From Fig.3:2 we know that ehel  appears in positive and negative patches which cancels much of 

the diapycnal transport shown in the previous figures. In Fig.3.8 we therefore show ehel  for an 

w-surface, a co-surface and a a2-surface, all with an average pressure of 1200 dbar. This figure 

shows how going from a surface which is far away from being neutral (the co-surface in Fig.3.8 

(a)) to a surface which is closer to being neutral (the o -2 -surface in Fig.3.8 (b)) to a surface which 

is as close as we can get to being neutral (the w-surface in Fig.3.8 (c)) the patches of ehel  reduce 

to from large regions of the global ocean to regions where neutral helicity is large (e.g. along the 

ACC). In these regions of high neutral helicity it will be impossible to avoid diapycnal transports 

due to ehe 1  . Further improvements to minimize e11  might be made by changing weights in the 

algorithm used to construct w-surfaces to align the patches of slope errors more accurately with 

patches of increased neutral helicity but it is impossible to achieve zero ehel  in an ocean with 

non-zero neutral helicity. 

3.5 The ocean's adjustment towards small neutral helicity 

In the last section we have quantified ehel  in today's ocean, i.e. an ocean with small neutral 

helicity (McDougall and Jackett, 2007). But what happens if the ocean is perturbed from its state 

with small neutral helicity (i.e. its 'skinny' state, occupying little volume in three-dimensional 

S —e — p space (McDougall and Jackett, 2007))? Will it adjust back to this 'skinny' state? Using 

approximately neutral surfaces of any type including those of Jackett and McDougall (1997), 

Jackett et al. (2009) and the w-surfaces described in chapter 2 for water-mass analysis essentially 

relies on neutral helicity being small in the ocean. Large neutral helicity would make the use of 

density surfaces for water-mass analysis impossible, causing large values of ehel  and at.  (chapter 

2). 

Here we will perturb today's ocean to see how/if it adjusts back to a state with small neutral 

helicity. We therefore start with a model ocean which has small neutral helicity, H , i.e. small 

values of 

X Vp0°  k, 	 (3.18) 

where 0°  and S°  are the initial conservative temperature and salinity values. Now we introduce the 
„e ,„ 

perturbation temperature, ei(x) and S'(x) = 	ti,p)tY . Here.the perturbation values only 
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Figure 3.8: (a) e, (b) ehd and (c) e el are shown on surfaces with an average pressure of 1200 az 
dbar. 
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vary in zonal direction. The perturbation conservative temperatures are chosen to vary zonally 

with the shape of a sine curve with a maximum temperature perturbation of 2°C with one cycle 

around the globe. The salinity perturbations are chosen to keep the density perturbations zero. 

These perturbations are shown in Figs.3.9(a) and  (b). 

(a) temperature perturbation 

24 
,10 

(c) original neutral helicity 

24 

(d) neutral helicity perturbation 

Figure 3.9: 09, S and lin - perturbations on a pressure level of 2400 dbar. 

Introducing these perturbations we derive a quantity proportional to the perturbation neutral 

helicity, 

Vp (S°  + S') x Vp(0°  +6') • k Vps°  x Vpe°  • k 

ae 
=VpS°  x Vp ia' • k + —VpEY x Vpe°  k 

Oe  
ae 	n  

=Vpel  X [—Vp5" 	Vp0-1 k 

(3.19) 

In this equation the bracket in the last line would equal zero if V pp° = 0 (where p° is the 

initial density), in which case the perturbation neutral helicity, H'', would be zero as well. The 

perturbation neutral helicity is therefore the largest in regions in which the gradient of density 

along isobars is maximum, as is the case in the Southern Ocean. With the zonal perturbation 
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of temperature and the meridional gradient of density along isobars in the  Southern  Ocean, 

Vp0' x V p is large and therefore the imposed perturbed neutral helicity  is large.  This can 

be seen in Fig.3.9 (d) which shows high values of neutral helicity in the Southern  Ocean  with the 

maxima in regions where the gradients of the perturbation temperatures and  salinities  have their 

maxima. 

In Fig.3.10 a two-dimensional view of  the  hydrography, with salinity plotted  against  a linear 

combination of conservative temperature  and  pressure, of the Atlantic Ocean is  shown.  Colours 

represent latitude with blue being in the  south  and red in the north. From  McDougall  and Jackett 

(2007) we know that the ocean would be represented on a single surface in S —  0  — p space 

if H = 0. In this figure the panel representing the perturbed state (Fig.3.10 (a)) shows that 

the hydrography occupies a significant volume in this space whereas the panel representing the 

original state (Fig.3.10 (b)) occupies significantly less volume and is therefore closer  to  being on 

a surface which we would expect from an ocean with small H. The final state after 50 years is 

very similar to Fig.3.10 (b). The additional volume of the perturbed state can be seen better when 

plotting the hydrography on a three-dimensional S— e — p diagram (not shown here) and rotating 

this diagram. 

34 	34.5 
s

35 	35.5 	36 

(a) the perturbed state  

34.5 	35 	35.5 	36 36.5 

(b) the original state 

Figure 3.10: A two-dimensional view of  the  Atlantic Ocean with salinity  plotted against  a linear 
combination of conservative temperature and pressure. Colour represents latitude  with  blue being 
in the south and red in the north. 

The evolution of neutral helicity after  the  perturbation is shown in Fig.3.11,  and  its global 

root-mean-square values in Fig.3.12. These figures shows how the enhanced  values  of neutral 

helicity caused by the perturbation of conservative temperatures and salinities decreases with time, 
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reaching levels close to the initial ocean before  the  perturbation after approximately 50 years. 

From Fig.3.13, which shows the temperature difference of the evolving perturbed ocean and the 

initial ocean, it is apparent that apart from the Southern Ocean the temperature takes much longer 

to recover after the perturbation than neutral helicity. The Southern Ocean appears to be more 

efficient at diffusing away the temperature and salinity anomaly that we imposed along isopycnals, 

with the anomalies in other ocean basins persisting  much  longer. But since the anomalies posed 

in these ocean basins are much smaller to begin  with,  their longer persistence does not lead to any 

interesting consequences. 

-24 

(a) neutral helicity after 1 year  

-24 

(b) neutral helicity after 10 years 

(e) neutral helicity after 40 years 	 (f) neutral helicity after 50 years 

Figure 3.11: Neutral helicity at certain times after the perturbation are shown on a pressure level 
of 2400 dbar. 

Changes in the diapycnal transports caused by nonlinearities in the equation of state of seawater, 

i.e. cabbeling, thermobaricity and the diapycnal advection due to neutral helicity, can be seen 
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Figure 3.12: The evolution of neutral helicity at the 2500 dbar isobar is shown from the time of 
perturbation until 50 years after when it has reached its initial condition. 
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(a) temperature difference after 1 year 

  

(b) temperature difference after 10 years 

(c) temperature difference after 20 years 	 (d) temperature difference after 30 years 

(e) temperature difference after 40 years 	 (f) temperature difference after 50 years 

Figure 3.13: Temperature changes from the ocean after the perturbation are shown  on  a pressure 
level of 2400 dbar- 
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in Fig.3.14. These transports, calculated on an w = 27.75 kg 77/ -3  surface, rapidly increase 

to large values of up to alomost 10 Sv quickly after the perturbation and decrease substantially 

after approx. 25 years. Horizontal plots of these transports on the same w-surface are shown in 

Fig.3.15. In these horizontal plots one can see that even though e 1  is not the most dominant 

diapycnal advection when integrated globally compared to cabbeling and thermobaricity, locally 

it seems to be the most dominant form of diapycnal advection. The most important point to note 

here is the rapid adjustment of the ocean back to a state with small neutral helicity. Even though 

the perturbation used here is of unrealistically large magnitude the ocean readjusts quickly and the 

slope errors and therefore ewhel  readjust back to very similar values as estimated for today's ocean. 

10 	20 	30 
	

40 
	

50 
year after pertubation 

Figure 3.14: The transports caused by nonlinearities in the equation of state of seawater are shown 
from the time of the e and S perturbation until 50 years after on an w = 27.75 kg M, -3  surface. 
The blue line shows transports due to cabbeling, e"b , the red line transports due to thermobaricity, 
etherm  and the green line transports due to neutral helicity, ehel  

3.6 Vertical advection caused by temporal changes in the ocean's 
hydrography 

The diapycnal advection due to neutral helicity, as described in the last section, is due to the spatial 

variation of temperature and salinity in the ocean's hydrography. Here we will describe a similar 

process, however in this case it is due to the temporal changes of salinity and temperature in the 

ocean. This vertical advection is what we call etrnP. We look at the S/e/p-values of one cast at a 

time and calculate the local direction of mixing (in pressure and time), between two realizations 

of the same cast separated in time by a month. We do this for each month of an annual cycle, 

beginning and finishing in January. The left side of Fig.3.16 shows the el-p diagram of such a 
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Figure 3.15: Diapycnal velocities due to nonlinearities in the equation of state  of  seawater are 
shown five years after the perturbation of 0 and S on an co = 27.75 kg M-3  surface.  These 
are (a) ecab, the diapycnal velocity due to cabbeling, (b) ether"'

, the diapycnal  velocity  due to 
thermobaricity, (c) ehel, the diapycnal velocity due to neutral helicity and (d) the sum of these 
three diapycnal velocities. 
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'seasonal' neutral trajectory. We know that the depth change around a closed loop (in this case in 

time), b.  z, can also be calculated by (McDougall and Jackett, 1988) 

—6zN 2  g-1  T  ipda 	 (3.20) 

1.58 	1.582 	1.584 	1.586 	1.588 
conservative temperature [°C] 

Figure 3.16: This e-p diagram shows the seasonal changes following a neutral 'trajectory' 
throughout one year on one single cast in space. One can see that the loop in this diagram is 
almost closed. The gap at the end (in January, which is shown magnified on the right) is the 
depth change, 6z, of the neutral trajectory through time. This depth change can be calculated via 
--ozN 2 g-1  T jpde (McDougall and Jackett, 1988). 

The RHS of Eqn.(3.20) is equal to the enclosed area in the e-p diagram in Fig.3.16. In this figure 

we can also see the difference in pressure between the January of the first year and the January of 

the second year (see the enlargement on the right of the e-p diagram). This process is physically 

similar to the helical nature of neutral trajectories (McDougall and Jackett, 1988), but instead 

of spatial variations of the ocean's hydrography we are looking at its temporal variations (also 

compare Eqn.(3.20) with Eqn.(B.1)). 

We construct an example of this depth change due to temporal changes (Fig.3.17). As an initial 

condition we chose S/0/p values on an w-surface with an average pressure of approx. 800 dbar. 

Most of this vertical velocity is confined to a narrow region along the Antarctic Circumpolar 

Current. Locally the vertical velocities can exceed 10 -7m 8 -1 . Larger cohesive regions have 

vertical velocities around 10 -8m s -1 , cumulating as a downward vertical transport of approx. 
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0.1 Sv. This vertical velocity due to seasonal changes of hydrography is found to decrease with 

depth. Note that these vertical velocities are approximately one order of magnitude smaller than 

the diapycnal advection due to ehel . These estimates of etnw assume the seasonal cycle of S/e/p-

values to be periodical, that is the hydrograpy in the first year is the same as the hydrography of 

the following year. Aperiodic seasonal changes in the hydrography have not been looked at in this 

work and might change estimates of etmP . Additionally to the seasonal changes in hydrography, 

another source of temporal changes in the ocean is associated with mesoscale eddies which has 

not been looked at here. 

Figure 3.17: The vertical advection due to temporal changes in the ocean's hydrography. Initial 
S/e/p values are chosen on an w = 27.25 kgm-3  surface which has an average pressure of approx. 
800 dbar. 

3.7 Summary and conclusions 

We have derived a 'density' conservation equation with respect to continuous 'density' surfaces, 

showing that two 'extra' processes have  to  be accounted for when using  continuous  'density' 

surfaces as a reference frame instead  of neutral  tangent planes. These processes are the diapycnal 

advection due to neutral helicity, ehel, and  the vertical  advection due to the  temporal  variation of 

the ocean's hyrdrography, e tmP.  Using  continuous 'density' surfaces as the  reference  frame for 

water-mass analysis has been common for quite some time but the two 'extra'  processes  described 

here have been ignored. 

Using the output of a numerical ocean model we have quantified the diapycnal  advection,  ehel  , 

caused by the ill-defined nature of  neutral  surfaces. This diapycnal advection arises  as  a result of 

using continuous 'density' surfaces as a framework for viewing ocean circulation. If  the  equation 

of state of seawater were linear this approach would be correct and diapycnal flow would only 
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occur as a result of the usual well understood mixing such as small-scale turbulent mixing and 

double-diffusive convection. As the equation of state is nonlinear and because neutral helicity, 

lin, is non-zero in the ocean, we have to deal with the helical nature of neutral trajectories 

(McDougall and Jackett, 1988) which means that depending on the path a neutral trajectory takes 

it will end up at some distance above or below a continuous 'density' surface. This effect therefore 

always produces diapycnal advection, no matter which density surface we use. It is not possible 

to quantify this diapycnal advection in a climatology due to the lack of lateral velocities, but 

McDougall and Jackett (2007) have shown that neutral helicity is small in a climatology giving us 

confidence that this diapycnal advection is small in these data sets as well. 

In this work we show that this diapycnal velocity ehel  can be of the order of 10-7ms -1 . The 

highest values of ehel  occur in the Southern Ocean and in the North Atlantic. In these regions, ehel  

is of a similar order of magnitude to diapycnal velocities caused by small-scale turbulent mixing 

and also by cabbeling and thermobaricity, which have been quantified by McDougall (1987b) and 

in this paper. This means that when one is interested in quantifying water-mass transformation 

processes, such as isopycnal mixing, cabbeling, thermobaricity or small-scale turbulent mixing, it 

is important to take ehel  into account. 

The regions of substantial ehel  are observed to correspond closely to regions where neutral helicity, 

= g-1 N2 Tr (V ap x V a ()) • k, is high. Most regions of the global ocean seem to have 

adjusted in a way to attain small values of neutral helicity (McDougall and Jackett, 2007). The 

main exception seems to be the outcropping regions, that is the regions where the atmosphere has 

a chance to modify deep water masses. This atmospheric modification could act as a perturbation 

of the ocean from a state with very small neutral helicity. 

We find that net global diapycnal transports due to del are legs than 1 Sv (1 Sv = 106m3 s -1 ) on 

most co-surfaces. Regionally this transport can be either upward or downward. Therefore even 

though in certain regions the diapycnal advection due to neutral helicity can be significant, the 

globally integrated transports remain relatively small. To understand what happens if we use less 

accurate density surfaces for our calculations for ehel  we repeated the same procedure as above to 

derive transports through go-surfaces and (72-surfaces, that is transports associated with e uhoei and 
ehel This analysis for potential density surfaces resulted in transports twice as large (for (7 2 ) or 

larger (for an) than through co-surfaces. Therefore using inaccurate density surfaces can lead to 
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very large 'fictitious' diapycnal transports. We call these transports fictitious because using these 

inaccurate density surfaces leads to ehel  not only being due to neutral helicity but also due to errors 

made when defining density surfaces. 

We have also conducted a perturbation experiment with a numerical ocean model in which we 

perturb today's ocean into a state in which it has enhanced values of neutral helicity. These 

enhanced values of neutral helicity cause an increase in thermobaricity, cabbeling and ewhel  in the 

years following the perturbation and decrease to values close to the ones before the perturbation 

after approximately 50 years. This show that the ocean adjusts rapidly towards a state with small 

neutral helicity. 

We also demonstrated how seasonal changes in the ocean's hydrography can cause vertical 

advection. This vertical advection, etniP, is on the order of 0(10-8ms -1 ), that is an order of 

magnitude less' than the diapycnal advection due to ehel , and causes a net global downward 

diapycnal transport of approx. 0.1 Sv. This form of vertical advection is therefore relatively 

insignificant as a water-mass transformation mechanism. 



74 



75 

Chapter 

4 The influence of the nonlinear equation of 
state on global estimates of dianeutral 
advection and diffusion 
A. Klocker and T J. McDougall 
submitted to the Journal of Physical 
Oceanography, June 2009 

4.1 Abstract 

Recent work on the global overturning circulation and its energetics assumes that processes caused 

by nonlinearities of the equation of state of seawater are negligible. Nonlinear processes such 

as cabbeling and thermobaricity both cause diapycnal motion as a consequence of isopycnal 

mixing. The nonlinear equation of state also causes the helical nature of neutral trajectories. 

As a consequence of this helical nature, it is not possible to define a continuous 'density' surface 

that aligns with neutral tangent planes. The result is an additional diapycnal advection, which 

needs to be accounted for in water-mass analysis. In this paper we take advantage of new 

techniques in constructing very accurate continuous 'density' surfaces to more precisely estimate 

isopycnal and diapycnal processes. We then quantify the diapycnal advection due to each of these 

nonlinear processes and show that they lead in total to a significant downward diapycnal advection, 

particularly in the Southern Ocean. The nonlinear processes are therefore another source of dense 

water formation in addition to high-latitude convection. To maintain the abyssal stratification in 

the global ocean these dense water masses have to be brought back towards surface layers and this 

can occur by either diabatic or adiabatic processes. Including these nonlinear processes into the 

advection-diffusion balance we show that observed diapycnal diffusivities are unlikely to be able 

to support the amount of dense water produced in the global ocean, thus placing more importance 

on the adiabatic way of bringing the deep waters back to the surface. 
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4.2 Introduction 

In most existing work on ocean circulation the causes for water-mass transformation in the 

ocean are assumed to be either surface forcing or small-scale turbulent mixing. It has been 

known for decades that nonlinearities in the equation of state of seawater can lead to water-mass 

transformation processes, e.g. cabbeling and thermobaricity, but these processes have usually 

been assumed to be negligible in much recent work. There have been a few estimates of diapycnal 

velocities caused by these nonlinear processes but none of these have been made in the more 

general context of the global overturning circulation. 

Oceanographers tend to use the 'density' conservation equation to describe water-mass 

transformation processes in the ocean. This 'density' conservation equation can easily be derived 

from the conservation equations of salt and temperature, with the only 'nuisance' being that this 

leads to additional terms describing nonlinear processes such as cabbeling and thermobaricity. In 

most previous work, including work on using this 'density' conservation equation to understand 

ocean energetics, these terms have been dropped. 

An additional issue arises due to extra terms that need to be taken into account when using 

this 'density' conservation equation on a continuous 'density' surface. This is due to the non-

existence of continuous 'density' surfaces which globally connect neutral tangent planes (i.e. 

the local direction of mixing in the absence of diapycnal mixing processes) everywhere on this 

surface (McDougall and Jackett, 1988). Continuous 'density' surfaces can be.associated with a 

density variable, such as for example potential density or neutral density, which is constant on the 

surface. These surfaces are mathematically well-defined, i.e. continuous, but water parcels moving 

along these continuous 'density' surfaces encounter buoyant restoring forces. f This ambiguity 

in defining continuous 'density' surfaces is due to neutral helicity being non-zero in the ocean. 

Neutral helicity is caused by the pressure-dependence of 4'  where ae is the thermal expansion 0  
coefficient and Oe the saline contraction coefficient. This thermobaric nonlinearity can be written 

as the thermobaric coeffiecient Te = O 	. e 	) We can write neutral helicity as b 	71-6 P 

g-1 N2 TtEt  3 v np  x .  v ne  k, 	 (4.1) 

where Vn  is the two-dimensional gradient along a neutral tangent plane and 8 is the conservative 
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temperature (McDougall, 2003). 

Using continuous 'density' surfaces therefore leads to errors associated with the density surfaces 

having a different slope than the local neutral tangent plane. These slope errors cause a fictitious 

diapycnal diffusivity (chapter 2) and an additional diapycnal advection (chapter 3) which have to 

be taken into account when using the 'density' conservation equation on a continuous 'density' 

surface. 

Recently an algorithm has been introduced which significantly minimizes the slope errors between 

neutral tangent planes and density surfaces compared to continuous 'density' surfaces previously 

used, producing what is called an w-surface (chapter 2). Since these w-surfaces describe the 

isopyCnal direction more accurately than other continuous 'density' surfaces, the isopycnal 

gradients of temperature and pressure, which are necessary for estimating diapycnal velocities 

due to cabbeling and thermobaricity are also evaluated more accurately. It is also shown that these 

w-surfaces minimize the additional diapycnal advection due to neutral helicity (chapter 3) . The 

need for this additional diapycnal velocity is due to the lateral velocity being incorrectly assumed 

to be along continuous 'density' surfaces instead of along neutral tangent planes; 

In this paper we will quantify the diapycnal advection caused by nonlinearities in the equation 

of state of seawater, i.e. cabbeling, thermobaricity and the diapycnal motion due to neutral 

helicity, and show that they cause significant water-mass transformation, particularly in the 

Southern Ocean. Mostly these processes produce denser water masses and are therefore sometimes 

described as the 'densification' of mixing. In comparison to the formation of Antarctic Bottom 

Water or North Atlantic Deep Water, which are due to surface fluxes, cabbeling and thermobaricity 

are due to isopycnal mixing leading to a diapycnal velocity due to nonlinearities in the equation 

of state of seawater. The diapycnal advection due to neutral helicity is a consequence of using 

continuous 'density' surfaces as a reference frame for water-mass analysis. That is, this diapycnal 

advection needs to be taken into account when using a surface which has a different slope to that 

of neutral tangent planes (which is the case with any continuous surface in an ocean with non-

zero neutral helicity), but it does not exist when analyzing water-mass transformation locally with 

respect to neutral tangent planes. All these nonlinear effects are independent of any surface forcing 

and can therefore be seen as a different path of dense water production in the global overturning 

circulation. 
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All the dense water masses produced in the global ocean, that is, dense water masses formed by 

high-latitude convection and by nonlinearities in the equation of state of seawater, have to brought 

back towards surface layers, otherwise the ocean would simply fill up with dense fluid. (Munk 

and Wunsch, 1998). This can be done diabatically by small-scale turbulent mixing (the 'classic' 

hypothesis as used in Munk (1966) and Munk and Wunsch (1998)) or adiabatically by isopycnal 

advection along density surfaces (Toggweiler and Samuels, 1995; Webb and Suginohara, 2001). 

The rates of diapycnal advection and diapycnal diffusion are of central importance to the dynamics 

of the deep ocean (Stommel and Arons, 1960a,b; Gargett, 1984; Davis, 1994a). 

Here we will revisit the work by Munk and Wunsch (1998) to show the changes in diapycnal 

diffusivity profiles, and therefore the estimates of the energy necessary to support these diffusivity 

profiles, when taking into account the nonlinearities of the equation of state of seawater. We use 

these results to argue that the dense waters are unlikely to be brought back to surface layers by 

diabatic processes alone. 

4.3 The 'density' conservation equation 

The aim of this section is to use the conservation equations for salinity and conservative 

temperature (which is proportional to potential enthalpy and represents the 'heat content' per unit 

mass of seawater, see McDougall (2003)) to derive the 'density' conservation equation, which can 

also be written as an equation for the diapycnal advection. The conservation equations for salinity, 

S and conservative temperature, 8, are (McDougall and Jackett, 2009) 

Sti r, + V • VS + eS, = 	(hKV„S)+ (DS,), 	 (4.2) 

and 

et + v Vrie + ee z  = 11-1 \7,• (hKVne)+ (De). 	(4.3) 

These equations have been written in the advective form and with respect to neutral tangent 

planes so that e is the vertical velocity through neutral tangent planes and V is the thickness- 

weighted horizontal velocity obtained by temporally averaging the horizontal velocity between 
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closely-spaced approximately neutral tangent planes. Similarly, the salinity and conservative 

temperature are the thickness-weighted values obtained by averaging between closely spaced pairs 

of approximately neutral tangent planes (McDougall and McIntosh, 2001). In these equations • 

h(x, y) is the mean thickness between two closely-spaced approximately neutral tangent planes. 

The mixing processes that appear on the right-hand sides are simply isopycnal turbulent mixing 

of passive tracers (with isopycnal diffusivity K) along density surfaces and diapycnal turbulent 

mixing (with diapycnal diffusivity D) across density surfaces. That is, we have not considered 

double-diffusive convection or double-diffusive interleaving. 

By cross-multiplying Eqns.(4.2) and (4.3) by 13° and ae respectively and substracting, we obtain 

what can loosely be called the 'density' conservation equation with respect to neutral tangent 

planes, or the equation for the dianeutral velocity, e, namely 

e = D, + DgN-2 (cre e— 13e8) + kg1V-2 (cee Vrie — Oe V„S) 

= D, + DgN-2 (ae 0,,— [38 S„) —Kg.IV -2 (CrV,0 • Vn,0 + TbeVri 0 • VriP), 

where the cabbeling and the therinobaric coefficients (McDougall, 1984,..1987b) are 

oae 	ae oae (c ) 2 D/3e 
= — + 	 

00 2 13e OS 	(0e ) 2  OS 

and 

aae  ae  (9)(3e  oet ae  
T = bap  

and represent the nonlinear nature of the equation of state of seawater. The first two terms on the 

right-hand side of Eqn.(4.4) are due to small-scale turbulent mixing and the other terms are due to 

cabbeling and thermobaricity. The diapycnal advection due to cabbeling can be written as 
( 

(4.4) 

(4.5) 

(4.6) 

cab 	g  
e  — 	c ,e (v no •  N2  " 

(4.7) 
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and the diapycnal advection due to thermobaricity as 

etherm 	g  KTe  (V 0 • V p) 
N2 	b 	n 

	 (4:8) 

This 'density' conservation equation (Eqn.(4.4)) has the advantage compared to the conservation 

equation of salinity and conservative temperature that the lateral advection does not affect density 

•so that this form of the conservation equation can be used to infer diapycnal advection (which 

cannot be directly measured in the ocean) from large-scale property distributions (Davis, 1994a). 

Note that e"b and eth"m  describe diapycnal velocities (which are caused by isopycnal mixing) 

and can therefore not be seen in dissipation measurements which are used to infer the diapycnal 

diffusivity, D (as in Eqn.(4.24) below). That is, the diapycnal velocities e"b  and eth"m  are 

independent of the dissipation of kinetic energy in the ocean. 

From McDougall and Jackett (1988) we know that it is impossible to connect neutral tangent 

planes globally to form a well-defined surface in three-dimensional space. Due to this helical 

nature of neutral trajectories, which is a consequence of neutral helicity being non-zero in the 

ocean, we have to deal with the additional diapycnal advection ehel . ehel  is a consequence of the 

lateral velocity V being assumed to be along a well-defined surface rather than a neutral tangent 

plane, and can be written as (McDougall and Jackett (1988),chapter 2, chapter 3) 

ehet = V• • s, 	 (4.9) 

with V being the lateral velocity and s the slope error between the neutral tangent plane and the 

continuous 'density' surface used, 

s = Vn z — Va z, 	 (4.10) 

where Vn, is the gradient along a neutral tangent plane and V a  is the gradient along a continuous 

'density' surface. 
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ehel  would only be zero everywhere if the equation of state of seawater were linear or if neutral 

helicity in the ocean were zerb. We know that the equation of state is nonlinear. Neutral helicity 

can be close to zero in some regions of the global ocean but can be large in others. Therefore, 

depending on which regions of the global ocean we work in, ehel  can be large. 

Knowing that it is impossible to construct a continuous 'density' surface which describes neutral 

tangent planes everywhere, the best solution is to minimize the error involved in using a continuous 

'density' surface. This is done by the algorithm described in chapter 2 which solves a least-squares 

problem minimizing the slope errors on a continuous 'density' surface, leading to what is called 

an w-surface. Using these surfaces minimizes both the fictitious diapycnal diffusivity, Df, and 

ehel  in such a way that D1  and ehel  are only due to neutral helicity, whereas in other surfaces Di' 

and ehel  are due to neutral helicity and also errors arising from the way these surfaces are defined. 

These w-surfaces allow us to calculate the accurate isopycnal gradients of pressure and temperature 

which are necessary to calculate diapycnal velocities caused by cabbeling and thermobaricity. The 

diapycnal advection, ea, through an approximately neutral surface is given by (chapter 3) 

ea = e  ehel etmp (4.11) 

The diapycnal velocity e is the one through neutral tangent planes; e appears in Eqn.(4.4). In more 

detail Eqn.(4.11) can be written as 

ea = D, DgN-2(cteezz  _ oe szz ) ecab etherm ehel _trap (4.12) 

where the parts involving the diapycnal diffusivity D are due to diapycnal diffusion. The last term 

in Eqn.(4.12), the vertical advection due to temporal changes in the ocean's hydrography, etn1P, 

can be ignored because this velocity is approximately an order of magnitude smaller than the other 

terms (chapter 3). 

Note that the above equations describing the diapycnal advection change when the lateral mixing 

is done along potential density surfaces, as is done in most layered models of the ocean (which 

usually use a reference pressure of pr  ---- 2000 dbar). For these layered models the equation for 
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the diapycnal advection through potential density surfaces (which is the equivalent of Eqn.(4.4) 

for the neutral tangent planes) can be written as (McDougall et al., 2010) 

1 do-   
ea-- = 

e 
(Pr)(DSz)z — cte (Pr)(Dez)z +1CaCr(pr )V,® • V,e, 	(4.13) 

p dz 

where e is the diapycnal velocity through a potential density surface and K' is the isopycnal 

diffusivity along the potential density surfaces. ae(pr),  /3e  (pr ) and C(pr) are the thermal 

expansion coefficient, the saline contraction coefficient and the cabbeling coefficient calculated 

at the reference pressure pr . The most serious difference between Eqns.(4.4) and (4.13) is the 

absence of thermobaricity in Eqn.(4.13). As we will show below thermobaricity can cause a 

substantial amount of water-mass transformation in the global ocean and the error in ignoring this 

contribution in layered ocean models using potential density surfaces as their vertical coordinate 

might be significant. The absence of thermobaricity as a contributor to the diapycnal velocity in 

layered ocean models has previously been noted by Iudicone et al. (2008). Also missing from 

layered ocean models is the mean diapycnal advection ehei  due to the helical nature of neutral 

trajectories in the ocean. The absence of both thermobaricity and ehel  from isopycnal coordinate 

ocean models is due to the direction of lateral mixing in these models not coinciding with neutral 

tangent planes. 

The 'density' conservation equation is different again when we use potential density surfaces to 

analyze hydrographic data from an ocean which mixes along neutral tangent planes. According to 

McDougall (1991a) the diapycnal velocity e can be written as 

e  
e 73—

dz = (Pr)(DSz)z — "Pr)(Dez)z 

Oe  (Pr)  ± 	(haKV,S) ae  (Pr) V, (ha KV ,e) V, 
hc 	 ha 

1 
± ae (Pr)(r — 1 )Tyn - (hIC7ne) + ae  (Pr) tI KV nr • V ne r 

— Oe  (Pr) Gaeo((  PP  rr  ))) z [112  — tt]l(Vne . V ne le z 

fie (Pr)  [ 11  1] K{CrVne • Vne + TbeVne - VnPl, )319 	r 

(4.14) 
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where ha (x, y) is the thickness between two closely-spaced potential density surfaces and pc is 

defined as 

00 (p)  r[Rp  —1] 
= e (Pr [Rp — r] 

The stability ratio of the water column, Rp , and r are defined as 

p aeez  
IIP  = Oe Sz 	r  = ae  (Pr)108  (Pr) * 

(4.15) 

(4.16) 

In Eqn.(4.14) the terms in the third and fourth lines are due to assuming that the lateral diffusion 

occurs along potential density surfaces instead of along neutral tangent planes. Even at the 

reference pressure when p = pr  and r = = 1 the last three lines of Eqn.(4.14) do not reduce to 

zero but rather to TbKVne • V Tip showing that the thermobaric effect remains. 

Because of this difference between conservation equations for 'density' (Eqns.(4.4),(4.13) and 

(4.14)) care has to be taken that the correct version is used for one's appplication. 

4.4 Cabbeling, thermobaricity and the dianeutral advection due to 
neutral helicity 

The lateral diffusive fluxes of 0 and S along neutral tangent planes, -Kvne and —KG'S, 

have equal but opposite effects on the locally referenced potential density; that is —Ka eV 7,0 = 

—10eVS. To illustrate the cause of the diapycnal advection of cabbeling and thermobaricity, 

consider a situation where the lateral diffusive flux of salt is spatially constant, implying that 

V. (KVnS) = 0. However the neutral relationship a e  'gm () = OeVnS implies that the 0-field 

must obey Vn  • (5- KVne) = 0 so that the nonlinearity in the equation of state (i.e. the spatial 

variation of ae  and oe) implies that in this situation there is a non-zero divergence of the lateral 

heat flux, that is Vn  • (KV 7,0) 0 0. It is then not surprising to learn that there is a net diapycnal 

flow caused by these nonlinearities of the equation of state. 
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4.4.1 Quantifying cabbeling and thermobaricity and the diapycnal advection due to neutral 

helicity in the global ocean 

Here we will quantify the diapycnal advection caused by nonlinearities in the equation of state of 

seawater (the diapycnal advection processes on the right-hand side of Eqn.(4.12), i.e. ecal  , etherm 

and ehe 1 ). For accurate estimates of these processes it is necessary to compute accurate isopycnal 

gradients of pressure and temperature. This is achieved by using w-surfaces to calculate these 

gradients. co, Te and N2  can easily be calculated on any density surface. 

This leaves the isopycnal diffusivity K. There has been much discussion about isopycnal 

diffusivities in the ocean with values ranging from 0(10 2  m2 8 -1 ) to OW m2 8 -1 ). These 

estimates come from tracer release experiments (e.g. Ledwell et al. (1998)), Lagrangian statistics 

of surface drifters (e.g. Sallee et al. (2008)), geostrophic flow estimates which were used to advect 

a numerical tracer to calculate eddy diffusivities (e.g. Marshall and Radko (2006)) and from a 

study investigating the relationship of K and D to the strength of the Southern Ocean meridional 

overturning circulation (Zika et al., 2009). Estimates such as those by Sallee et al. (2008) and 

Marshall and Radko (2006) are only valid close to the surface. Tracer release experiments which 

are used to estimate eddy diffusivities in the deeper ocean only exist for small regional areas and 

there is no knowledge about the vertical structure of K. Particularly in the Southern Ocean, in 

which isopycnal eddy diffusivities are clearly dynamically important, there is a lack of reliable 

estimates of K below the mixed layer. The Southern Ocean is also the region with large isopycnal 

gradients of temperature and pressure due to the outcropping of density surfaces, leading to 

large diapycnal velocities caused by cabbeling and thermobaricity. Due to this great variance 

in estimates for K we use a value of K = 103  7712 S -1  (this is also the value which the ocean 

model used here uses). This choice of K is our largest uncertainty in our calculations of ecab  and 

eth"rn . But until further observations are made which improve our understanding of isopycnal 

diffusivities we will not be able to decrease these errors in our calculations. 

For all following calculations we will be using model output from MOM4 (Griffies et al., 2004) 

using a standard configuration apart from the inclusion of conservative temperature (McDougall, 

2003) instead of potential temperature as its conserved temperature variable. This change is not 

relevant to the results in this paper. It is necessary to use model data to calculate ehel  due to the 

need for lateral velocities. We will also compare these estimates of cabbeling and thermobaricity 
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in MOM4 to estimates from climatological data to confirm that the model physics produce similar 

results to observational data. 

One of the issues with using model output is that due to a lack of knowledge about realistic values 

for the isopycnal diffusivity, ocean models are run with an isopycnal diffusivity set in a way to 

improve the model output. If the choice of the isopycnal diffusivity, K, used in MOM4 is too 

large we can expect the isopycnal gradients of properties to be too small and vice versa. If we 

then assume that the lateral flux of e, -.K Vrie, is independent of the model's value of K, then in 

fact the strength of the thermobaric diapycnal advection would be independent of K, while that of 

cabbeling (being proportional to K Vne• V7,0) would actually increase as K is decreased. Note 

also that the use of an isopycnal diffusivity, K, is only a valid approach in coarse data/model output 

in which eddies are not resolved (in these cases K describes the mixing an eddy would cause if it 

would be resolved). In high-resolution data/model output the isopycnal diffusive property fluxes 

should be estimated as - Vq.', where (I) is any tracer and V' and are the pertubations from the 

mean values caused by eddies. 

The diapycnal advection caused by cabbeling, e"b , on an w-surface with an average pressure of 

1400 dbar is shown in Fig.4.1(a). This figure shows that cabbeling causes diapycnal velocities 

on the order of -1 • 10 -7ms-1  in large areas in the Southern Ocean. The strongest diapycnal 

velocities due to cabbeling are located in confluence zones of the Antarctic Circumpolar Current. 

These regions, such as the Brazil Basin in the Atlantic, the Agulhas retroflection in the Indian 

and the confluence zone off New Zealand, are regions where subtropical water masses and water 

masses from the Southern Ocean have frontal boundaries, creating large isopycnal gradients of 

salinity, temperature and pressure. These large isopycnal gradients then lead to large diapycnal 

advection caused by cabbeling and thermobaricity. Small regions of enhanced ecab are also evident 

in the northern North Atlantic along the outcropping density surfaces and in the Arctic Ocean. 

The zonal mean of the diapycnal velocity due to cabbeling betwee the 27.4kgm -3  w-surface 

and the 28.1kgm -3  w-surface (averaged along w-surfaces), as seen in Fig.4.2(a), shows large 

values south of 40°S. The diapycnal velocities due to thermobaricity (on the same surface as used 

for cabbeling above) are shown in Fig.4.1(b) and the zonal mean of this diapycnal velocity in 

Fig.4.2(b). These figures show downward diapycnal velocities of 0(10 -7ms-1) in a continuous 

band around the Antarctic Circumpolar Current, south of 40°S. Similarly to cabbeling, enhanced 

values of e th"m  can be seen in the northern North Atlantic. Compared to cabbeling, which always 
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produces negative (downward) diapycnal velocities, thermobaricity also produces positive values 

(an upward diapycnal velocity), mainly between 20°S and 40°S. The diapycnal advection due to 
el neutral helicity, eh is shown in Fig.4.1(c) for the w-surface with the average pressure of 1400 

dbar and in Fig.4.2(c) for the zonal mean. As for cabbeling and thermobaricity the largest values 

are south of 40°S with the main difference to cabbeling and thermobaricity being that instead of the 

diapycnal velocity being mainly downward, ehel  produces patches of banded positive and negative 

values, both occupying similar areas. The only exception to this is the Pacific sector where ehel  is 

upward. 

Figure 4.1: Diapycnal velocities due to nonlinearities of the equation of state of seawater are 
shown on an w-surface with an average pressure of approximately  1400 dbar. These are (a) e"b, 
the diapycnal velocity due to cabbeling, (b) eth"m  the diapycnal velocity due to thermobaricity, 
(c)  ehel  the diapycnal velocity due to neutral helicity and (d) the  sum of these  three  diapycnal 
velocities. 

The sum of the diapycnal advection due to cabbeling, thermobaricity and the diapycnal advection 

due to neutral helicity on this same w-surface is shown in Fig.4.1(d). The sum of the zonal 
e 	and eh et mean of eca 	therm b  , 	 is shown in Fig.4.2(d). In both these figures the largest values 

for the diapycnal velocities caused by these nonlinear processes are surrounding the Antarctic 

Circumpolar Current and to „a lesser extent along the outcropping density surfaces in the northern 

North Atlantic. Integrating these diapycnal velocities globally we derive diapycnal transports. 
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Figure 4.2: Similar to Fig.4.1 the diapycnal velocities due to nonlinearities of the equation of state 
of seawater are shown, this time as a zonal average along w-surfaces, and plotted at the average 
pressure of these w-surfaces. 
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A vertical profile of these transports is shown in Fig.4.3(a) for cabbeling (blue), thermobaricity 

(red), the diapycnal advection due to neutral helicity (green) and their sum (black). Cabbeling 

produces a downward diapycnal transport of approximately 2 Sv which decreases with depth 

whereas thermobaricity increases from approximately 2 Sv on the shallower surfaces to more 

than 6 Sv on the denser surfaces. The transport due to ehel  is smaller than 1 Sv through most of 

the water column. 

The global integral of these diapycnal transports in the ocean model caused by cabbeling, 

thermobaricity and the diapycnal advection due to neutral helicity results in a downward diapycnal 

transport of approximately 6 Sv through all the density surfaces shown here. Compared to 

estimates of AABW production of 8.1-9.4 Sv (using a chlorofluorocarbon budget) or 12.3 Sv 

(using a mass budget) (Orsi et al., 1999) this is a substantial amount of dense water production 

which should not be ignored. Note that one of the main differences between the production of 

AABW and the dense water production due to the nonlinear equation of state is that the AABW 

production is due to surface forcing whereas the nonlinear dense water production is due to 

isopycnal mixing and therefore independent of surface forcing. But even though these dense 

water masses are formed differently, both the Antarctic Bottom Water and the nonlinear diapycnal 

processes add to the estimates of the northward transport of Antarctic Bottom Water and Lower 

Circumpolar Deep Water north of the Antarctic Circumpolar Current. It is important to remember 

that this estimate of 6 Sv of dense water formed by these nonlinear processes in the ocean model 

is linearly dependent on the isopycnal diffusivity K which is uncertain and likely to be spatially 

and temporally varying (for our estimates K is taken constant). 

To validate the results from the model output which we used for our calculations we also calculated 

the global integral of the transports caused by the nonlinearities in the equation of state for 

the WOCE climatology (Gouretski and Koltermann, 2004), again using K=10 3 m2 s-1 . These 

transports are plotted in Fig.4.3(b), showing similar results to the model output. The main 

differences are that thermobaricity seems to be less important on most density layers relative to 

cabbeling, opposite to the results from the model output. This could be due to the model getting the 

isopycnal gradients of temperature wrong (see Sloyan and Kamenkovich (2007) for an estimate of 

these errors) or due to the averaging done in the climatology. The sum of the nonlinear diapycnal 

transports is relatively similar for both cases, starting with a downward diapycnal transport of 

about 5 Sv on the lighter density layers and increasing to about 8 Sv on the denser layers. Note 
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Figure 4.3: The vertical profile of nonlinear diapycnal transports through w-surfaces are shown 
for (a) the MOM4 model output and (b) the WOCE climatology. Blue lines are transports due 
to cabbeling, red lines are due to thermobaricity, green lines due to neutral helicity and black 
lines are the sum of these three processes. There are no estimates of the diapycnal transport 
due to neutral helicity in the WOCE climatology due to the lack of values for lateral velocities. 
Due to the model not correctly representing water masses, the surfaces in (a) are lighter than in 
the WOCE climatology (b) (the w-surfaces in (a) and (b) are aligned so that they have the same 
average pressures). 

that due to the averaging done to construct the global climatology from sparse measurements the 

tracer fields are likely to be smoother than in reality, which would then lead to an underestimate 

of these nonlinear diapycnal velocities (assuming we are using a correct value for the isopycnal 

diffusivity). 

Here it is important to note that all these calculations have to be done on accurate density surfaces, 

where accurate means that the density surface has to be close to describing the direction of neutral 

tangent planes. If for example potential density surfaces with a badly chosen reference pressure 

are used the transports due to cabbeling, thermobaricity and ehel  would seem to be an order of 

magnitude larger than the transports calculated on w-surfaces. Using the '-y-surfaces of Jackett 

and McDougall (1997), which are the most common density surfaces used recently, care has to be 

taken when labelling data which has a significantly different water-mass structure to the reference 

hydrography used in the algorithm by Jackett and McDougall (1997). Because of this  'yn  performs 

well for observational data, but less well for model data which sometimes has quite different water 

masses to today's ocean. The need for accurate continuous 'density' surfaces for the calculation of 

diapycnal velocities caused by thermobaricity and cabbeling has been mentioned first by Iudicone 

et al. (2008), even though in this work the authors use the lin-variable to estimate these processes 
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in the Southern Ocean of an ocean model, leading to diapycnal transports by these processes which 

are substantially larger than the estimates of this work. 

4.4.2 A simple scale analysis of cabbeling and thermobaricity 

Above we quantified diapycnal advection caused by nonlinearities in the equation of state in a 

three-dimensional hydrography, showing that these processes cause a substantial amount of water-

mass transformation. The main uncertainty in these calculations is the isopycnal diffusivity K. 

Now we will use a simple scale analysis to show the importance of thermobaricity and cabbeling 

in the Southern Ocean relative to isopyenal diffusion. For this simple scale analysis the absolute 

value of the isopycnal diffusivity K is not important. 

Using the advective conservation statements for S and e (see Eqns.(4.2) and (4.3)) and the 

relations for the variation of S and e on the neutral tangent plane (McDougall, 1987a), 

aeOt = Oest In 	 (4.17) 

and 

a°  V rie = 08 	 (4.18) 

one finds 

e 	
v 	yi  n (hx  vne = Kvri2  e + DgN -2e3 f3e d2s  t + [v 

h] 	 de2  

-1-Kg1V-2e z {CPV,-,0 • V 7,0 + TrVne Vnp}. 

(4.19) 

Here DgN-20 z3,3eg is the total effect of diapycnal mixing on water:mass transformation, i.e. 

the change of e on a neutral tangent plane (McDougall, 1987b). This water-mass transformation 
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is therefore dependent on the diapycnal diffusivity D multiplied with the curvature of the 8 — S 

diagram. 

At a thermoclinic front the magnitude of the isopycnal diffusion scales as the isopycnal gradient 

divided by the half-width of the front, L, that is 1 .7n2 el 1\772,011L. Setting half the isopycnal 

• 0 and p contrasts across the front equal to AO and Ap respectively (AO = LI Vn 01 and 

Ap = I VnPi), we find from Eqn.(4.19) that 

Kg.1V-20,{CrVnO•V rie +07n0 • VnP}I(KV 2ne) 
Rp   f Ae  Tbe  

[Rp -111ae 	ae P  (4.20) 

—  RP  {A8  
[Rp 	

x (0.1K -1 ) ± Ap x (3 * 10-4dbar -1 )}. 

In the Antarctic Circumpolar Current where [Rp  —1] is of order 1, AO is about 1 K and Ap is about 

500 dbar (and in the same sense as AO), Eqn.(4.20) is about 0.5, implying that the contribution 

of thermobaricity and cabbeling to water-mass transformation is 50% of the contribution of the 

isopycnal diffusion term. However thermobaricity and cabbeling are much more important at 

causing water-mass transformation in the ACC region than this comparison suggests because the 

isopycnal diffusion term changes sign across the front and so averages close to zero in the frontal 

region, while cabbeiing and thermobaricity contribute a term of the same sign across the whole 

front. This can be seen in Fig.4.4 in which (a) shows the temperature, 8, across a front, (b) its 

gradient, ey , and (c) its second derivative, eyy . From this figure it is obvious that the temperature 

gradient is always one sign whereas its second derivative has a positive and a negative extreme 

which cancel when integrated over the frontal width. This discussion indicates that averaged over 

the region of the Antarctic Circumpolar Current cabbeling and thermobaricity are much more 

effective at causing water-mass transformation• (e.g. changes of 0 on density surfaces) than is 

Laplacian lateral diffusion. 

It is also important to note that the amount of cabbeling across a front is not dependent on the 

sharpness of the front (i.e. '7,0) but on the temperature flux, Fe, across it. As an example to 

show this we use the Antarctic Circumpolar Current. In the ACC we assume the temperature 
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Figure 4.4: The temperature change across a thermoclinic front is shown in (a). (b) shows the 
gradient of this temperature change and (c) the second derivative of the temperature change across 
the front. In panel (b) the temperature gradient is of one sign. This is the relevant gradient 
for calculating cabbeling and thermobaricity. Panel (c), showing the second derivative of this 
temperature gradient, shows two peaks with opposite sign. This second derivative is necessary for 
calculating the effect of isopycnal diffusionon water-mass conversion. 
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flux along the zonal direction to be zero. The temperature flux in the meridional direction can be 

written as 

Fe  = —KVO. 	 (4.21) 

Therefore the amount of cabbeling across this front is proportional to (using ecab .oc Kvno vne)  

f ecabdy oc Fe f vne dy  = AoFe , 	 (4.22) 

showing that ef cab dy is only dependent on the temperature change, AO, and the temperature flux, 

Fe, across the front but not dependent on the isopycnal gradient of temperature, V ne. Therefore 

if the temperature change across the front, AO and the heat flux Fe are correct, the amount of 

cabbeling should be estimated correctly. The same is true for thermobaricity if we assume the 

pressure change across a front to be correct. 

When cabbeling and thermobaricity are analysed by considering the mixing of two fluid parcels 

one finds that the density change is proportional to the square of the property ((3  and/or p) contrasts 

between the two fluid parcels. This leads to the thought that if an ocean front is split up into 

a series of many smaller fronts then perhaps the effects of cabbeling and thermobaricity will be 

reduced by the square of the number of such fronts. The above argument shows that this is not 

the case. Rather, from Eqn.(4.22) we see that the total dianeutral transport due to cabbeling and 

thermobaricity across the whole frontal region is proportional to the lateral heat flux through the 

region times either AO or Lip, the total isopycnal change in temperature and pressure across the 

frontal region. 

4.5 Maintaining the abyssal stratification - the complicated relation 
between upwelling and dissipation 

In the previous section we saw that in the ocean model approximately 6 Sv and in the climatology 

approximately 8-10 Sv of dense water is produced by diapycnal advection as a consequence of 
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nonlinearities in the equation of state of seawater. This nonlinear diapycnal advection is described 

by the last three terms of the 'density' conservation equation on a continuous 'density' surface 

(Eqn.(4.12)), i.e. e cab , etherm and ehel. We now turn our attention to the terms involving the 

diapycnal diffusivity, D, on the right-hand side of Eqn.(4.12). 

There has been substantial effort ' to quantify the diapycnal diffusivity, D, in the global 

ocean. These efforts include tracer release experiments (e.g. Ledwell et al. (1998, 2000)), 

microstructure measurements (e.g. St. Laurent and Simmons (2006) and references therein) and 

CTD strain/ADCP shear measurements (Sloyan, 2005; Kunze et al., 2006). Most of these methods 

give a wide range of results. These measurements are also confined to small regions, certain 

density layers or a few transects , making it difficult to extrapolate these diapycnal diffusivities to 

ocean basins. 

Even though the estimates of dense water masses produced and diapycnal diffusivities are very 

uncertain, to maintain the abyssal stratification as it exists in today's ocean both sides of the 

'density' conservation equation on a continuous 'density' surface (Eqn.(4.12)) have to balance. 

If high-latitude convection would exist without interior diapycnal mixing the ocean would turn 

into a stagnant pool of cold salty water (Munk and Wunsch, 1998). Because the pathways of 

how fluid returns back to the surface are still mainly unknown, it is easiest to assume a one-

dimensional advection/diffusion balance to understand the amount of mixing necessary to upwell 

a certain amount of dense water and the associated energy needed to sustain this mixing (note 

that the amount of energy needed to sustain a certain amount of mixing is highly dependent on 

the stratification of the region where this mixing happens (Sloyan, 2006)). This one-dimensional 

advection/diffusion has been used in the seminal papers by Wyrtki (1962), Munk (1966) and Munk 

and Wunsch (1998). Munk (1966) has fit this balance to density and radiocarbon data to arrive at 

a diapycnal diffusivity of D = 10 -4m2 s-1  which is necessary to upwell 25 Sv of bottom water. 

Munk and Wunsch (1998) expanded this work to calculate the power required to sustain the mixing 

necessary to upwell 30 Sv of bottom or deep water, which they estimated as 2.1 TW. This balance 

of both sides of the 'density' conservation equation on a continuous 'density' surface (Eqn.(4.12)) 

does not include the role of adiabatic motion (i.e. advection along a continuous 'density' surface) 

and is therefore only one extreme case. Due to our main interest here being the correct description 

of nonlinear processes leading to diapycnal advection we will look at the purely diabatic case first 

and discuss its importance relative to the adiabatic case later. 
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To discuss the diabatic case, which we also call the 'classic' hypothesis for historical reasons, we 

will briefly revisit the work by Munk and Wunsch (1998) and show how their results change 

when calculating budgets along accurate isopycnal surfaces and taking into account the full 

nonlinear equation of state (using Eqn.(4.12)). Until now most work on the one-dimensional 

advection/diffusion balance has ignored these nonlinear terms, some stating that the equation 

of state is not far from linear (e.g. Wunsch and Ferrari (2004)). Accurate estimates of 

the power/energy supplied to mixing are necessary because it now seems that the Meridional 

Overturning Circulation (MOC) and its associated transports are determined not only by the high-

latitude buoyancy forcing but also by the ene \rgy available for mixing (Munk and Wunsch, 1998; 

Huang, 1998; Gnanadesikan et al., 2005). 

4.5.1 The 'classic' hypothesis 

Here we will follow the assumptions of Munk and Wunsch (1998) that 30 Sv of dense water 

have to be brought back to the surface layers. In their 'classic' hypothesis all this dense water 

is brought back to the surface layers _by diabatic processes, i.e. small-scale turbulent mixing. As 

in Munk and Wunsch (1998) our region of interest is the water column between 1000 dbar and 

4000 dbar. Above 1000 dbar other processes, e.g. Ekman pumping, clearly become important 

causing a more complicated structure of density surfaces and 4000 dbar is just above the depth of 

the densest water masses. A schematic of this hypothesis can be seen in Fig.4.5, in which Q Bw 

is the amount of deep and bottom water which has to be brought back towards surface layers and 

Q is the diapycnal transport through approximately neutral surfaces (7a-surfaces). The downward 

dianeutral transport due to the nonlinear equation of state implies a corresponding larger Q than 

in the absence of these nonlinear processes. All the following calculations will be on density 

surfaces, in contrast to Munk and Wunsch (1998) who did their calculations on isobaric surfaces. 

We use w-surfaces from w -= 27.4 kgm -3  (which are at a depth of about 1000 dbar in the mid-

latitudes) to w = 28.1 kgm -3  (which are at a depth of about 4000 dbar in the mid-latitudes) for 

our calculations. 

Form Eqn.(4.4), ignoring for a moment thermobaricity, cabbeling and the diapycnal advection due 

to neutral helicity, we know that the diapycnal diffusivity, D, causes diapycnal advection, e, at the 

rate 
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Figure 4.5: This schematic describes the 'classic' hypothesis by Munk and Wunsch (1998) in 
which 30 Sv of deep and bottom water (QBw) have  to  be brought back towards surface layers by 
diapycnal diffusion, causing the diapycnal transport Q through approximately neutral surfaces 
(-ya-surfaces). The only difference in this schematic to the original approach by Munk and 
Wunsch (1998) is that here density surfaces are used instead of isobars through which we upwell 
the dense water masses. Additionally the downward diapycnal advection due to cabbeling and 
thermobaricity is shown with black arrows implying a corresponding increase in Q. Blue errors 
show the entrainment into dense-water plumes. 

(e — Dz )N2  = gD(aeezz  — OeSzz) D(N2 ) z . 	 (4.23) 

The last term in this equation is the term used  by  Munk and Wunsch (1998) which assumes 

the equation of state to be linear. The difference between these two expressions should not be 

ignored. Using the relation between the diapycnal diffusivity, D, and the turbulent kinetic energy 

dissipation rate, 6, (Osbom, 1980) 

DN2  E = r  ' 
	 (4.24) 

where r is the ratio of the turbulent buoyancy flux to the turbulent kinetic energy dissipation rate 

(which we will call the mixing efficiency from now on), we find that Eqn.(4.23) can be written as 

(McDougall, 1988b) 

Rp   ía? )3? 11 
eN2  =Fez  re (lit, —1) Lae fie Rp j .  (4.25) 
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In our calculations we will use a mixing efficiency of F = 0.2, which is an upper bound for F 

(Osborn, 1980). It has been suggested that a constant value for r is an oversimplification (Smyth 

et al., 2001) and that a value of r 0.11 is a better estimate for patchy turbulence and should be 

used for mixing in oceanic patches (Ameborg, 2002) but due to such a range of estimates of r and 

to simplify comparison to earlier work we will use F = 0.2. 

Rearranging Eqn.(4.25), using a mixing efficienciy of F = 0.2, and including the effects of 

hypsometry (i.e. the inclusion of the area of the continuous 'density' surface into the 'density' 

conservation equation) we get 

eAN2  =F(Ac), 

or, after rearrangement, 

• Rp  
(Ac) z  = 

R  P  [a? 	13? 1  (4.26) 
cte 	,3e Rp  

p } 	 (eA)F -1 N2 . 	 (4.27) 

Rp  —1 

a? 	Iv 
ae 	08 R (Rp  —1) 

In the above two equations A is the area of the density surfaces. The decreasing area A with depth 

in the ocean implies that we need higher diapycnal diffusivities to bring a certain amount of dense 

water through a small area on a density surface than to bring the same amount of dense water 

through a larger area of the density surface, as can be seen from the term (A6), in Eqn.(4.26) 

and (4.27). This can explain why the dissipation rate of kinetic energy is observed to increase 

towards the ocean floor on individual casts, such as in the Brazil Basin, even though we know that 

the diapycnal velocity e is upwards. For the derivation of Eqn.(4.27) see appendix C. 

From Eqn.(4.27) we can see that given the hydrography and the hypsometry, the solution of 

Eqn.(4.27) for (Ac) is subject to an unknown constant of integration. That is, to calculate a 

vertical profile of turbulent kinetic energy dissipation, 6, or diapycnal diffusivity, D, which is 

necessary to bring 30 Sv back to surface layers, we have to set an initial value somewhere in the 

water column. Estimates of e and D have large error bars everywhere in the water column and we 

will therefore show different cases of vertical profiles of c and D for different initial conditions at 

w = 28.1 kgm -3  (which is at a pressure of about 4000 dbar in mid-latitudes). 
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Results for three of these cases, all upwelling 30 Sv from the dense layers towards surface layers, 

can be seen in Fig.4.6(a) for the diapycnal diffusivity, D, and Fig.4.6(b) for the turbulent kinetic 

energy dissipation, €. In case 1 (the red curve)  D is chosen to be zero at the bottom (which is not 

very realistic but gives a minimum boundary for  D  through the water column which is necessary 

to bring 30 Sv back to surface layers). In case 2 (the blue curve) D is approximately constant 

throughout the water column. This is the case Munk and Wunsch (1998) chose for their estimates. 

In case 3 (the black curve) we chose a profile which shows an intensification of D at the denser 

levels. 
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Figure 4.6: Profiles of (a) the diapycnal diffusivity, D, and (b) the turbulent kinetic energy 
dissipation rate, c, are shown for the three cases described in the text. The red line shows case 
1 with D = 0 at c.4.; = 28.1 kgm-3 . The blue line shows case 2 with an approximately constant 
profile of D throughout the water column. The black line shows case 3 with a bottom-intensified 
diapycnal diffusivity. 

From these vertical profiles of D and c we caluc late the energy, E, which is necessary to sustain 

this diapycnal mixing, using 

4000dbar 
E = pAc dz. 

f1000dbar 
(4.28) 

For the three cases described above we calculate E 0.6. 0.7 and 0.8 TIV (1 TW = 1012  W) for 

the red, blue and black profile respectively. These amounts of energy would therefore be necessary 

to upwell 30 Sv from dense layers to the bottom of the thermocline purely by diabatic processes, 

that is by small-scale turbulent mixing. The profile needing 0.7 TW of mechanical energy to be 
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maintained is the case which has to be compared to the estimates by Munk and Wunsch (1998) of 

2.1 TW, meaning that in our case only a third of the energy is necessary to bring 30 Sv of dense 

water back to the surface. 

Here we explain the reasons for the difference of a factor of three between the estimates of Munk 

and Wunsch (1998) and ours, in an order of decreasing importance. 

The reasons for this difference are: 

• The energy necessary to sustain a certain profile of turbulent kinetic energy 

• dissipation/diapycnal diffusivity, E, has been written by Munk and Wunsch (1998) as 

	

4000dbar 	 4000dbar 
E = A 	p€ dz = ApF-1 D 	N2  dz = gAr-1 DAp, 	(4.29) 

	

f10 00dbar 	 11000dbar 

with Ap being the top (1000 dbar) to bottom (4000 dbar) density difference, 

Ap =- 
r4000dbar N2 dz J1000dbar (4.30) 

g, 

By contrast to Eqn.(4.30), Munk and Wunsch (1998) used differences of potential density 

referenced to 4000 dbar between 4000 dbar and 1000 dbar in their calculations instead of 

Eqn.(4.30), producing a slight underestimate of E compared to the equivalent calculation 

using 'adiabatic leveling'. 

Even if we assume the errors due to 'adiabatic leveling' to be negligible, from Fig.2 of 

Munk and Wunsch (1998) this Ap would seem to be Ap 0.5 kgm-3 , whereas in their 

calculations they use (for no reason we can determine) Ap 1 kgm-3 , giving a factor two 

difference in the results between Munk and Wunsch (1998) and ours. 

• Munk and Wunsch (1998) exclude regions poleward of 50° N and 40° S for their 

calculations. In our calculations we only exclude the Arctic Ocean and the marginal seas. 

Due to our choice of (.4)-surfaces we exclude the regions of dense water production (these 

dense water masses have w > 28.1 kgm-3). The Southern Ocean is the region in which 

the highest values of diapycnal diffusivity have been measured (Naveira Garabato et al., 

2007) and it is therefore likely that dense water masses are brought back to surface layers 



100 

in those regions. If all the 30 Sv of dense water would be brought back to surface layers 

south of 40° S approximately an order of magnitude less energy would be needed than when 

bringing these water masses back to surface layers north of 40° S. If we exclude regions as 

in Munk and Wunsch (1998), E is overestimated by approximately 0.2 TW compared to our 

estimates. 

• We have carried out our analysis on density surfaces whereas Munk and Wunsch (1998) 

have done their analysis on isobaric surfaces. When excluding regions poleward of 48°N 

and 40°S these differences are small due to density surfaces being relatively flat but when 

extending this analysis to high latitudes the error in such an analysis would increase rapidly 

due to the steep slopes of isopycnals in these regions. 

• Ignoring the nonlinear terms in the equation of state of seawater (using the last term in 

Eqn.(4.23) instead of the second term, or equivalently, ignoring the second term on the right-

hand side of Eqn.(4.25), see (McDougall, 1988b)) leads to an underestimate of dissipation 

necessary to sustain a certain amount of upwelling below 1500 dbar (under typical conditions 

in the ocean the second term on the right-hand side of Eqn.(4.25) equals zero at a depth of 

about 1500 dbar). The difference in diapycnal diffusivity profiles between the linear and 

nonlinear case can be seen in Fig.4.7. Here the nonlinear case is shown as a black line and 

two linear cases as red lines. The linear cases are chosen such that the boundary conditions 

at the lightest density surface/densest density surface align with the nonlinear case. From 

this figure one can see that the inclusion of these nonlinearities can make a substantial 

contribution to the profile of diapycnal diffusivities, depending on the boundary conditions 

chosen. 

• Hypsometry does not cause a large change in this analysis because the density surfaces on 

the global scale have very similar surface areas. 

Some of the points above might be more/less important when using this one-dimensional 

advection/diffiision balance for regional estimates. For example in some deep-ocean studies 

involving the upwelling of AABW, hypsometry might play a significant role due to complicated 

bathymetry (see appendix C for a discussion of the Brazil Basin). Additionally the nonlinear 

terms might play a larger role in some regions in the ocean. The above modifications to the 

calculations by Munk and Wunsch (1998) are simple to include in any work using the one- 
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Figure 4.7: The black line is the same diapycnal diffusivity profile as in the previous figure. 
The red lines show profiles of D for the same initial conditions at w = 27.4 kgm-3  and 
w = 28.1 kgm -3 , but ignoring the nonlinear terms (ignoring the second term on the right-
hand side of Eqn.(4.25)). The left red line is comparable to the situation Munk and Wunsch 
(1998) chose with the diffusivity profile being relatively constant with depth, whereas the 
nonlinear case (i.e. the black line) shows an enhanced diffusivity at the bottom. 

dimensional advection/diffusion balance, leading to more accurate results, and should therefore 

not be neglected from such. 

4.5.2 Possible upwelling scenarios from an observational point of view 

In the last section the one-dimensional advection/diffusion balance has been discussed assuming 

that 30 Sv has to be brought back diapycnally from the deep ocean to the bottom of  the  seasonal 

thermocline. This is what we call the 'classic' hypothesis due to the seminal work by Munk 

(1966) and Munk and Wunsch (1998). This 'classic' hypothesis assumes that these dense water 

masses are entirely brought back to the surface layers diabatically by small-scale turbulent mixing, 

ignoring adiabatic advection which is thought to be able to bring these dense  water  masses 

back to surace layers along outcropping isopycnals (Toggweiler and Samuels, 1995; Webb and 

Suginohara, 2001; Sloyan and Rintoul, 2001). Including the adiabatic advection  along  density 

surfaces, small-scale turbulent mixing processes would only have to bring these dense water 

masses to the depth of the isopycnals which have a surface expression. Here we will  use  estimates 

of global mean diffusivity profiles to show how much dense water can be upwelled with these 

diffiisivity profiles. If the amount of dense water we can upwell with these diffusivity profiles is 

less than the amount of dense water produced we can infer that processes other than small-scale 

turbulent mixing must play a role. 
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The global mean diffusivity profiles we use here are 

• estimates inferred from lowered ADCP shear and CTD strain profiles (Kunze et al., 2006). 

These estimates are likely to be on the lower end of possible diffusivity values due to their 

technique only parameterizing turbulence due to internal waves and therefore not accounting 

for the dissipation in overflows, canyons, sills and other boundary processes. 

• estimates from an inverse study of the global ocean (Lumpkin and Speer, 2007). 

Using these diffusivity profiles and Eqn.(4.27), we estimate how much dense water can be 

upwelled towards surface layers by diabatic precesses only. The best-fit diffusivity profiles for 

these estimates, calculated from the WOCE climatology (Gouretski and Koltermann, 2004), are 

shown in Fig.4.8. The red line shows the best fit for the Kunze et al. (2006) estimates and the black 

line for the Lumpkin and Speer (2007) estimate. In order to find how much diapycnal advection 

is consistent with these estimates of the diapycnal diffusivity, we first assume simplicity and use 

profiles of constant diapycnal transports through the water column (as used to form the two curves 

in Fig.4.8) and later we use profiles for diapycnal transports that are given a certain value at the 

densest layer and linearly decreases to zero transport through the lightest density layer. The best-

fit solution for the Kunze et al. (2006) profile was a constant profile of 4 Sv diapycnal transport 

or a profile with 8 Sv through the densest layer decreasing to 0 Sv through the lightest layer, 

whereas the best-fit solution for the Lumpkin and Speer (2007) profile was a constant profile of 

15 Sv diapycnal transport or a profile with 30 Sv through the densest layer decreasing to 0 Sv 

through the lightest layer. Both the constant profile and the profile with a linear decrease towards 

the surface give very similar results. The energy necessary to maintain these profiles is 0.13 TW 

and 0.8 TW respectively, compared to the 2.1 TW estimated by Munk and Wunsch (1998). 

Due to the uncertainties and broad range in estimates for the global mean diffusivity profiles above 

and the derived amount of dense water upwelled by this amount of mixing, it is obvious that it is 

impossible to accurately estimate how much water is brought back to surface layers diabatically 

via small-scale turbulent mixing and how much is brought back adiabatically via advection along 

density surfaces. Nonetheless from the above results it is very unlikely that there is enough small-

scale turbulent mixing in the ocean to upwell all the dense water masses,produced by high-latitude 

convection (0(30 Sv)) as well as the 'densification' of mixing (0(6 Sv)). This shows that it is 
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Figure 4.8: The lines are diffusivity profiles (on a log-scale) which resemble the diffusivity profiles 
by Maize et al. (2006) (red) and Lumpkin and Speer (2007) (black). The best-fit  solution  for the 
Kunze et al. (2006) profile was a constant profile of 4 Sv diapycnal transport (not shown) or a 
profile with 8 Sv through the densest layer  and  0 Sv through the lightest layer (red  line),  whereas 
the best-fit solution for the Lumpkin and Speer (2007) profile was a constant  profile  of 15 Sv 
diapycnal transport (not shown) or a profile with 30 Sv through the densest layer decreasing to 0 
Sv through the lightest layer (black line).  The  energy necessary for these diffusivity profiles, E, is 
0.13 TW and 0.8 TW respectively. 

very likely that other processes, such as adiabatic advection along density surface (Toggweiler 

and Samuels, 1995; Webb and Suginohara, 2001) or entrainment into sinking  regions  (Hughes 

and Griffiths, 2006), play a significant role  in  the global overturning circulation.  This  idea is 

also supported by radiocarbon constraints on upwelling pathways (Gnanadesikan  et  al., 2007), 

highlighting the importance of the Southern Ocean upwelling pathway, i.e. the  adiabatic  advection 

along density surfaces outcropping in the Southern Ocean which is particularly  important  for the 

lower branch of the meridional overturning circulation in the Southern Ocean  as shown  in an 

inverse model by Sloyan and Rintoul (2001). 

4.6 Summary and Conclusions 

We have derived a 'density' conservation equation from the conservation equations of salinity and 

conservative temperature. This derivation leads to diapycnal advection caused by  the  thermobaric 

and cabbeling nonlinearities in the equation of state. Most oceanographic analysis is done in 

density space and therefore this extra diapycnal advection has to taken into account when using 

density as a reference frame. 
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Using the reference frame of continuous 'density' surfaces to describe water-mass transformation, 

an additional diapycnal advection process has to be taken into account. This additional diapycnal 

advection process occurs even in the absence of the dissipation of mechanical energy and is due to 

the ill-defined nature of neutral trajectories, causing flow through any continuous 'density' surface. 

These three nonlinear processes cause a downward diapycnal transport of order 6 Sv in the global 

(model) ocean, with the largest fraction of these transports surrounding the Antarctic Circumpolar 

Current. This extra amount of dense water produced in the global ocean is not insignificant 

compared to the amounts of deep and bottom waters produced by high-latitude convection. While 

deep and bottom water production is thought of as being due to surface forcing, cabbeling and 

thermobaricity are due to isopycnal mixing causing diapycnal motion and the diapycnal advection 

due to the ill-defined nature of neutral surfaces is a consequence of using continuous 'density' 

surface as coordinate in a nonlinear ocean. 

Having derived this 'density' conservation equation for a nonlinear ocean we revisit work done by 

Munk and Wunsch (1998) who use the one-dimensional advection/diffusion balance to estimate 

that 2.1 TW is necessary to maintain diapycnal mixing in the ocean in order to upwell 30 Sv of 

dense water. Our estimate, using similar assumptions but the full nonlinear equation of state of 

seawater, is 0.7 TW, a third of what Munk and Wunsch (1998) estimated. Even though our estimate 

includes the full nonlinear equation of state of seawater and is done on density surfaces, the 

uncertainties are still large. These uncertainties include amongst others the boundary conditions 

necessary for the calculation of diapycnal diffusivity profiles and the mixing efficiency. A 

simple one-dimensional model as described here is also an over-simplification of the complicated 

pathways of dense water back towards surface layers. 

In addition to estimating the energy necessary to upwell 30 Sv from the deep ocean back towards 

surface layers we use diapycnal diffusivity profiles from observations and from an inverse model 

to see if there is actually enough mixing to upwell the dense water produced in the ocean. From 

these data we conclude that it is unlikely that all the dense water in the global ocean is upwelled 

via diapycnal mixing, suggesting that adiabatic processes, as shown by Toggweiler and Samuels 

(1995) and Webb and Suginohara (2001), or the entrainment into sinking regions, as shown 

by Hughes and Griffiths (2006), are likely to play a significant role in the global overturning 

circulation. 
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Even a decade after the seminal paper by Munk and Wunsch (1998) little more is known about 

ocean. energetics and the pathways of dense water produced in the ocean. Similarly, little 

is known about cabbeling and thermobaricity, mainly due to a lack in the understanding of 

isopycnal diffusion. We have shown that the nonlinear diapycnal advection processes, cabbeling, 

thermobaricity and the diapycnal advection due to the ill-defined nature of neutral surfaces play 

a significant role in the global overturning circulation and should not be ignored in water-mass 

analysis. More accurate estimates of the magnitude and spatial variation of eddy diffusivities, 

which are needed to improve the estimates of dense water produced by these nonlinear processes, 

will hopefully become available with mixing experiments planned in the near future. 
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Chapter 

5 An approximate geostrophic 
streamfunction for use in density surfaces 
T J. McDougall and A. Klocker 
The special issue of Ocean Modelling 
honouring Peter D. Killworth, in press, 2009 

5.1 Abstract 

An approximate expression is derived for the geostrophic streamfunction in approximately neutral 

surfaces, con, namely (pn = 	_ Tbe  8 ( Ap ) 2  — foP  Sdp'. This expression involves the 2 	12 p 

specific volume anomaly -6-  defined with respect to a reference point 	643) on the surface, Ap 

and AO are the differences in pressure and conservative temperature with respect to 23 and e 
respectively, and Tbe is the thermobaric coefficient. This geostrophic streamfunction is shown 

to be more accurate than previously available choices of geostrophic streamfunction such as 

the Montgomery streamfunction. Also, by writing expressions for the horizontal differences 

on a regular horizontal grid of a - localized form of the above geostrophic streamfunction, an 

over-determined set of equations is developed and solved to numerically obtain a very accurate 

geostrophic streamfunction on an approximately neutral surface; the remaining error in this 

streamfunction is caused only by neutral helicity. 

5.2 Introduction 

If the flow in the ocean is geostrophic the horizontal momentum equation reduces to the simple 

balance between the Coriolis acceleration and the horizontal pressure gradient (at constant height 

z), namely 

(5.1) 1  
—k x IV = —V,43, that is, fv= 

1 
—Px and fu= —

1
py  
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A geostrophic streamfunction epr in a general surface r.has the property that the gradient of co' in 

the r-surface, V rcor, is given by 

	

Vrcior  = 1 — V zP — V0, 	 (5.2) 

where (Do is the geopotential gz at the sea surface. A consequence of the definition in Eqn.(5.2) of 

cior is that if the geostrophic balance (Eqn.(5.1)) holds in the region of interest, then V r cor is equal 

to —k x f (V — Vo), where Vo is the horizontal velocity at the sea surface (where p = 0) at the 

same latitude and longitude. Two common surfaces for which an expression for the geostrophic 

streamfunction is known are an isobaric surface and a specific volume anomaly surface. These 

expressions are now revised and then we introduce the approach we will take to find approximate 

expressions for the geostrophic streamfunction in approximately neutral surfaces and in potential 

density surfaces. The reader who is comfortable with the workings of the standard streamfunctions 

in isobaric and in specific volume anomaly surfaces can skip the next two subsections of this 

introduction. 

5.2.1 Isobaric surfaces: dynamic height 

The general coordinate transformation expression that relates the gradient of a property 0 in a 

surface r to that in the geopotential surface, VrCk = VzCk Ckz VoZ, shows that for the gradient of 

p in a p-surface the left-hand side is zero so that V zp = —pzVp z = gpVp z (where the hydrostatic 

relationship pz  = —gp has been used). This means that Eqn.(5.1) can be written as 

	

x fV = —V zp = gVp z = 	 (5.3) 

where (1) = gz is the geopotential. For the special case of the sea surface where the pressure is 

constant at p = 0 we have 

—k x f V = VAlp=0 = V0 = V (1)0, 	 (5.4) 



5.2. INTRODUCTION 	 109 

where the horizontal velocity at the sea surface is related to the gradient of the sea surface height. 

Note that since the geopotential at the sea surface (Do = (1,0 (x, y) is a function of only x and y but 

not of z, the term Vp (1)0 can equally well be written as '74:130. 

The streamfunction in an arbitrary isobaric surface is well known and is the 'dynamic height 

anomaly' 

= _ f ( 535,o 4/ ,  (5.5) 	, 

where 535,0  is the specific volume anomaly, defined as 1  

635,o 	1 	1 
= v(SA,O,p) — v(SA = Sso,0 = 0°C,p). 

P P(Sso,0° C,P) 
(5.6) 

In the second part of Eqn.(5.6) the specific volume v(Sso, 0° C, /3) is a function only of pressure 

and is traditionally taken to be the specific volume at a practical salinity of 35 which for seawater 

of standard composition is an Absolute Salinity of (Millero et al., 2008) 

Sso 35.16504 g kg -1 . 	 (5.7) 

Likewise, the temperature of 0°C has in the past often been interpreted as an in situ temperature 

of 0°C but we will take this as the value of conservative temperature, e = 0°C. 

In order to see why Eqn.(5.5) is the geostrophic streamfunction in an isobaric surface we substitute 

Eqn.(5.6) into Eqn.(5.5) and take the isobaric derivative as follows, 

1 In keeping with the nomenclature and practice of the Thermodynamic Equation of Seawater 
- 2010 (TEOS-10) the thermodynamic functions are written as functions of Absolute Salinity 
SA, being the mass fraction of dissolved material in seawater. We have also chosen to write the 
temperature argument of the thermodynamic functions in this paper as conservative temperature 
8 since it best represents the 'heat content' of seawater (better than potential temperature by a 
factor of more than a hundred) and it is a 'potential' property (that is, it is unchanged by changes 
in pressure that are undertaken adiabatically and without exchange of salt). The use of 8 rather 
than 0 is not central to this paper and the expressiohs derived here are equally valid (if a little less 
accurate) if the thermodynamic quantities were taken to be functions of potential temperature. 
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Vp W = —Vp  [ v(SA, 0, p) 	+ Vp [f V(SSO, 0°C, dp' 
0 

z(p) 

= Vp [f 	g dz' + 0 
z(p=o) 

= gVpz —G40 
1 

= zP — 

The integral in the last term on the first line of Eqn.(5.8) is a function of only pressure and so its 

lateral gradient in an isobaric surface is zero. The hydrostatic equation p, = —gp has been used 

to arrive at the second line of Eqn.(5.8), while Eqn.(5.3) was used to obtain the last line. From 

Eqns.(5.6), (5.4) and (5.8) we see that if the flow is geostrophic then 

Vp kli = —k x f(V — Vo), 	 (5.9) 

which proves that 	is indeed the geostrophic streamfunction in an isobaric surface. Actually, 

in these days of 64-bit computers, an equally good geostrophic streamfimction in an isobaric 

surface is the pressure integral of specific volume v rather than of specific volume anomaly (5 35,° 

in Eqn.(5.5). 

Note that when one examines the flow on one pressure surface relative to that on another isobaric 

surface other than the sea surface (for example, with respect to the flow at say 2000 dbar) then one 

can subtract two versions of Eqn.(5.5). In this way geostrophic flow obeys 

—k x (fV — fV20o0) = V7,W — V2000T where, as before, iJi —6 dp' , 	(5.10) 
13 

which is the same as 

2000 
-k X (f V - f V2000) Vp 4J 2000 where T2000 — f 6 dp' = f 	dp' . 	( 5.11) 

2000 

(5.8) 
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This idea of subtracting two geostrophic streamfunctions as in Eqn.(5.10) applies to all the 

geostrophic streamfunctions developed in this paper, so that for example, if one wanted the 

velocity difference between that on an approximately neutral surface and that on the 2000 dbar 

surface, then one simply takes the difference between Eqn.(5.62) below and Eqn.(5.5) above with 

p = 2000 .dbar. 

5.2.2 Specific volume anomaly surfaces: Montgomery streamfunction 

The Montgomery (1937) streamfunction for geostrophic flow in a specific volume anomaly surface 

is 

it = 29835,0 r (535,0 dp / .  
0 

(5.12) 

In order to see why this is the appropriate geostrophic streamfunction we take the lateral gradient 

of Eqn.(5.12) in a specific volume anomaly surface (drawing on Eqn.(5.8) above for hints) 

Vs7 = 8350 V5p gV6z — '74.°  + v5 [1 v(Sso, 0°C, II) 
0 

(5.13) 

The last term in Eqn.(5.13) is v(Sso, 0°C, p) V673  which cancels with the corresponding term in 

835,0 Vsp so that Eqn.(5.13) becomes 

1 
V' sr = —V + 07oz — V0. (5.14) 

The coordinate transformation relation V op = Vp + Pz\ 78z, together with the hydrostatic 

equation shows that the first two terms on the right-hand side of Eqn.(5.14) sum to li; Vzp, so 

that 

1 
(57  = VzP — V(1)  (5.15) 

proving that indeed the Montgomery streamfiinction (Eqn.(5.12)) is the geostrophic 

streamfunction in a specific volume anomaly surface according to our definition in Eqn.(5.2). 
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5.2.3 Modified steric anomaly surfaces: modified Montgomery streamfunction 

McDougall (1989) noted that the definition of the specific volume anomaly (Eqn.(5.6)) and of the 

Montgomery streamfunction (Eqn.(5.12)) apply equally well when the reference values of salinity 

and temperature are chosen to be typical values appropriate to the region of interest on the surface 

in question. Such a modified specific volume anomaly surface is much closer to being 'neutral'. 

If the remaining lack of neutrality of such a locally-defined specific volume anomaly surface can 

be tolerated, then this surface has the attractive feature th a t it has associated with it a perfectly 

accurate geostrophic streamfunction. 

5.2.4 Potential density surfaces: no exact geostrophic streamfunction 

It is well known that a geostrophic streamfunction does not exist in a potential density surface 

(McDougall and Jackett, 1988; McDougall, 1989; de Szoeke et al., 2000). In appendix D.1 we 

show that the curl in a potential density surface of the horizontal pressure gradient term, lp V'zp, 

which would be zero if a geostrophic streamfunction existed (see Eqn.(5.2)), is given by 

_1 

• )

va x (—V ,p • k = Hn  (Pr P) 	
ape 
az ) , 

where neutral helicity Hn is defined as (McDougall and Jackett, 2007) 

- 1 7■ 72 ,7,8 = g 	-Lb VnP x V ne • k, 

(5.16) 

(5.17) 

and the thermobaric parameter Tbe is defined in terms of the pressure derivatives of the 

thermal expansion coefficient a e  =P1PeSAP  and the saline contraction coefficient Oe = 

—p—i psA l e,p  as 

Te &re = 	 ap 
ae 3 e 

sk,e - 

  

sA,e 
(5.18) 

  

Neutral helicity is bserved to be quite small in the oceari i (McDougall and Jackett, 2007) so we 

expect that the irreducible error associated with the non-zero nature of Eqn.(5.16) will be relatively 
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small compared with our ability to construct a suitable approximate expression for a geostrophic 

streamfunction: this will be demonstrated in this paper. We will find that of all the possible 

expressions for a geostrophic streamfunction, the one we derive in this paper for an approximately 

neutral surface is also the most accurate expression for a potential density surface, even though it 

is not designed for such a surface. 

5.2.5 Approximately neutral surfaces: no exact geostrophic streamfunction 

If a neutral surface is well-defined (that is, neutral helicity FP is everywhere zero on the surface, 

see McDougall and Jackett (1988)) then there is a geostrophic streamfunction in the neutral surface 

as evidenced by the equation V a  x (lp  V,p) • k = 0. If the surface does not exist (because of 

neutral helicity) then there can clearly be no streamfunction in a non-surface. At some level of 

accuracy Vap x Vae k is never zero in the ocean (except along isolated lines), so we must 

conclude that neutral helicity and path-dependence are endemic. However McDougall and Jackett 

(1988, 2007) have shown that the path-dependence of neutral surfaces is not large and so we are 

confident that just as neutral density surfaces (which are well-defined surfaces but are not 100% 

-neutral, see Jackett and McDougall (1997)) are valuable, so we believe that it is valuable to find 

an approximate geostrophic streamfunction for use in neutral density surfaces and other forms of 

approximately neutral surfaces. 

Because of the presence of neutral helicity even the most carefully constructed approximately 

neutral surfaces (such as the so-called w-surfaces described in chapter 2) cannot be everywhere 

tangent to the neutral tangent plane. In appendix D.1 we show that the amount by which the 

horizontal pressure gradient term lp  V zp cannot be expressed as the gradient of a scalar quantity is 

given by 

1  
Va  X ( 1 2 --V zp) k = (gp) N Vap x s • k, (5.19) 

where s = V riz — VaZ is the slope difference between the approximately neutral surface and 

the neutral tangent plane, with V a  being the gradient along a neutral tangent plane and Va  being 

the gradient along an approximately neutral surface. For carefully constructed approximately 

neutral surfaces such as neutral density surfaces, and especially for the w-surfaces described in 
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chapter 2, the limitation imposed by Eqn.(5.19) on finding a geostrophic streamfunction in an 

approximately neutral surface will be shown to be small compared with our ability to construct a 

suitable expression for such a streamfunction. 

5.2.6 The Zhang-Hogg modification of the Montgomery streamfunction 

Zhang and Hogg (1992) were aware that an expression for the geostrophic streamfunction 

in a potential density surface did not exist and they found the error involved with using the 

Montgomery streamfunction (Eqn.(5.12)) in a potential density surface (referenced to 1000 dbar) 

to be unacceptably large. They reduced this error by subtracting an arbitrary pressure offset, /5, 

from p in the first term in Eqn.(5.12) so that it became 

7Z-H = (p i)ä 5,o _ 	835,o dpi .  

Jo 
(5.20) 

This modified Montgomery streamfunction remains the geostrophic streamfunction in a specific 

volume anomaly surface because the extra term, —0 35,0 , is constant on a 635,0 -surface. They then 

showed that when Eqn.(5.20) was used as an approximate geostrophic streamfunction in their 

potential density surface, the remaining error was substantially less than when using Eqn.(5.12). 

Note that the constant pressure .75 can be chosen differently for each surface in the vertical, that is, 

one can have 15 = (635,°). 

5.2.7 Cunningham's streamfunction based on the Bernoulli function 

The conservation equation for total energy can be cast in terms of the Bernoulli function, 

B = h + —1 q2 ± (1), 
2 

(5.21) 

where h is the specific enthalpy, q 2 	u is the kinetic energy per unit mass and 4) = gz is 

the geopotential, as (Batchelor, 1967; Gill, 1982; McDougall et al., 2010) 

• FR _ 	Fc7 	visc (pB) t  + V • (puB) = p dB I dt = pt  — 	 (pvv (12) (5.22) 



5.2. INTRODUCTION 	 115 

The last term here is negligible in the ocean interior, being many orders of magnitude smaller 

than even the small term representing the dissipation of kinetic energy. In Eqn.(5.22) FR  stands 

for the radiative and surface heat fluxes while FQ is the molecular flux of 'heat'. Were it not for 

the unsteady pressure term pt in Eqn.(5.21), the Bernoulli function B would be a conservative 

quantity since the other terms on the right-hand side of Eqn.(5.22) are flux divergences. 

Cunningham (2000) and Alderson and Killworth (2005), following Killworth (1986) and Saunders 

(1995), suggested that a suitable streamfunction on a density surface in a compressible ocean 

would be the difference between the Bernoulli function and potential enthalpy h ° , where h° is 

defined by McDougall (2003) as (with the constant value of the 'heat capacity' defined to be 

cjo, 3991.86795711963 J kg-1  K-1 ; see McDougall et al. (2010)) 

h(SA7 0,p = 0)-= 4.0 h(SA,e,p) - f v(sA, e, /I) di". (5.23) 

This suggestion was made under the assumption of negligible oceanic mixing so that the flow 

would be directed along lines of constant Absolute Salinity and constant conservative temperature 

0 (which is simply proportional to potential enthalpy). Since the kinetic energy per unit mass is 

a tiny component of the Bernoulli function, it was ignored and Cunningham (2000) essentially 

proposed the streamfunction H 0 °  (see his equation (12)), where 

= h—h° ±0-4:.° 	 (5.24) 

h(SA e, - h(sA, 0, 0) - f v(sA(p'), e(p'),P') dp'. 
13 

The last line of this equation has used the hydrostatic equation p z  = =gp to express 4 = gz in 

terms of the vertical pressure integral of specific volume and the height of the sea surface where 

the geopotential is 

We now use the definition of potential enthalpy, Eqn.(5.23), to rewrite the last line of Eqn.(5.24), 

finding that H is also equal to 
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pp 
II = - 	V(SA (01 e(11 )111 ) V(SA, e,pf ) dp' 

	
(5.25) 

This is exactly the same streamfunction used by Cunningham (2000) and by Alderson and 

Killworth (2005), but in this form it appears very similar to Eqn.(5.5) for the dynamic height 

anomaly, the only difference being that in Eqn.(5.5) the pressure-independent values of Absolute 

Salinity and conservative temperature were (Sso, 0°C) whereas here they are the local values on 

the surface, (SA, e). While these local values of Absolute Salinity and conservative temperature 

are constant during the pressure integral in Eqn.(5.25), they do vary with latitude and longitude 

along any 'density' surface. 

5.2.8 Outline of the paper 

In the next section we will derive expressions for the errors in using existing geostrophic 

streamfunctions in neutral tangent planes and in potential density surfaces. Section 5.4 introduces 

the 'localized' versions of existing geostrophic streamfunctions, that is, the concept of defining 

geostrophic streamfimctions with respect to a reference point on the surface in question. The 

approximate geostrophic streamfunction, Eqn.(5.62), which is the main result of this paper, is 

derived in section 5.5. This derivation allows for an arbitrary quadratic variation of conservative 

temperature with pressure along an approximately neutral surface. The corresponding expression 

for the geostrophic streamfunction in a potential density surface (Eqn.(D.22) derived in appendix 

D.2) is unable to allow for this quadratic dependence of temperature on pressure, and consequently 

is less accurate than Eqn.(5.62), even when Eqn.(5.62) is used in a potential density surface for 

which it is not specifically designed. In section 5.6 a very accurate .geostrophic streamfunction 

on an w-surface is constructed by writing a large over-determined series of equations on a regular 

grid. Section 5.7 shows some results of using the expressions for the geostrophic streamfunctions 

of this paper, and the relative errors are quantified for these examples. 

5.3 Using existing geostrophic streamfunctions in density 
surfaces 

In this section we derive expressions for the errors in using the existing geostrophic 

streamfunctions in an approximately neutral surface. The mathematical expressions are written 
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in terms of the spatial gradient in a neutral tangent plane V , and in a potential density surface 

V,, while the errors are illustrated in w-surfaces, in 7n-surfaces and in o -2-surfaces. 

Taking the gradient in the neutral tangent plane of the dynamic height anomaly W (see Eqn.(5.5)) 

we find (using hints from the similar differentiation of quantities between Eqns.(5.8) and (5.15)) 

= g\7 nz — V (Do + v(S so, 0 °  C, P)S7  nP 

= gVz — V(1.0 + vV — 6 35 '0 V np 

= { — V zP — vibo} — 8350  V nP, 
1 

(5.26) 

so that the error in V'I' in using the dynamic height anomaly as a geostrophic streamfunction is 

635,°Vrip. This is the product of the Coriolis frequency and the error in estimating the horizontal 

velocity using this streamfunction. When using the dynamic height anomaly in a potential 

density surface, the isopycnal gradient is 

= {1 
V a tlf 	zp V40} — 83"V ,p, (5.27) 

so that the error in VW is —6 35,0 V ap. 

Similarly, taking the gradient in the neutral tangent plane of the Montgomery streamfunction it 

(see Eqn.(5.12)) we find that (using V6 35 '°  p—l Tbep[0 — 0°C]V rip, see Eqn.(5.51) below) 

1 
Vn 7r = { v_ 	PV7283" 

1 	 Te 
— V40} + p[ID — 0°C]V np, 

(5.28) 

so that the error in V n ir in using the Montgomery streamfunction as a geostrophic streamfunction 

is approximately p—l Trp[e — 0°C]Vnp. When using the Montgomery streamfunction it in a 

potential density surface, the isopycnal gradient is 
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r 
Valr=1 — V P — Vrt'o} + PV a(535 '°  

I 1_ 	The  
1 —v  zP v } 	P {[P Pr]V Gre + [e - crcjvap} , 

(5.29) 

so that the error in Va 71" is p-1 7Vp {[p — pr ] 	+ [e - ooc]vapl. 

Taking the gradient in the neutral tangent plane of the Zhang-Hogg modified Montgomery 

streamfunction 71-  Z-11  (Eqn.(5.19)) we find that 

1 Vn7r  Z H = 	Vzp ,c7 4)0 	(p p)Vrt(535,0 

r 	Te 
t — V zp — V (Po + —12-4 — 15][e - crc]vnp, 

(5.30) 

so that the error in Vn7rz  —II  in using 71-z-1-1  as the geostrophic streamfunction is approximately 

p-1 7-be  [p — /5] [e - 0°C]Vrip. When using the Zhang-Hogg modified Montgomery streamfunction 

71 Z-11  in a potential density surface, the isopycnal gradient is 

varZ—H { _vzp _v cD o } (p 0704535,0 

f , 1 	 The 	„ 
v  zP Vo l 	pdv ae + [e - 0°C1V Grp}, 

(5.31) 

so that the error in Va 7 z—1 is friTr[p — p]llp - Pr ] vae + [e - 0°C]Vap}. 

Turning now to the Cunningham streamfunction H we take the gradient in the neutral tangent 

plane of the middle line of Eqn.(5.24) finding 
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Vnil = gVnz — V0 + V [h(SA,e,p) - ep°o] 

= gvnz - voo + -vnp + hsA(sA,e,P)VnSA +e 	1 v e Lite rs , 	- 7 P , 	5°) j  rt - 	(5.32) 

= {v- 	+ hsA(sA,e,p)vnsA + [he(sA,e,p) -
] 
Vne. 

Here we have recognized that the derivative of enthalpy at constant Absolute Salinity and 

conservative temperature is specific volume, h p  I sA ,e = v = 1/p. By first differentiating 

specific volume with respect to Absolute Salinity and then integrating over pressure (and then 

repeating this procedure by first differentiating with respect to conservative temperature) we find 

the following expressions for hsA  le,p  and helsA,P, 

and 

hsA (SA, 	vsA (sA, p') dp' J 
	 dpf — 

o P(S 

(5.33) 

he(S A, e, = 	Ve(SA, p') dp' + cp° 
0 =— LP e (SA, e,p')  0 
f 0  p(S A, e, Pi ) dP  

(5.34) 

The epineutral gradients of SA and e that appear in Eqn.(5.32) are in the ratio of the thermal 

expansion and saline contraction coefficients evaluated at the pressure p on the surface, so that 

Eqn.(5.32) becomes 

r ae  (11) ae  (P) Oe  (11))  dp, 
P 	 Jo 	P(139 	13e (P) P(P') 

(5.35) 
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Here each of the functions in the integral are also functions of the values of SA and 9 on 

the approximately neutral surface; the compact nomenclature here emphasizes the pressure 

dependence. From the definition of the thermobaric coefficient (Eqn.(5.18)) we find that the 

integrand in Eqn.(5.35) is approximately (this is the first term in a Taylor series expansion in 

pressure) 

(ae (11) cte (P)  Oe  (1) 	/3e(F)  Tr , 
pv)•oe(p) P(11) ) 	Oe  05) P P P1 ' 

(5.36) 

and ignoring the small difference between the saline contraction coefficient evaluated at p' and at 

15-  = 0.5(p' + p) we can write Eqn.(5.32) as 

P Te 
Vnll = { — Vzp — VcDo + Vra  0 

o 
--b— [p' — p] dp' 

 P 
I 1 v 	v(Do  1 1 Tr p2vne , 

IP 	2 p 

(5.37) 

where p—l Tir has been taken to be constant during the pressure integral (see Figure 9(b) of 

McDougall (1987b) for the relative constancy of the thermobaric coefficient). Hence we have 

found that the error in \7 7,11 in using H as the geostrophic streamfunction is approximately 

Ap-1 Tbeis2 Vne. When using the Cunningham streamfunction II in a potential density surface, 

the isopycnal gradient is (since the gradients of Absolute Salinity and conservative temperature in 

the potential density surface are in the ratio a e  (19r)Me  (Pr)) 

P Te 

	

Van = {—Vzp — V(1)0} + Vae f 	[p' — pr] 
o P - 

1 	 1 Te • 
= { — VzP — V (Do} — --LP(2Pr P)Vcre, 2 p 

(5.38) 

•so that the error in V ail is r)-1TirP(2Pr — P)Vae. 
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5.4 Using localized versions of existing geostrophic streamfunctions 
in density surfaces 

The accuracy of the above geostrophic streamfunctions can be improved if the reference salinity 

and temperature are taken from a point on the density surface (543) rather than simply 

taking the reference Absolute Salinity )  to be Sso and the reference conservative temperature 

to be 0°C. In this section we write the expressions for the localized versions of the above 

geostrophic streamfunctions, including expressions for the errors involved with using these 

localized geostrophic streamfunctions. Note that there is no localized version of the Cunningham 

geostrophic streamfimction H since it contains no arbitrary reference values. 

The localized value of specific volume anomaly with respect to (g:A, (5) is 

1 	1 v(sA,e,p) — v(S-AAP), 
P P(S7A,e,P) 

(5.39) 

and the reference values (§A, 6) are best chosen to be close to the typical values-on the surface. 

A practical way of doing this is to choose the values (§A, -(5) of a point (§A, ë,) on the density 

surface at the equator, say the equatorial Pacific. The localized value of the dynamic height 

anomaly is then 

—I  P  
6 di'', 	 (5.40) 

and the gradients of along the neutral tangent plane and on a potential density surface are 

and 

1 
= — VzP — VcDo —8  VraP (5.41) 

1 
VaT ={ — VzP — V(Do} —8 V p. (5.42) 
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The localized version of the Montgomery potential is 

= p — / ö dp' 
Jo 

(5.43) 

and the gradients of fr along the neutral tangent plane and on a potential density surface are 

1 
= 

{ -1 7zP — v 4)0}+ 	 — ëJvp 
	(5.44) 

and 

VG, 	{ — VzP — vo} + PVaS 

1 	 T,e 
— (Do} + =P i[P PrN 0-e + [e — e]V ,p} . 

Similarly the localized version of the Zhang-Hogg modified Montgomery potential is 

P Z 	(i) 	— 	dp' 

(5.45) 

(5.46) 

and the gradients of frz—H  along the neutral tangent plane and on a potential density surface are 

v nfrZ - H {_v zp  _ 

1 
{ -7zP — 

P 

v(1)13} +  

Te 
vc130} + 	— P-i[e — ë1v p, 

(5.47) 
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and 

vc i-rZ—H = {_l  v zp  \ 74)0 } + [73 — c  
Te  

— V 4)01+ 	[p — 25] [P Pr] VG,  e [e 	Val)} 

(5.48) 

• 5.5 An approximate geostrophic streamfunction in an approximately 
neutral surface 

The reference seawater parcel (g-A , 15, I-5) is now selected from the approximately neutral surface 

that one is considering, and the specific volume anomaly S is defined as in Eqn.(5.39) above. We 

consider a modified Montgomery streamfunction as in Eqn.(5.46) as a starting point, except that 

the constant pressure that we choose is the pressure 23 of the reference parcel on the density surface, 

so our starting geostrophic streamfunction is 

cpstart _ (p 73) (-5 fP  s dp, 
0 

(5.49) 

While this streamfunction is the correct streamfunction in the c'-surface, it is not the correct 

streamfunction in an approximately neutral surface (an example of which is a neutral density 

surface). Rather, the gradient of yostart  along the neutral tangent plane is 

 start = 
 {

— V zP — V (110} -F[P — 13MnS-
P 

(5.50) 

The gradient of S of Eqn.(5.39) along the neutral tangent plane is given in terms of the isentropic 

and isohaline compressibility n as 

v = —p' [tc(s A, e, — ic(57A:15,p) nP, 	 (5.51) 
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where we have used the fact that along the neutral tangent plane the contribution to the density 

gradient from Absolute Salinity and conservative temperature are exactly balanced, that is 

0®  ( SA, e,p)v.sA = cEe(sA, e, p)vne. 	 (5.52) 

The finite amplitude version of Eqn.(5.52), accurate to third order in the property differences, is 

Oe  (STA, 0,25)(SA — SA) = cee  (SA, e, 25) (e - (5), 	(5.53) 

where the saline contraction coefficient Oe and the thermal expansion coefficient ae are evaluated 

at the mean Absolute Salinity, 57,4 = 0.5(SA ± Sr  A), the mean conservative temperature, e 

().5(o + 6) and the mean pressure p = 0.5(p + 25). 

The difference of the adiabatic and isohaline compressibilities in Eqn.(5.51) is now expanded in 

a Taylor series in (SA — SA) and (0 — (5) using Eqn.(5.53) together with the definition of the 

thermobaric parameter (Eqn.(5.1 8)) to obtain 

Te 
77 7,6 	- e)V„p. (5.54) 

The unwanted term in Eqn.(5.50) is then 

Te 	- 
(P — PYV.(5 	(e - e)(p - Avri(p - 25). (5.55) 

We aim to express the right-hand side of Eqn.(5.55) as a total differential of an expression and then 

subtract this expression off (pstart to arrive at a more accurate geostrophic streamfunction in an 

approximately neutral surface. Rather than simply assuming a linear dependence of conservative 

temperature on pressure along the approximately neutral surface, we now assume a quadratic 

relationship according to 
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(O" — 6)/AO = (p" — /3)/4{1 q [1 — (p" — 25)/6,p11 = x(1 ± q[1 — x]), 	(5.56) 

where AO = 	— e) and Ap = (p — 23) are the differences between the bottle values and the 

reference values along the approximately neutral surface, and x = (p" — /5)/Ap. For each bottle 

(SA, 8, p) we take q to be constant and we take the eonservative temperature to vary with pressure 

along the approximately neutral surface according to Eqn.(5.56). The value of q is allowed to be 

different for every bottle (SA, 0 , p) considered. Now we substitute Eqn.(5.56) into the right-hand 

side of Eqn.(5.55) and write this as the total derivative 

■ 
1 

(p" — 13)V (S A" e" , p") =6,e(Ap) 2 v7, (-3 X3  ± q [-1  x3  — —1  Xi]) 
3 	4 	* 

(5.57) 

Integrating this from the reference bottle (57A, 6,13) to (SA, 0, p), that is, from x = 0 to x = 1 

and subtracting this from Cpstart of Eqn.(5.49) gives the revised streamfunction for the (SA, e, 19) 

bottle in an approximately neutral surface 

	

, 1 Te 	1 	P 

(Pn  (S A e, p) = AS A, e, P ) — ,, — AO (Apr (1 + —q) — I dp' 
3 p 	 4 	0 

(5.58) 

In order to use this expression for the geostrophic streamfunction we need to evaluate the quadratic 

coefficient q. This is done by substituting Eqn.(5.56) into Eqn.(5.54) giving 

vn i-5 	A0Apvn 	1 ± x2 q  1 x2 	x3  

2 	3 

6, /5) = 

( 	1 \ 
 + 	) • 3 

0)) 

(5.59) 

(5.60) 

2 

Integrating this from x = 0 to x = 1 we find that (since 8(S7A, 

1 Te   
(SA,e,P) 	--k-AeAP 2 p 

Using Eqn.(5.60), Eqn.(5.58) for the geostrophic streamfunction can be written as 
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7. 	 1 Te  
OcOn (SAMIA =

3
AP0 (SA,e,P) — 	(AO q - f  

36 p 
(5.61) 

This shows that for a simple situation where the quadratic coefficient is zero (i.e. where the 

variation of temperature and pressure are proportional along an approximately neutral surface), 

the first term in the streamfunction expression in Eqn.(5.49) that applies along a S specific volume 

anomaly surface is reduced by a factor a three in the expression Eqn.(5.61) for the geostrophic 

streamfunction along a neutral trajectory. This factor of three reduction is an important take-home 

message; streamfunctions and surfaces are matched pairs, and when the surface is changed so 

should the geostrophic streamfunction that is used in that surface. 

It is more convenient to obtain an expression for the streamfunction that does not contain the 

quadratic coefficient q in the two leading terms. To achieve this Eqn.(5.60) is used to eliminate q 

from Eqn.(5.58) obtaining (note thit p-iTe.„,  2.7 x 10 -15K -1  (Pa) 2 m,2 8 -2 ) 

1 	 1 Te   (Pn (SA, e,p) = -2 (p - /(SA, e,P) 	(0  - (5 )(P - 13 ) 2  - 	, 12 p 	 0 
(5.62) 

and this formula is the main result of this paper. This formula has been derived to be applicable in a 

surface which is as neutral as possible, such as the w-surfaces described in chapter 2 and the neutral 

density surfaces of Jackett and McDougall (1997). In appendix D.2 we derive the corresponding 

approximate expression for the geostrophic streamfunction in a potential density surface, but we 

will find that it is not as accurate as Eqn.(5.62) which was derived for an approximately neutral 

surface. The reason for this seems to be that Eqn.(5.62) applies when there is an arbitrary 

quadratic relationship between pressure and conservative temperature along the approximately 

neutral surface whereas the expression Eqn.(D.22) for the geostrophic streamfunction in a potential 

density surface is accurate only if the pressure and conservative temperature are proportional on 

the potential density surface. 

5.6 Numerical technique to accurately determine the best geostrophic 
streamfunction on a density surface 

In section 5.5 an expression for the streamfunction on approximately neutral surface, (ion, has 

been introduced which depends on the choice of the reference values (8A 7 645). Therefore 
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this streamfunction is dependent on a subjective choice of these reference values, and in regions 

which differ significantly from these reference values errors in the streamfunction are inevitably 

introduced. In particular, when 0 varies with p along the surface in a manner other than the 

quadratic, Eqn.(5.62) loses accuracy. 

If using data on a regular grid it is possible to write a locally referenced form of (pn (Eqn:(5.62)) 

which is then used to develop an over-determined set of equations which can then be solved 

numerically, reducing the errors in the calculated streamfunction to almost nothing. If accurate 

approximately neutral surfaces are used with this algorithm, the remaining error is very close to 

being only due to neutral helicity. 

To constiuct this over-determined set of equations we first write the following differences of cpn 

(Eqn.(5.62)), 

(Pr 	r 	r  e 	(Petast 	(Pwi  est 

(P;rt  -is (P72orth (P 7Slouthl 

(5.63) 

for every tracer grid point (i.e. the points where SA,  (B and p are located on the grid). At every 

one of these tracer grid points cpnw„t = Vsnouth ,  with Cpenast  and cOnnorth  being the grid point east and 

north respectively of this tracer grid point. Choosing to have (S -A, 6,23) at the tracer grid point 

(and noting that therefore (S7A e, 73) = ( SA, p) at this corner grid point) we get 

(p7eiw= (73-13) -(5(sA,(B,p) — 	p  
p 	ieast 

— 6)(p — 75) 2  — [f (5 dp' 
13 	west 

(5.64) 

and 

1 	 1 Te  [IP S dpil 12 p 	 north  • 
south 

(5.65) 

Here (SA, 0, p) in the first two terms are at the eastern/northern grid points respectively (these 

terms disappear for the central grid point when (SA, 0, p) = (S7A, e , p)). This gives us a set of 
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two equations per grid point (apart from the grid points next to boundaries which only have either 

one or zero equations) which are written into a sparse matrix similar to the one described chapter 

2 to construct optimized approximately neutral surface (w-surfaces). Similar to the algorithm 

described in chapter 2 we then use either a direct inversion or an iterative technique to solve this 

over-determined set of equations for a field of geostrophic streamfunctions which minimizes the 

change in the differences in Eqn.(5.63) before solving the equations and after the direct inversion 

(or iterative technique). This technique results in a very accurate geostrophic streamfunction which 

works best when used in density surfaces which are as neutral as possible, such as co-surfaces. 

This is the case because the derivation of Eqn.(5.62) is based on changes of steric anomaly along 

a neutral tangent plane, and w-surfaces are the closest continuous surface we can get to describing 

these neutral tangent planes. 

5.7 Relative errors in using the various geostrophic streamfunctions 

We now present some results for the streamfunctions discussed in this paper. In Fig.5.1 we show 

the geostrophic velocities in an co-surface which has an average pressure of 1300 dbar, relative 

to the geostrophic velocity on the isobaric surface p = 2000 dbar. This is done by taking the 

difference between the various geostrophic streamfunctions as described in this paper (which are 

all relative to the sea surface) and the dynamic height anomaly on the 2000 dbar surface. The 

'real' geostrophic velocity in the meridional and zonal direction is calculated from cone. and con% 

respectively (Eqns.(5.64) and (5.65)) on every point on the density surface used. The velocity 

is calculated by dividing the spatial gradient of the streamfunction by the Coriolis parameter. 

Fig.5.1(a) is for the Montgomery streamfunction it of Eqn.(5.12), Fig.5.1(b) is for the Zhang and 

Hogg (1992) modification to the Montgomery streamfunction, R-z—H  of Eqn.(5.20), as well as 

the localized form of this streamfunction, ITZ-11  of Eqn.(5.46). There is a clear improvement in 

accuracy in adopting Zhang and Hogg's improvement to the Montgomery streamfunction, and also 

• a further improvement in localizing the reference Absolute Salinity and conservative temperature. 

The velocities using the Cunningham streamfunction II of Eqn.(5.25) are shown in Fig.5.1(c) 

while the errors in using the streamfunction cpn derived as Eqn.(5.62) in this paper is shown in 

Fig.5.1(d). 

These results are illustrated more quantitatively in Fig.5.2 on three different surfaces, all at an 

average pressure of 1300 dbar. These surfaces are the w-surface described in chapter 2, the 
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Figure 5.1: Geostrophic velocities vs. geostrophic velocities calculated from approximate 
geostrophic streamfimctions (all relative to the geostrophic velocity on the isobaric surface p = 
2000 dbar) for (a) the Montgomery streamfunction 7r, (b) the Zhang and Hogg (1992) modification 
to the Montgomery streamfunction, 71-2-11 , as well as the localized form of this streamfunction, 

(c) the Cunningham streamfunction H and (d) the streamfunction ( ion. The geostrophic 
velocities are on an w-surface with an average pressure of 1300 dbar. 
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neutral density surface of Jackett and McDougall (1997), and a potential density surface with a 

reference pressure of 2000 dbar. First, the use of dynamic height anomaly of Eqn.(5.5) and of the 

Montgomery streamfunction 7 of Eqn.(5.12) are not shown: these choices of streamfunction give 

root-mean-square velocity errors on these surfaces of approximately 20 mm .9 -1  and 4 mm 8 -1  

respectively. In the series of bars in Fig.5.2 for each type of surface the first vertical bar represents 

the rms error in the geostrophic velocity based on the Zhang-Hogg streamfunction (Eqn.(5.20)) 

and the second bar is for the Cunningham streamfiinction (Eqn.(5.25)). The velocity errors are 

a little larger in the 0 -2-surface than in the w and 'y-surfaces where the rms errors of these 

streamfunctions are just less than 1 mm s -1 . 

1.2 

1 

Cl) 

E 0.8 
=Zhang & Hogg 
111111Cunningham 
• dynamic height loc. 
▪ Montgomery loc. 
MZhang & Hogg loc. 
NM  Eqn.(5.62) 
=least— = res solution 

0.4 

0 
co 	 Y 	 02 

Figure 5.2: Rms errors of the geostrophic velocities calculated from the expressions of the 
geostrophic streamfunctions discussed in this paper on an w-surface, a -y-surface and a a 2-surface. 
All density surfaces have an average pressure of 1300 dbar. 

The remaining bars in Fig.5.2 are all localized geostrophic streamfunctions, meaning that they 

all require the choice of a reference point (SA. j5) on the surface. The third set of bars in 

Fig.5.2 are for the localized dynamic height anomaly 'if of Eqn.(5.40), the fourth set of bars 

are for the localized form of the Montgomery streamfunction it -  of Eqn.(5.43) and the fifth set 

of bars are for the localized form of the Zhang-Hogg streamfunction fr-Z-11  of Eqn.(5.46). The 

localized dynamic height anomaly if is remarkably accurate compared with ;-1-  and it Z-11 • Of 

the geostrophic streamfunctions discussed so far in Fig.5.2 one might conclude that the if is. the 

best choice in w and -rn-surfaces while 7i-  Z-11  would be preferred in a2 -surfaces. This tentative 
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conclusion is confirmed when the shallower set of surfaces shown in Fig.5.3 is examined. 

Figure 5.3: Rms errors of the geostrophic velocities calculated from the expressions of the 
geostrophic streamfunctions discussed in this paper on an w-surface, a ryn-surface and a 02-surface. 
All density surfaces have an average pressure of 800 dbar. 

The sixth set of bars in Figs.5.2 and 5.3 are for the recommended streamfunction (pi' of Eqn.(5.62). 

The root-mean-square errors of (pr.' in the w and 7n-surfaces are about 0.25 mm  .9-1  which 

is substantially less than the errors of the other candidate streamfttnctions discussed so far. In 

the 02-surfaces of Figs.5.2 and 5.3 con is not convincingly better than the localized Zhang-Hogg 

streamfunction but (pri is actually better than the streamfunction co' of equation Eqn.(D.22) 

that has been specifically designed for potential density surfaces (the rms error of  co°  on a a2-

surface is 6.9 . 10-4  m s-1  compared to 4.3. 10 -4  m s-1  for cpn on a 0-2-surface). We suspect this 

is because cper has the in-built assumption that the conservative temperature varies proportionally 

with pressure on the potential density surface whereas (pn retains its accuracy even when the 

relationship between 0 and p is quadratic. 

The final bars in Figs.5.2 and 5.3 are the errors in the geostrophic velocity that remain after the 

least-squares technique of section 5.5 has been used in each type of surface. These errors represent 

the inherent ability to represent the geostrophic velocity with a streamfunction in these surfaces. 

This inherent limitation is due to the non-zero neutral helicity as described in section 5.1 and 

appendix D.1 of this paper. 

The figures in this paper have been prepared for global density surfaces. If one  is concerned with 
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data in only one hemisphere of a single ocean basin (or the whole southern hemisphere) then a 

suitable reference point (SA, (5,73) can be found for each surface that reduces the errors of the 

localized streamfunctions if and '11-Z-11  to be similar to those of the (pn streamfunction. The 

geostrophic streamfunctions that are not localized such as the Montgomery streamfunction 7r and 

the Zhang-Hogg streamfunction R-z—H  exhibit similar errors in these regional oceans as they do 

on a global surface. 

5.8 The use of con in a layered ocean model 

Layered numerical ocean models employ a geostrophic streamfunction to calculate the leading 

order part of the geostrophic velocity, with the remainder being calculated from terms which 

are not in the form of a gradient along the layer. Sun et al. (1999) use a compressibility that 

is a function of pressure alone. Their technique is similar to that in the modified Montgomery 

streamfunction Fr of Eqn.(5.43) so that the error in evaluating the geostrophic velocity should be 

given by Eqn.(5.45), but in fact the compressibility chosen was that of seawater with a Practical 

Salinity of 35 and a potential temperature of 0°C so in fact the method was only as accurate 

as the regular Montgomery streamfunction, Eqn.(5.12), with the error term given by Eqn.(5.29). 

Hallberg (2005) uses a spatially varying compressibility term and achieved an error in evaluating 

the geostrophic velocity from this term alone which is equivalent to that of the Cunningham 

streamfinction Eqn.(5.25), namely an error of the magnitude given in Eqn.(5.38). 

While (pn was developed in section 5.5 for use in approximately neutral surfaces, we have found 

that it is the best available streamfunction for potential density surfaces and, in terms of the rms 

errors, is a factor of three better than the Cunningham streamfunction and a factor of sixteen better 

than the Montgomery streamfunction. Hence we are led to consider how our cpn of Eqn.(5.62) 

can be used in layered ocean models. Drawing inspiration from Eqns.(5.12)-(5.15) and from 

section 5.4 above, the gradient of con in a general surface (for example a potential density surface, 

including a u2-surface) can be shown to be 

	

- 	 1 
Vccion  = { — VzP — V (1) 0} — —2 6\7013 + —2 (1) - 13)Vai-5 

Te r 

	

— — 	— 13) 2 Vcre + 2 (0  — e)(P — 15)V0P 12 p 

(5.66) 
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In a layered (isopycnic) ocean model the aim of using a geostrophic streamfunction is to evaluate 

{ it; VzP - 	Using Eqn.(5.62) for cpn enables Vacon to be evaluated in the model, but in 

addition, the several other terms in Eqn.(5.66) need to also be evaluated on the model grid so that 

- V(I)0} is calculated as (from simply rearranging Eqn.(5.66)) 

1  - VzP - V 430} = 

	

	n  ± -2 6Val) - 	- 15) .704 
P 

1 Tr , 
+ —12  --- 1 (P - /5 ) 2 Vue + 2 (9  - 6)(P - 73)7(723 } . 

P 

(5.67) 

From the results presented in section 5.7 we expect that these additional terms will be smaller 

than those that need to be appended to the isopycnal gradients of the geo /strophic streamfunctions 

currently in use in layered models. Note that in Eqns.(5.66) and (5.67) we have igmored a possible 

additional term that is proportional to V, (p -1 Te ). Since p-lTbe  has been assumed constant in 

the development of Eqn.(5.62), we are recommending that it be set equal to the constant value 

2.7 x 10 -15 K-1 (Pa) -2m2 s-2  in-Eqn.(5.62)., and hence there is no additional term in Eqn.(5.66) 

and Eqn.(5.67). Moreover, the amount by which the variation of conservative temperature along a 

density surface deviates from a quadratic function of pressure leads to the erors shown in Figs. 5.2 

and 5.3, and these errors are much larger than the extra term in V, (p T) that could appear in 

Eqns.(5.66) and (5.67) if p -lTbe were not taken to be constant in Eqn.(5.62). 

It is natural to ask whether the evaluation of con in a layered ocean model is computationally 

feasible because at first glance it appears that the last term in Eqn.(5.62), which involves the 

vertical integral of :3 from the sea surface down to a particular isopycnal layer, would need to be 

evaluated separately for each surface. If this were the case it would involve a significant increase in 

computational resources compared with the present approach which builds up the corresponding 

term one layer at a time by integrating down from the surface. 

In the first line of the following equation the last term in Eqn.(5.62) is written out as the pressure 

integral of the difference between the two specific volumes. The first integral is simply the vertical 

integral of the models specific volume as a function of pressure, while the second pressure integral 

is done for a water parcel of fixed Absolute Salinity and fixed Conservative Temperature. While 
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these reference values are fixed constants for each particular layer in the ocean model, they are 

different for each successive layer, so it would appear that this complete vertical integral would 

need to be done for each layer. However, we can make use of the fact that the pressure derivative 

of specific enthalpy at fixed Absolute Salinity and conservative temperature is the specific volume 

hplsA.e = v = 1/p so that this pressure integral can be expressed as simply a difference between 

two specific enthalpies, as shown in the second line of Eqn.(5.68) (note that h(S TA k  , Ok , 0) is 

simply eic; k  ), 

P pp 	 P 
- 	 = 	v(SA, 9 ,11 ) 	+ f v(SA,e, p i ) dp' 

[h(SiA , ei ,pi ) — h(SiA , ei,p1-1)] + Ns; A k ,  Ok ,pk ) h(s7A k ,  0k 0).  
i=1 

 

(5.68) 

The second line of this equation has been written for the kth layer of a layered model recognizing 

that the Absolute Salinity and conservative temperature in a layered model are constant within 

each layer of pressure thickness p i  — pi-1 . Because of this the first pressure integral in Eqn.(5.68) 

can also be written without numerical approximation as the sum of the differences of specific 

enthalpy as shown. In practice in a layered model one would integrate to the mid-pressure of the 

kth layer in the normal way, but we do not dwell on this numerical detail here. Specific enthalpy 

h was not part of the previous International Equation of State (EOS-80), but is now available from 

the current International Thermodynamic Equation of Seawater 2010 (TEOS-10), as described in 

McDougall et al. (2010). 

In summary, this section has outlined how the expression Eqn.(5.62) for the new geostrophic 

streamfunction con in density surfaces may be used to calculate the horizontal density gradient 

Eqn.(5.67) in layered ocean models. The terms on the right-hand side of Eqn.(5.67) (apart 

from the first) are not in the form of a gradient along the layer and will need to be evaluated 

using standard numerical interpolation protocols. These terms have been illustrated in Figs.5.2 

and 5.3 (there labeled `rms error') and are smaller for con than the corresponding error terms 

associated with other choices of geostrophic streamfunction. As an aside we mention that the 

pressure integral of in Eqn.(5.68) is decomposed on the right-hand side of Eqn.(5.68) into two 
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pressure integrals of specific volume, both of which are several orders of magnitude larger than 

their resulting difference. On modern computers with 64-bit arithmetic this is unlikely to be a 

problem. Nevertheless, if desired, an arbitrary function of pressure could be subtracted from the 

specific volume of both integrands without affecting the result. 

5.9 Summary 

We have examined the performance of various choices of geostrophic streamfunctions, including 

the dynamic height anomaly, the Montgomery streamfunction, the Zhang-Hogg streamftmction 

and the Cunningham streamfunction in approximately neutral surfaces and in potential density 

surfaces: The performance of the dynamic height anomaly, the Montgomery and Zhang-Hogg 

geostrophic streamfunctions can be improved by defining them with respect to a reference point 

on the surface in question. In sections 5.3 and 5.4 we have developed expressions for the error in 

using these geostrophic streamfunctions in approximately neutral surfaces and in potential density 

surfaces. 

A new expression, Eqn.(5.62), for the geostrophic streamfunction in an approximately neutral 

surface has been developed in this paper. This expression performs well in both the w-surfaces 

described in chapter 2 and in the 7n-surfaces of Jackett and McDougall (1997). We have not done 

a thorough examination of how well this streamfunction performs in potential density surfaces, 

but in a2-surfaces it performed as well as the localized Zhang-Hogg geostrophic streamfunction 

and better than the other known options. 

The least-square technique of finding the optimal geostrophic streamfunction is available when the 

data is on a regular grid in latitude and longitude. The relatively small values of neutral helicity in 

the ocean ensures that the limitations on this streamfunction that are imposed by neutral helicity 

are small, and this has been demonstrated in the very small rms error in Figs.5.2 and 5.3 for this 

least-squares fitted s) treamfunction. 

The software to calculate the recommended geostrophic streamfunction, cpri of Eqn.(5.62), will 

shortly be available as part of the gsw_series of thermodynamic algorithms at ht tp : //www .  

TEOS - 10. org. 



136 



137 

Chapter 

6 	Summary and conclusions 

This thesis has demonstrated the importance of taking into account processes caused by 

nonlinearities in the equation of state of seawater when analyzing water-mass transformation. The 

processes caused by these nonlinearities are cabbeling, thermobaricity, the diapycnal advection 

due to neutral helicity and the vertical motion due to seasonal changes in the ocean's hydrography. 

Problems arising from these nonlinearities, such as the non-existence of continuous density 

surfaces to describe water-masss transformation and as a consequence the non-existence of a 

geostrophic streamfunction, are also discussed in this work. 

6.1 A brief summary 

The above issues are dealt with in this thesis in four parts, leading from the development of 

accurate density surfaces to the quantification of these diapycnal processes to their role in the 

global ocean. In detail these four parts are 

• the development of an algorithm to improve existing density surfaces, such as potential 

density surfaces or neutral density surfaces, to ensure that these surfaces are as close to 

describing the direction of neutral tangent planes as possible. These neutral tangent planes 

describe the direction along which fluid particles move in the ocean in the absence of 

diapycnal mixing processes and are therefore fundamental for understanding water-mass 

transformation. Even though it is impossible to construct a continuous surface which 

connects these neutral tangent planes in a three-dimensional hydrography, the algorithm 

described here produces surfaces, which we call w-surfaces, which are very close to 

describing these neutral directions, leading to a tool which is then used to precisely estimate 

diapycnal advection caused by nonlinearities in the equation of state. 

• the quantification of the diapycnal advection caused by neutral helicdty, ehel  , and the vertical 

advection due to temporal changes in the ocean's hydrography, etniP. These processes are a 
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consequence of oceanographers using continuous 'density' surfaces to anlayze water-mass 

transformation in a nonlinear ocean in which lateral motion is in a direction different to that 

of these continuous surfaces. Here it is shown that ehel  can produce diapycnal advection 

with similar magnitude to that of 'real' mixing processes such as small-scale turbulent 

mixing, thermobaricity and cabbeling, and therefore should be taken into account when 

using continuous 'density' surfaces. Additionally, vertical advection caused by a similar 

process to that of ehel , but this time due to temporal changes in the ocean's hydrography 

rather than spatial changes, is discussed and is shown to be small relative to ehel  . 

• the quantification of the diapycnal advection due to cabbeling, ecab  and thermobaricity, 
etherm taking into account the diapycnal advection ehel  and exploring consequences of 

these diapycnal advection processes on ocean circulation and ocean energetics. All these 

processes causing diapycnal advection as a consequence of nonlinearities in the equation of 

state are estimated on the w-surfaces described in the first part of this thesis and are therefore 

the most accurate estimates available at this time. These estimates show that these nonlinear 

advection processes are as important as other mixing processes in several regions of the 

ocean. It is also shown that taking into account the nonlinearities in the equation of state can 

have a significant impact on estimates of ocean energetics. 

• the development of expressions for approximate geostrophic streamfunctions in 

approximately neutral surfaces. These expressions show a large improvement compared 

to expressions previously used to calculate geostrophic streamfunctions, such as for 

example the Montgomery potential. To further improve these approximate geostrophic 

streamfimctions a similar algorithm to that described in the first part of this thesis is used to 

construct a geostrophic streamfunction whose difference compared to the 'real' geostrophic 

flow only being due to neutral helicity. 

6.2 The development of accurate approximately neutral surfaces 

To allow for an accurate estimate of diapycnal process it is necessary to construct a continuous 

'density' surface which is used to distinguish between the isopycnal (i.e. along-surface, that is 

the direction a fluid parcel can be moved without doing work against buoyant restoring forces) 

and the diapycnal (i.e. through-surface) direction. It has been shown that locally it is possible 
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to define an isopycnal and a diapycnal direction, but it is not possible to globally connect these 

directions to form a continuous surface in three-dimensional hydrography (McDougall, 1987a; 

McDougall and Jackett, 1988). It is only possible to form a surface which minimizes the slope 

between the actual direction of mixing (i.e. along neutral tangent planes) and the slope of the 

continuous 'density' surface. Note that these continuous 'density' surfaces are surfaces along 

which the density variable chosen is constant, but fluid particles which flow along these surfaces 

must do work against buoyant restoring forces. 

Before this thesis the most accurate density variable, and therefore the most accurate continuous 

'density' surfaces along which this density variable is constant, is the 7n-variable of Jacket and 

McDougall (1997). This algorithm uses a climatology as reference to label a given dataset With 

this density variable, which results in surfaces which are close to being neutral in a dataset which 

has an hydrography similar to that in the reference climatology. But when using an hydrography 

which is not close to this climatology, such as for example model output which has drifted from 

the state of today's ocean, this algorithm produces surfaces which are not as neutral as needed 

for an accurate analysis of water-mass formation. Because of these issues with even the most 

accurate density variables available, the algorithm described in this thesis has been developed. This 

algorithm uses a least-squares approach to minimize the slope errors between the surface and the 

neutral tangent planes, with the main difference to existing density surfaces being .that this method 

improves one surface at a time, whereas all previous density variables label a three-dimensional 

dataset from which one can calculate a surface on which this density variable is constant. We call 

these improved approximately neutral surfaces produced by this algorithm w-surfaces. 

The 'quality' or 'neutrality' of continuous 'density' surfaces, such as potential density surfaces, 

7n-surfaces or the w-surfaces of this thesis, is estimated by calculating the fictitious diapycnal 

diffusivity on these surfaces. This fictitious diapycnal diffusivity describes a diffusivity of density 

Which is a consequence of the isopycnal mixing being assumed to be along a continuous 'density' 

surface instead of along the neutral tangent plane. If this fictitious diapycnal diffusivity is close to 

or larger than the values of the diapycnal diffusivity measured in the ocean, these surfaces would 

be• inappropriate for water-mass analysis. From observations, such as tracer release experiments 

and microstructure measurements, we know that in the thennocline the diapycnal diffusivity is 

as low as 10 -5m2 s -1 , increasing to more than 10 -4m2 s-1  in the deep ocean. Comparing this 

fictitious diapycnal diffusivity on density surfaces which have been used in the past, such as for 



140 

example potential density surfaces, it is shown that most of these surfaces have regions in which 

this fictitious diapycnal diffusivity is larger than the values measured in the ocean, with fictitious 

diapycnal diffusivities of up to 10 -2m2 s -1 . w-surfaces lower this ficitious diapcynal diffusivity by 

several orders of magnitude, making these surfaces ideal to use as water-mass density boundaries 

in inverse models (especially inverse models using synoptic sections for process studies that 

particularly target the determination of mixing) and for water-mass analysis in ocean models. 

6.3 Diapycnal advection processes due to the ill-defined nature of 
neutral surfaces 

Using these w-surfaces the diapycnal advection ehel  is quantified. This diapycnal advection is a 

consequence of using a continuous 'density' surface in a nonlinear ocean in which flow cannot 

be represented along such a surface, i.e. assuming the lateral velocity to be along a continuous 

'density' surface rather than along a neutral tangent plane. This 'extra' diapycnal velocity is due 

to the ill-defined nature of neutral surfaces, which is a consequence of neutral helicity being non-

zero in the ocean (where neutral helicity is a consequence of the thermobaric nonlinearity in the 

equation of state). In an w-surface in which the slope errors between the continuous 'density' 

surface and the neutral tangent plane are minimized, the diapycnal advection ehel  is only due to 

this non-zero neutral helicity, whereas in surfaces which are further from describing the directions 

of neutral tangent planes, this diapcynal advection is partially due to neutral helicity but also 

due to the way these continuous 'density' surfaces are constructed, leading to larger amounts 

of ehel  in these surfaces. In this thesis it is shown that even in an w-Surface ehel  can locally be 

0(10 -7ms -1 ), i.e. as large as diapcynal velocities caused by mixing processes such as small-scale 

turbulent mixing, cabbeling and thermobaricity. Even though locally this diapycnal advection is 

large, the global diapycnal transport caused by ehel  is generally smaller than 1 Sv, which is due 

to alternating patches of negative (downward) and positive (upward) ehel  . Large values of ehel  

are concentrated along the Antarctic Circumpolar Current and the northern North Atlantic, that is 

regions with outcropping density surfaces along which neutral helicity is enhanced. On surfaces 

other than w-surfaces the diapycnal transport due to ehel  can be 0(100 Sv). A new diapycnal 

advection process is described for the first time in this thesis. This advection, labelled ethv is a 

similar process to ehel  but caused by temporal changes in the ocean's hydrography rather than the 

spatial changes leading to ehel  . The diapycnal advection etn11)  is quantified as well and shown to be 

an order of magnitude less than its spatial equivalent. Additionally to quantifying ehel  in an ocean 
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with small neutral helicity, a pertubation experiment has been conducted with a numerical ocean 

model in which today's ocean has been perturbed into a state in which it has enhanced values of 

neutral helicity. This experiment shows that in the years following the pertubation all the nonlinear 

diapycnal advection processes are enhanced, and that neutral helicity reaches values similar to the 

ocean's state before the pertubation after approximately 50 years. 

6.4 Quantifying cabbeling and thermobaricity 

Having introduced co-surfaces and quantifying the diapycnal advection ehel  through these surfaces, 
er the diapcynal advection due to cabbeling, e"b , and thermobaricity, ethm,  is estimated. Both 

cabbeling and thermobaricity lead to vertical motion through approximately neutral surfaces as 

a consequence of isopcynal mixing and the cabbeling/thermobaric nonlinearity in the equation of 

state. To calculate the diapycnal advection caused by these processes, accurate isopycnal gradients 

of temperature and pressure and accurate values for the isopycnal diffusivity are needed. Accurate 

isopycnal gradients are calculated using co-surfaces. Values for the isopycnal diffusivity are largely 

unknown, with estimated values ranging from 0(10 2 rn2 s— 1 ) to 0(104m2s1 ) • In this work we — 

use a value of 10 3  

which we take much of our data. Using this isopycnal diffusivity it is shown that cabbeling and 

thermobaricity lead to diapycnal advection which is mainly downward (i.e. producing denser 

water masses), leading to a globally integrated downward transport of approximately 6 Sv (both 

in model output and a climatology). This downward diapycnal transport is located mainly in the 

Southern Ocean, with downward diapycnal velocities exceeding 10 -7ms -1  along most of the 

Antarctic Circumpolar Current. Note that cabbeling always produces downward diapycnal motion 

whereas thermobaricity can also produce upward diapycnal motion. Even though the iospycnal 

diffusivity used here is very uncertain, this work demonstrates that these processes are very likely 

to play an important role in ocean circulation and should not be ignored. 

6.5 Nonlinearities and ocean energetics 

Nonlinearities in the equation of state play an important role when it comes to ocean energetics. 

Previously the density conservation equation, which is a linear combination of the conservation 

equations of temperature and salinity, has been used in a one-dimensional advection/diffusion 

balance to estimate the amount of energy necessary to upwell all dense water masses formed by 

m2 s-1 . This is-the value of the isopycnal diffusivity in the ocean model from 
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high-latitude convection, that is Antarctic Bottom Water and North Atlantic Deep Water. Including 

the results of this thesis we notice that additionally to the dense water formed by high-latitude 

convection, one needs to upwell the dense water formed by the nonlinear processes explained 

above in order to stop the ocean from filling up with dense water. But these nonlinearities in 

the equation of state do not only lead to extra dense water, but they also change the density 

conservation equation which has to be used to correctly calculate the amount of energy necessary 

to upwell these water masses. Previous to this work a linearized version of this density 

conservation equation has been used to estimate that 2.1 TW are necessary to upwell 30 Sv of 

dense water from the deep ocean towards surface layers (Munk and Wunsch, 1998). Taking into 

account the nonlinearities in the equation of state and the nonlinear diapycnal advection processes 

it is shown that even though we have to upwell more dense water when we include thermobaricity 

and cabbeling, the energy necessary to do so is about a third of what Munk and Wunsch (1998) 

estimated. Due to large uncertainties in using a one-dimensional advection/diffusion balance for 

these estimates in an ocean in which most of the pathways of dense waters to the surface are not 

known, all these estimates are very uncertain. Using observational data it is also demonstrated 

that it is unlikely that all this dense water is brought back towards surface layers via small-scale 

turbulent mixing as assumed in the above calculations and those by Munk and Wunsch (1998), and 

that therefore adiabatic processes as suggested by Toggweiler and Samuels (1995) and Webb and 

Suginohara (2001) or the effects of entrainment into sinking regions Hughes and Griffiths (2006) 

are likely to play a role. 

6.6 Approximate geostrophic streamfunctions 

Due to neutral helicity being non-zero in the ocean it is impossible to define a continuous 

'density' surface which exactly describes the direction of neutral tangent planes, therefore making 

it impossible to define a geostrophic streamfunction which exactly describes geostrophic flow 

along such continuous 'density' surfaces. This work started with discussing expressions for 

streamfunctions which were previously used in oceanography, including estimates of the errors 

made when using these expressions, and then introduces modified forms of these expressions 

to increase their accuracy. This leads to the reduction of rms-errors of the traditionally used 

streamfunctions of several mm s -1  to 0(10 -6m .5 -1 ) for the least-squares solution of the 

locally referenced expression of the geostrophic streamfunction introduced in this work. This 

improved expression uses a similar technique to that used to form w-surfaces, forming locally 
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referenced approximately neutral streamfunctions. On w-surfaces these approximate geostrophic 

streamfunctions differ from the real geostrophic flow only by the amount of non-zero neutral 

helicity. 

6.7 A Matlab toolbox for water-mass analysis on density surfaces 

To facilitate the use of the tools described above, such as the algorithm to form w-surfaces 

and the algorithm for the expressions for approximate geostrophic streamfunctions, a Matlab 

toolbox has been developed which includes all the code necessary for water-mass analysis on 

a continuous' 'density' surface. This toolbox also includes the code necessary to calculate the 

nonlinear diapycnal advection processes described here. This code can be found on the CD 

included in this thesis and will soon be available on the internet at www. TEOS - 10 . oi-g. A 

manual describing how to use this toolbox can be found in appendix E of this thesis. 

6.8 Thoughts for future work 

Several ideas for future work emerge from the work done in this thesis and are listed below. 

• One of the largest uncertainties in the estimates for the diapycnal advection caused by 

cabbeling and thermobaricity is the isOpycnal diffusivity. Estimates of this isopycnal 

diffusivity vary by several orders of magnitude and are limited to small regions of the 

global ocean. Knowing that this isopycnal diffusivity can be highly spatially variable, these 

sparse measurements cannot be used to extrapolate values for the isopycnal diffUsivity to 

ocean basins. Therefore more measurements of the isopycnal diffusivity would be necessary 

to eliminate these uncertainties, especially in regions like the Southern Ocean in which 

cabbeling and thermobaricity are important due to strong isopycnal gradients in temperature 

and pressure. Another difficulty in measurements of the diapycnal diffusivity will be the 

separation of the rotational or shearing fluxes from the fluxes that truly contribute to the 

cross-streamline diffusivity. One of the planned experiments which could advance our 

knowledge about isopycnal diffusivity is the `Diapycnal and Isopycnal Mixing Experiment in 

the Southern Ocean' (DIMES, http://dimes.ucsd.edu), which plans to use a tracer, isopycnal 

floats and several other methods to understand mixing in the Southern Ocean. 
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• In this thesis it has been shown that it is very important to use accurate approximately neutral 

surfaces for water-mass analysis. But how much error do we introduce by using for example 

potential density surfaces in an isopycnal ocean model? These models are implemented so 

that they mix along these potential density surfaces, and it is sometimes argued that they do 

not have a fictitious diapycnal diffusivity, but how similar is the state of the ocean in these 

models compared to the real ocean? This thesis has introduced expressions for the density 

conservation in potential density surfaces, showing that thermobaricity is missing in these 

models due to the way potential density is defined. One way to answer such questions is to 

use a z-coordinate ocean model which rotates its mixing tensor along neutral tangent planes, 

and change it to mix along potential density surfaces. Comparing the differences in the 

long-term circulation and density structure of these two ocean states, that is the one which 

mixes along neutral tangent planes to that which mixes along potential density surfaces, 

might answer some of these questions. Another possibility would be to use w-surfaces 

instead of u2-surfaces as the vertical coordinate in an isopycnal-type ocean model. Both 

these experiments whould help us to understand how much isopycnal-type ocean models get 

wrong by using a2-surfaces as their vertical cordinate. 

• The algorithm to form w-surfaces described in the first part of this thesis improves one 

surface at a time in a given three-dimensional hydrography. Also, when using a density 

surface which is further away from being neutral as the initial condition to form this w-

surface, running this algorithm can be computationally quite expensive. A solution which 

would simplify water-mass analysis for users of ocean-model output would be to calculate 

several w-surfaces for the inital hydrography which the ocean model uses and update these 

surfaces with every time step the model runs. Due to the small changes in the model's 

hydrography from one time step to the next this calculation should not be computationally 

expensive. 

These are only a few ideas arising from the work in this thesis and hopefully some of these ideas 

will be a starting point for interesting work on this topic in the future. 
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Appendix 

A Appendix to the paper A new method for 
forming approximately neutral surfaces' 

A.1 Path-dependency caused by the nonlinear equation of state 

This is to show that path-dependency is caused by the ratio g being a function'of pressure. We 

start with writing the change_of potential density, a, along a neutral tangent plane as 

= 13-eV,S-a-eVC) 

fie(a e a-e )v 0  
'08  0-0  
,e 

=13-6 [ 1---(S,e,p)- — (s,e,Pr)]vne, 
Oe  

(A.1) 

where cx-e and 0-6  are the thermal expansion coefficient and the saline contraction coefficient at a 

reference pressure, Pr,  and V, is the gradient along a neutral tangent plane. 

e 
So if a is a function of S and 6, but not of pressure, then (— 4-) = 0 and 	= 0; therefore 0 	oe 
the, path-dependency would be zero. That is, path-dependency is due to 'the ratio of 	being a 

function of pressure, consistent with the definition of the thermobaric parameter, TIF = 

A.2 Fictitious diapycnal diffusivity 

Veronis (1975) has shown that mixing along a horizontal direction instead of mixing along an 

isopycnal produces a fictitious diapycnal flux of density. This fictitious diapycnal diffusivity is 

given by 

Vn0-  

(A.2) 
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where K is a lateral diffusivity and s is the slope error (Eqn.(2.5)) between a surface of constant 

pressure and the neutral tangent plane (see Fig.A.1(a)). 

Figure A.1: (a) The slope difference s between a geopotential and an isopycnal surface and (b) 
the slope difference s between an arbitrary surface and a neutral tangent plane (ntp). 

The result A.2 can be understood by taking the horizontal flux of density, 

horizontal flux of density = — KV z pl  , 	 (A.3) 

which is the lateral diffusivity multiplied by the change of locally referenced potential density on a 

geopotential. If we then multiply this horizontal flux of density with the slope difference between 

the geopotential and the neutral tangent plane we get 

flux through ntp = — K s • Gr z  pi  , 	 (A.4) 

where ntp is the neutral tangent plane. 

If we then divide by p/z  and use the following relation for the slope difference s, 

(A.5) 

we arrive at Eqn.(A.2). The above derivation is for the fictitious diapycnal diffusivity caused by 

mixing along a geopotential instead of an isopycnal surface. 

This approach can be used in a similar way to describe the fictitious diapycnal diffusivity 

which occurs when using a surface which has a different slope to the neutral tangent plane (see 
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Fig.A.1(b)). In this case we have to substitute V z pl  with Vspl , where V s  is the gradient along 

the density surface used. This then gives us the fictitious diapycnal diffusivity which arises when 

mixing laterally along a density surface which has a different slope to the neutral tangent plane. 

It is important to note that this fictitious diapycnal diffusivity is a density diffusivity and does 

not apply to 0 or S - just to pl . This is because for example V z0 could be zero. The fictitious 

diapycnal diffusion of S and 0 can even be negative. These unequal diffusivities of S and 0 are 

reminiscent of double-diffusive convection. Formulae for the fictitious diapycnal diffusivity of 0 

and S can be derived by a similar process to the above. 

A.3 A proof of Stokes' theorem for two-dimensional curls 

Here we prove the validity of Stokes' theorem for two-dimensional curls, specifically 

j:A e • dl =ff 	xe• kdxdy. 	 (A.6) 
A 

Here dl is a two-dimensional line element in the surface A. Stokes' theorem for a full three-

dimensional curl tells us that for any vector e 

jrA c dr -- ff V xe• dA, 
A 

(A.7) 

where the line integral is in a surface A and the area element is normal to A, dA = madxdy. So 

if we can show 

V xe•ma  =Va xe•k 	 (A.8) 

the result will be proven (note that ma = k— Vaz and c is two dimensional so that E • dl = E • dr). 

From McDougall and Jackett (1988) equations (4) and (5) we have 
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v = va + ma—
a 

az 'Y 
(A.9) 

So the left-hand side of Eqn.(A.8) is 

a V x c • ma = Va  X E • Ma 	
„

I
xY 

 X 
aZ ' 

= Va  x c • k + ma X Ez  • Ma  

= Va  X E • k. 

(A.10) 

The first part of the right-hand side simplifies to V a  X E • k because Va  X C is an exactly vertical 

vector. Therefore our result A.6 is proven. 

A.4 Equation 2.11 in detail 

Here we derive a close connection between neutral helicity and V a  X E. 

Using the definition of E, 

c = i3eVa S — aeVae = —N2 (V ri z — Vaz) = —N2 8 g  (A.11) 

we get 

Va X € 08 Va0 X VaS — a?VaS x Vae 	
(A.12) 

+OpeVap x VaS — apeVap x Vae 

The first two terms on the right-hand side add up to zero because a? = -os and therefore Va  X c 

becomes (using Tr = 4 - p3pe) 
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Va  x C = —Vap x Va0 + Ope Vap x Va S 

a e 
 VaP X V. 
	 (A.13) 

If we now use VaS = Vae + Ay e from Eqn.(2.10) we get 

Ope  Va  x 	—TPV op x V ae + Vap x e. (A.14) 

The second term is small and will therefore be ignored from here on. (—g  is only about 10% of 0 
a and lel is much less than I ae Vae I). 

For a good approximately neutral surface we expect V ap 	Vnp and Vae 	Vri O so that 

TOV ap X Va0 • k 	TbeV ra, x V ri e • k = gIV -2Hn (from Eqn.(3.2)) so that Eqn.(A.14) 

establishes the desired approximate relation —V a  X E gN -2 Hri. 

Now we continue our derivation of Eqn.(2.11) to result in Tr fA pde: 

ffA VV ap x V ae k dxdy • 

, 

	

T 	x (PVae) • k dxdy 
A 

	

= T 	13 .7a0 • dl 

= T be  pd0 
A 

(A.15) 

From the first to the second line we use Stokes' theorem. The only approximation in Eqn.(A.15) 

is the assumption that Tr is constant so it can be taken outside the integral. 

A.5 Theoretical thoughts about the algorithm and numerical 
testcases 

Here we explore the theoretical ideas on the relationship between neutral helicity and the density 

gradient errors e which led to the development of the algorithm used to optimize approximately 
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neutral surfaces. 

We know that the path-dependent uncertainty does not occur on a single ocean section because 

we can link up all the neutral tangent planes on a section without any slope errors. Therefore 

we take a N-S section of the ocean and repeat it to the east and west so that there are no zonal 

gradients. This gives us an initial three-dimensional data set from which 'perfect' neutral surfaces 

with neutral helicity being zero everywhere can be found. Having found a neutral surface from 

this artificial data set we can perturb a single point on this surface in a way that the perturbed bottle 

talks neutrally to the original water parcel, but neutral helicity is introduced. 

An even simpler way to think of this numerical test case is to imagine a region of the ocean where 

the pressure and conservative temperature gradients on a particular approximately neutral surface 

are aligned so that V ap and Va e are parallel everywhere. Now we consider a circular pertubation 

of 8 in the presence of the backgound pressure gradient as shown in Fig.A.2(a). This pertubation-

8-field produces a dipole of neutral helicity as shown in Fig.A.2(b). An isolated anomaly of 0 or 

S, as shown in Fig.A.2, could for example occur as a result of diapycnal mixing. 

.10-* 

--4■111■ 
o _ o 	10 

	 40 

 

C 	1  

(a) 
	

(b) 

Figure A.2: (a) A circular pertubation of 0 is shown in the presence of a background pressure 
gradient (the pressure gradient is not shown; it increases linearly along the y-axis). (b) The 
resulting dipole of neutral helicity. 

In our test problem we have constructed a localized helicity dipole from a single anomalous point 

using a N-S section repeated to the east and west as described earlier. Fig.A.3(a) shows nine grid 

points out of this helicity-free field. Now we make bottle a in Fig.A.3 warmer and saltier, it still 

continues to talk neutrally to bottles d and h  that are at the same pressure as bottle a and have 

the same salinity and temperature as the undisturbed bottle a. The same bottles are shown in a 
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p — 0 diagram in Fig.A.3(b). All the data here are on the same approximately neutral surface. 

From McDougall and Jackett (1988), equation (38), we know that the pitch of a neutral helix bz 

is approximately equal to —6zN2 g-1  T f f A p de (this follows from Eqn.(2.11) above). If 

we go around the two left-hand boxes of Fig.A.3(a) in an anti-clockwise direction, as shown by 

the arrows (correspondingly going around the loops in the p — 0 diagram in Fig.A.3(b) also in an 

anti-clockwise direction), we can see that the neutral helicity in both loops is of the same sign due 

to the triangular areas in Fig.A.3(b) being the same. This is also true for the two right-hand boxes 

of Fig.A.3(a), just with opposite sign. 

Figure A.3: (a) Nine grid points of an initially helicity-free ocean are shown in which we perturb 
a single point (see text for a description) and (b) the same points in a p — 0-diagram. 

In this case all the links are exactly neutral except for the links from a to b (as well as b to a) and 

from f to a (as well as a to f). On these links the neutral tangent planes do not coincide with the 

approximate neutral surface. The amount of this non-neutrality can be quantified by looking at the 

p — 0-diagram in Fig.A.3(b), with the area in the p — 0-diagram being proportional to j  c • dl, 

since (from Eqn.(2.11)) — c • dl fA p de. 

Notice that the area of the two triangles in Fig.A.3(b) a-c-d and a-d-e are equal, hence fA  E • dl 

is the same on the link f-a as along a-b. Fig.A.3 has illustrated how a water-mass contrast at one 

point can create a localized pair of non-zero c vectors. We now illustrate how the technique of 

adding a (13'(x, y) field can redistribute this E error in space to minimize Ic1 2 . 

To do this we use the same algorithm as described in section 3 but with an idealized field of density 

gradient errors, E, as initial condition instead of an c-field calculated from a density surface in a 

three-dimensional hydrography. The test case is made up of a 53x53 point grid. From every point 
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we write an equation in the east-west direction and one in the north-south direction. 

For our first test case we build a block (a square region of our grid, as seen in Fig.A.4(a) and 

Fig.A.4(b)) of north-south density gradient errors of strength 12 in arbitrary dimensionless units. 

These values of cinit  imply that 

00(seast swest) ae(eeast ewest) 

00(8north ssouth) ae (enorth esouth\ = ) 	12 
(A.16) 

for the grid points within the white block and 

oe (seast _ swest) 	(crast _ et) 0 

(snorth _ South ) _ 	(enorth esouth ) 
	 (A.17) 

for all others. 	 ■ 

If we now minimize 62 , we come to the solution seen in Fig.A.4(a)(right), colour being the 

perturbed c1-field, 43', and the vectors showing 6', the new field of density gradient errors with 

minimized 62 . Fig.A.4(a)(left) shows Va  X E. We find the curl at the right side of our block of 

density gradient errors has opposite sign to the curl at the left side. According to Eqn.(2.11) we 

know that Va  x new  is also approximately proportional to neutral helicity. This then resembles 

the neutral helicity dipole as seen in Fig.A.2(b), with both poles of this dipole moved apart more 

and with density gradient errors going around the neutral helicity poles. 

To further look at the way the least-square inversion changes the density gradient errors we 

construct another test case. Fig.A.4(b) shows a block of density gradient errors in which the 

left half of the box has initial density gradient errors of strength 12 and the right half has the same 

strength but opposite sign. As in the previous example we can see that V a  x cnew has high values 

along the right and left side of our blocks of imposed density errors, which corresponds to neutral 
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(a) (left) A block of density gradient errors with every error in the square block initially pointing from the south 
to the north having strength 12 in dimensionless units (the block is marked by a white surrounding), color is the 
''-field, the arrows show the final c vectors; (right) V. x c"' of the resulting c-field. 

(b) (left) A block of density gradient errors with every error on the left side (the left block surrounded by a 
white line) having arbitrary strength 12 in dimensionless units and every error on the right side (the right block 
surrounded by a white line) -12, color is the the arrows show the final c vectors; (right) V.  X  Enew  of 
the same field. 

Figure A.4: Solutions for the simplified density gradient errors as described  in the  text. 
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helicity in the real ocean. The main change to the previous example is the border between the 

block of density errors with strength 12 and the block of density errors of strength -12, which 

gives us a Va  x .cnew twice the strength of the other borders. The final density gradient vectors' 

c mainly circulate inside this region between the maximum/minimum values of V a  x c"w. The 

E"w  vectors are spread beyond the initial white box and rotate around the strips of positive and 

negative helicity. 
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Appendix 

 

Appendix to the paper 'Quantifying the 
consequences of the ill-defined nature of 
neutral surfaces' 

B.1 Alternative ways of calculating diapycnal motion due to neutral 
helicity 

he In this work we quantify the diapycnal velocity due to neutral helicity, el.  Therefore after finding 

an approximately neutral surface we have to calculate the residual slope error s and the lateral 

velocity V on this surface. Then we can calculate ehel  everywhere on this surface including the 

transports it causes. We have shown in this paper that it is necessary to use accurate approximately • 

neutral surfaces. If we use other density surfaces which do not minimize the residual slope error, 

s, some of this error is not due to neutral helicity but due to errors associated -with defining e.g. a 

potential density surface. This problem can be seen in the frequency distribution of slope errors in 

an w-surface and a potential density surface in Fig.3.7. The errors on the potential density surface 

are larger and unevenly distributed, leading to a larger transport through this surface. 

Instead of calculating ehel  at every point on an approximately neutral surface one can follow 

a neutral trajectory around the ocean and quantify its vertical displacement from this surface. 

McDougall and Jackett (1988) described the vertical displacement of a neutral trajectory from an 

approximately neutral surface with the equation 

—SzN2 g-1  dl = pde. 	 (B.1) 

Here they relate the depth change, Sz, of a neutral trajectory after doing a closed loop in x-y space 

in the ocean to a closed line integral of the density gradient error, c, on an approximately neutral 

surface, A. McDougall and Jacket (1988) argued that no matter which density surface is used the 

depth change, Sz, will be unchanged. They assumed that by using different density surfaces one 
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changes the local slope error but when calculating the closed line integral around the circular path 

these large positive and negative slope errors would cancel. 

This argument is based on two assumptions: 

• The flow is circular, i.e. the mean flow always comes back to its original horizontal position, 

even though its depth might be different. 

• The lateral velocity on an approximately neutral surface is equal to the lateral velocity along 

a whole loop of a circular trajectory. 

The first point assuming circular flow is definitely not true in the real ocean because the pathways 

of the mean flow are more complicated and usually do not come back to their original horizontal 

position. 

The second assumption assumes the lateral velocity to be constant with depth. In the real ocean 

the lateral velocity can change quickly with depth and therefore this assumption is only valid if 

the approximately neutral surface is a very close approximation to the neutral tangent planes. 

We prefer to not make these two assumptions and so we calculate ehel  as described in in this paper 

instead of using the technique above. For both techniques we need accurate approximately neutral 

surfaces but due to calculating ehel  on every point on an approximately surface we avoid having 

to deal we the two assumptions above. It would also be more complicated to calculate diapycnal 

transports from vertical displacement of neutral trajectories than from local values for ehel 
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Appendix 

Appendix to the paper 'The influence of 
the nonlinear equation of state on global 
estimates of dianeutral advection and 
diffusion' 

C.1 Hypsometry and vertical profiles of dissipation 

The usual relationship between the diapycnal velocity e and mixing processes (for example, 

Egn.(4.4) above) are written as a local balance. There are some situations where the quantity of 

interest is the total diapycnal transport across an isopycnal, integrated laterally to the boundaries 

(side-walls) of an ocean basin. For example, it is relevant to understanding the relationship 

between the upwelling across isopycnals and the dissipation of mechanical energy, as for example 

has been done for the deep Brazil Basin by St. Laurent et al. (2001). This appendix extends the 

usual density conservation, Eqns.(4.4) and (4.12) above, to find expressions for the area integrated 

diapycnal advection and the area-integrated dissipation of mechanical energy. We will find that it 

is possible to have the mean diapycnal advection to be upwards while on many of the casts in the 

interior, the diapycnal velocity is downwards. The key extra ingredient is the proportional rate of 

change with height of the area of an isopycnal. 

The three basic (Boussinesq) conservation equations, namely continuity, conservation of salinity 

and conservation of conservative temperature, can be written as the volume integral of the 

divergence form over the control volume (see Fig.C.1) 

(Ait) t  + fhv • n dl + [A] 1  = 0, 	 (C.1) 

(Ai) t  + f hVS • n dl + [AeS]r =f hKV a S • n dl + [ADSz111 , 	(C.2) 
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(Ahe) t. + h1/-  • n dl + [AeCg = f hKV ci e • n dl + [ADO]. 	(C.3) 

Figure C.1: Sketch of the inflow V through a  'choke  point' where current meters are assumed 
to  measure the flow into the control volumes that  are  separated by approximately neutral surfaces 
and bounded laterally only by the sea floor. The upper and lower approximately neutral surfaces 
of a particular layer are illustrated. eu and el are the diapycnal velocities through the upper and 
lower approximately neutral surfaces respectively. 

Here the superscripts u and I refer to the upper  and  lower interfaces bounding each layer and h is 

the vertical distance (layer thickness) between these bounding density interfaces. The overbar is an 

average over the horizontal area A of the control  volume,  or over the upper or lower approximately 

neutral surfaces bounding the control volume.  n is  the outward pointing unit vector in two 

dimensions, pointing upstream from the choke  point  where the current meters are located. The 

diapycnal diffusion terms are actually the volume  integral  of the general diffusive terms V • (DVS) 

and V • (DV()) for the isotropic diffusivity D. A'  and  A i  are the areas (measured in the projected 

horizontal x-y plane) of the upper and lower approximately neutral surfaces. In the above we 

have  ignored double-diffusive convection in that  the only  diapycnal mixing is done with the same 

diffusivity D for salinity as for conservative temperature. The lateral advection could represent 

(see Fig.C.1) the situation where water is exchanged between a sinking plume and the interior, or 

where fluid flows over a sill. 

We multiply Eqn.(C.1) by the constant values S 1  and 0 1  (which we will take to be the average 

of the salinity and conservative temperatures on the upper and lower interfaces) and subtract 
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these equations from Eqn.(C.2) and Eqn.(C.3) respectively, obtaining exactly the same form of 

equations, but now for the anomaly variables S' S — S i  and 8' 0 — 0 1  namely (the primes 

are not needed on the diffusion terms since spatial gradients of the constants are zero) 

(AhS) t  + f hVS' n dl + [AeS] = f hKV a S • n dl + [AD S zir 
	

(C.4) 

(Ahe) t  + I hVe' n dl + [Aee']i = I hKG' ae • n dl + [ADO z ]iL . 	(C.5) 

Now we multiply Eqn.(C.5) by the thermal expansion coefficient a e  and Eqn.(C.4) by the saline 

contraction coefficient 13° and subtract these equations in order to eliminate the unsteady terms: 

ae and fie are the values averaged over both the upper and lower approximately neutral surfaces. 

The resulting equation is 

a°  [Aee'll' — 13e  PleS' 	ae [ADO — Oe [ADSzT 

+ f hK(ae  Vae — 13eVa S) n dl 	(C.6) 

— fh(a861  — 13°S')V • n dl. 

The left-hand side of Eqn.(C.6) is the difference between the upper and lower values of the area 

integral of the product of the dianeutral velocity e and the 'perturbation buoyancy' (ae0 —0°S') 

u 

and along each of these surfaces the 'perturbation buoyancy' is very nearly constant so any 

correlation between spatial variations of e and (ae  0'— /3e S') can be ignored, so that the left-hand 

side of Eqn.(C.6) can be approximated as (recall the overbar is the area averaging operator) 

[Ae(ae CY — OeST = (AuF,  + A lel)(ae  (Ou — 0 1 ) — )3e  (Su — 5 1 ) 

+ (A-F,  + Ag)(ae (0- + 01 ) - el] - e +5) — Si] ). 

(C.7) 
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Our choice of the constant offset salinity and conservative temperature S i.  and e l  means that the 

second line of Eqn.(C.7) is zero. As the thickness of a layer is reduced towards zero we write 

the average of the dianeutral transport across the upper and lower interfaces 0.5(Aueu + Al  el) in 

• Eqn.(C.7) as simply A so that Eqn.(C.6) becomes 

AhN2 /g = ae  [ADO z ilt  — 00  [ADSz] 
+ f hK (ceeVa0 — 139V,S) • n dl 	 (C.8) 

— f h(ae CY — f3e S')V • n dl. 

The lateral diffusion term in Eqn.(C.8) can be shown to be a good approximation to the area 

integrated diapycnal transport due to cabbeling and thermobaricity, but the last term in Eqn.(C.8) 

is difficult to discount as being unimportant, as it also scales as the cabbeling and thermobaric 

terms in Eqn.(C.8). The key to resolving this is to realize that because we have used constant 

values of the thermal expansion and saline contraction coefficients, the velocity on the left-hand 

side of Eqn.(C.8) is not actually the diapycnal velocity through an approximately neutral surface 

(this diapycnal velocity involves multiplying by the local values of these coefficients everywhere). 

Hence we need to make the simplification that we treat the equation of state as linear so that the 

lateral diffusive and lateral advection terms in Eqn.(C.8) become zero. Eqn.(C.8) is now divided 

by the thickness h and the limit as h tends to zero is taken obtaining 

2V.A.T 2  g = ae  (ADO)z  — /3e(ADS)z• 	 (C.9) 

On dividing by the area N2  I g we arrive at the form of the equation for the area-averaged diapycnal 

transport 'e that corresponds to Eqn.(4.4) for the dianeutral velocity e on an individual cast, namely 

= gN-2 cee (ADOz ) z  — g N-2136  (AD Sz  z • 
	 (C.10) 

Apart for the area averaging operator, the only difference between this equation and the diapycnal 

diffusive terms in Eqn.(4.4) is the presence of the area A appearing inside the vertical gradient 
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operator of the diapycnal mixing terms. • erhaps this is more obvious in the expression for the 

area-average diapycnal velocity obtained by simply dividing (A10) by A, (ignoring possible 

correlations between the diapycnal diffusivity and the vertical property gradients) 

DAz IA+ gN-2ae (Dez ) z  — gN -20e (DSz)z, (C.11) 

which is identical to the diapycnal diffusion terms in Eq (4) except for the additional term DA /A. 

Continuing to ignore the influence of the nonlinear equation of state, and using Osborn's (1980) 

expression that relates the diapycnal diffusivity D to the dissipation rate of mechanical energy, E, 

(All) implies that the area-averaged diapycnal velocity follows from 

where we have allowed the mixing efficiency I' to vary in the vertical. 

This simple relation may hold the key to explaining a conundrum that arose in the deep 

measurements of dissipation the Brazil Basin where on individual casts the dissipation rate of 

mechanical energy was observed to decrease with height (e z /e < 0) and yet it was clear that 

water must be moving upwards through isopycnals. Perhaps the proportional rate of the vertical 

increase of the area of the isopycnals Az /A is sufficiently positive there to ensure that T is positive 

in Eqn.(C.12). 
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Appendix 

 

Appendix to the paper 'An approximate 
geostrophic streamfunction for use in 
density surfaces' 

D.1 Inherent limitations of a geostrophic streamfunction in potential 
density surfaces and approximately neutral surfaces 

The existence of a geostrophic streamfunction in a general surface is not guaranteed. In fact, it can 

be shown (McDougall, 1989) that in order for a surface to posses a geostrophic streamfunction 

the surface must be a function of in situ density and 'pressure, that is, the surface r must obey 

r(p, p) = 0. This function may be multiple valued, such as occurs in the Atlantic Ocean where the 

relation between p and p on an approximately neutral surface is different in the North Atlantic than 

in the South Atlantic. Here we first consider a potential density surface and show that in general a 

geostrophic streamfunction does not exist in this type of surface. 

If a geostrophic streamfunction were to exist in a potential density surface then the two-

dimensional curl of Eqn.(5.2), namely V, x V,coa, would be zero requiring that V, x ( -17, v) 

is zero. Here we evaluate V, x 9 •7,,p) . First the coordinate transformation relationship 

VaP 7 V zP+PzV,z together with the hydrostatic equation implies that V zp = lp  Vap + gV,z 

and since V, x V,z is zero we have 

1 	 I 
V, x ( — V zP) = V cf x ( -- V crP) = — ‘V.  aP x V crP 

P 	 P 	P 
1 

= — — Vap x [ae  (P)Vcre — Oe (P)vaSit] • 

P 

(D.1) 

This is the cross product of two exactly horizontal vectors so we take the scalar product of 

Eqn.(D.1) with the vertical unit vector k in order to obtain a scalar measure of the non-ideal 
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nature of potential density surfaces in this regard. The gradients of conservative temperature and 

Absolute Salinity in a potential density surface are related through the thermal expansion and 

saline contraction coefficients evaluated at the reference pressure of the potential density variable, 

that is, ae (pr)Vae = Oe (Pr)V,SA. Hence we have 

1 	 1 
x ( — V zP) • k = --(V ap x 	k) [ae (p) — (p) ae

e 
 (Pr) ]  . 	(D.2) 

O (Pr) 

The square bracket here is approximately the pressure difference times the thermobaric parameter, 

— pr ). McDougall and Jackett (1988) showed that the difference between the gradient of 

pressure in a potential density surface and in a neutral tangent plane, Vap — Vnp, is parallel to the 

gradient of temperature in the neutral tangent plane, V ae, and McDougall (1987a) showed that 

vac,  and vne are parallel. This means that Vap may be replaced by Val) in Eqn.(D.2). From 

McDougall (1987a) we also know that the factor that relates Vo 0 and V 72 0 is approximately the 

same as the factor that relates g- 1  N2  and ( — p- 1  a pe / az) so that Eqn.(D.2) may be written as 

(1 	 ( aPe 
V a x 	) • k = H72  (Pr — P) 

where the neutral helicity Hi' is defined by Eqn.(5.17), namely Hn = g—i N2To v72p x  vne k .  

Moving on now to consider an approximately neutral surface, if a geostrophic streamfunction were 

to exist in this surface then the two-dimensional curl of Eqn.(5.2), namely Va  X Vag'', would be 

zero requiring that Va  X ( 1p Vzp) is zero. Here we evaluate Va  X ( 1,9 Vzp). First the coordinate 

transformation relationship V ap = V zp + p, Va z together with the hydrostatic equation implies 

that 1  Vzp = 1  Vap + gVaz and since V a  x Va z is zero we have 
P 	P 

x (—Vzp) = Va  x (-1 Vap) .= --1  Vap x Vap p 	p2 

= --1VaP X  [fie (P)Va SA ae (P)Vae ] 
(D.4) 

(D.3) 

In a neutral tangent plane Oe (p)Va SA = ae (p)V 72 0 and in that case the square bracket in 

Eqn.(D.4) would be zero. However, in an approximately neutral surface this square bracket is not 
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quite zero and is labelled E (chapter 1). The scalar quantity representing the fact that a geostrophic 

streamfunction does not exist in an approximately neutral surface is then 

Va X ( — VzP) k = —Vap X E • k = (gp)'AT2Vap X s • k. 
P 	_ P 

(D.5) 

Here s = Va z — Va z is the slope difference between the approximately neutral surface and the 

neutral tangent plane. 

D.2 An approximate geostrophic streamfunction for potential 
density surfaces 

The specific volume anomaly S .  (Eqn.(5.39)) is now defined with respect to a point (g-A, 6) on the 

potential density surface. The starting streamfunction (pstart is again given by Eqn.(5.49) where 23 

is the pressure of the reference -point (SA,  6,23) on the potential density surface. While this is the 

correct, exact geostrophic streamfunction in the 6-surface, it is not the correct streamfunction in a 

potential density surface. Rather, the gradient of cOstart  along the potential,density surface is given 

by 

1 vawstart = {_v zp  — mv,s (D.6) 

Two seawater parcels (SA, O, p) and (g-A , 9 , j3) that lie on the same potential density surface 

referenced to pr  obey the equation 

P(SA,e,Pr) = P(S7A,C),Pr), 	 (D.7) 

and with errors that are cubic in the salinity and temperature differences a Taylor series expansim 

of Eqn.(D.7) gives 
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Oe (STA,G,P,)(SA — 57A) ';=, ae  (57A, 6, Pr)(6 — 6), 	(D.8) 

where the saline contraction coefficient 13e  and the thermal expansion coefficient a e  are evaluated 

at the reference pressure pr  and at the mean Absolute Salinity and mean conservative temperature, 

SA = 0.5(S A + SA) and 0 = 0.5(0 + 

Now we seek an expression for the specific volume anomaly -(S. (SA, 0,p) of a seawater parcel 

on the same potential density surface as the reference parcel (,.. A ,(5,13) in terms of the property 

differences (e - 6) and (p — pr ). From Eqn.(5.39) we write RSA, e, p) as 

p-2 [p(s'A,e,p) - p(sA,e,p)] 
p—l ac) (SA, e,p)(6 - 6) - )0-1  13e  (S A, P)(S A — §A), 

	(D.9) 

where again the errors in the Taylor series expansion are cubic in (0 — 0) and (SA— SA) . Use 

is now made of Eqn.(D.8) to obtain 

CS'(SA, 0,P) P-1i3e (SA,e,13)(e 

	

f ae (SA,e,p) 	cke(sA,e,p,-)}  . 	(D.10) 

	

Oe (SA, e,p) 	Oe(sA,e,p,-) 

The definition of the thermobaric parameter Tbe , 

T 	2.7 x 10 -12  K -1 (Pa) -1 	(D.11) 

implies that (with only cubic errors in perturbation quantities) 

1
, (P + Pr) 	

ae(SA, 6,p)  ae (SA, e, Pr)  } , 	(D.12) 0  — 2 Oe (SA, 0,P) Oe (SA, 0, Pr) 
Tr(p- pr) 
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while the values of the saline contraction coefficient evaluated at p and at 0.5(p + pr ) are related 

by 

oe(s7A, 0,p) oe(s-A, 	+pr)) + 	 (D.13) 

where f3pe  is the partial derivative of the saline contraction coefficient 13e with respect to pressure at 

constant Absolute Salinity and conservative temperature. Substituting Eqn.(D.12) and Eqn.(D.13) 

into Eqn.(D.10) gives the desired expression for S (SA e,P), 

Te 	 1Te  13;',)  .3' (SA, e, 	1 (e - 6)(p - pr) + e — e)(P Pr) 2 - 
P 	 2 p /3e 

(D.14) 

For a pressure difference (p — pr ) of 15 MPa (1500 dbar) the last term in Eqn.(D.14) is only 1% 

of the first term on the right-hand side so that the last term can and will be ignored without a 

noticeable loss of accuracy in what follows. (The same term was neglected in the development in 

section 5.4). 

Recall that the gradient of epstart  in a potential density surface is too large by 53 — ]V a ä (see 

Eqn.(D.6)). We now will use Eqn.(D.14) for S to obtain an approximate expression for [p — plV a i5 

in the form of the gradient V, of a quantity along the potential density surface. An improved 

geostrophic streamfunction is then obtained by subtracting this quantity from costart of Eqn.(5.49). 

Along the potential density surface between the reference point (57A, 6,13) and the point (SA, e, p) 

we assume that the conservative temperature CI" varies in proportion to pressure p" and we let x 

represent the fractional pressure change along the route from 23 to p. That is, we have 

x = (p" — P") Ap (0" = -0)/A0 where AO = (0 — -0) and Ap = (p - 23). (D.15) 

The pressure difference involving the reference pressure of the potential density variable p r  is 

written 
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— Pr) = Ap(x r) where r = (73 — Pr)/AP, 	 (D.16) 

and in terms of these quantities -kSA, 0,p) is expressed as (from Eqn.(D.14)) 

Te  
(S A, e ,p) = —b—A06,p(1 r). (D.17) 

The unwanted term [p —275] .7, -S in Eqn.(D.6), evaluated at a general point (S A" , e", p") between 

the reference point (S7A,6,15) and the final point (SA, e,p) is written as (from Eqn.(D.14)) 

(n" —15)vcr -S(sA", e", P") = xAPVcr(SA", e",p") = x6,0 (6,p) 2V, (—Tp°  [x2  + 

(D.18) 

which can be expressed as an isopycnal gradient as 

(p" — )v(sA ", e",p") = 6,0(4) 2V, (IT  [-2 x2  + —1 7-x2]) . 	(D.19) 
p 3 	2 

The streamfunction that needs to be subtracted from Eqn.(5.49) is then the quantity whose 

isopycnal gradient appears on the right-hand side of Eqn.(D.19), evaluated at x = 1, namely 

Te 	2 1 2 	 . l ie(Ap)-+-  2 71 (D.20) 

Eqn.(D.17) for (SA, e,p) is now used to rewrite Eqn.(D.20) as 

1 Te  
—
2

ApS. (SA, 0,p) -  3 	 6 p 
(D.21) 
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This is then subtracted from Eqn.(5.49) obtaining the following expression for the streamfunction 

in a potential density surface, 

1 	 1 Te e
e(SA, e,P) =  6 p 

P 
dp'. (D.22) 

There are three main differences between this streamfunction and the previous best streamfunction 

(Eqn.(5.20)) suggested by Zhang and Hogg (1992). First there is the choice of the reference values 

SA and e of the specific volume anomaly variable. These values have been carefully chosen to 

minimize VS and increase the accuracy of Eqn.(5.49) compared with Eqn.(5.20) as a candidate 

geostrophic streamfunction in a potential density surface. Second, the first term in Eqn.(5.20) is 

reduced by a factor of three, and third, there is an additional term in Eqn.(D.22) (the second term) 

that is proportional to the difference in pressure between that of the reference point on the potential 

density surface and that of the reference pressure pr . If the reference pressure pr  of the potential 

density is equal to the pressure of the reference point on the density surface then the second term in 

Eqn.(D.22) is zero and the key differences are the careful choice of the reference point (STA, 6, 23) 

and the reduction by a factor of three of the first term in Eqn.(D.22) compared with Eqn.(5.20) and 

Eqn. (5 .49). 
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Appendix 

 

analyze_surface_v1_0 - 
a MATLAB toolbox for water-mass 
analysis on density surfaces 

E.1 Introduction 

This document describes a Matlab toolbox including a Graphical User Interface (GUI) which can 

he used to label a data set with a density variable (e.g. potential density or neutral density), form 

surfaces of constant density and calculate several properties on these surfaces (e.g. neutral helicity, 

fictitious diapycnal diffusivity and the diapycnal advection due to nonlinearities in the equation of 

state). This toolbox also includes an algorithm which optimizes density surfaces to ensure they are 

as close to neutral tangent planes as possible - thus minimizing the fictitious diapycnal diffusivity. 

This algorithm therefore produces surfaces which are ideal to be used as water-mass boundaries 

in inverse models or for water-mass analysis in ocean models or observational data. 

El Installation 

The Matlab toolbox can be found on the CD included in this thesis or can be downloaded from 

http://www.TEOS-10.org  

as a tar.gz-file for Linux users or as a zip-file for Windows users. Under Linux run 

tar -x-vf analyze—surface.targz 

to unpack the code. This creates a directory called analyze_surface_ve rl _O. Set the path in Matlab 

to the directory in which you have installed the Matlab code. 

Additional freely available libraries have to be installed for full functionality. For the calculation 

of density and related quantities the library eoslib05 is needed. This library contains routines in- 
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volving the equation of state as  described in  Jackett et al. (2006) and can be found at 

http : //www . marine . csiro  .  au/ -j  ackett/eos. 

To  use the function calculating  neutral density  as described in Jackett and McDougall (1997) ad-

ditional Matlab/Fortran code has  to be  downloaded from 

http : / /www . marine . csiro  .  au/ - j ackett/NeutralDensity. 

Installation information for this  software can  be found in a README file within the code. Addi-

tionally the seawater library has to  be  downloaded from 

http : //www. cmar .csiro . au/datacentre/ext_docs/seawater  htm. 

The Matlab path then has to be set  to point to  these libraries as well. 

To start the GUI, type  analyze_surface.m. A  GUI as seen in Fig.E.1 should open. 

Figure E.1: Shown is the main  GUI  of the analyze_surface toolbox. The figure in this GUI shows 
the density distribution in the data  set. 
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E.3 Input 

The input can be any gridded data (model output or observational data) and must include salinity, 

temperature, pressure, latitude and longitude. Temperature can be either potential temperature 

or conservative temperature (McDougall, 2003). If the input is potential temperature it will be 

converted to conservative temperature for all further calculations as it is the most conserved 

temperature variable available (McDougall, 2003). Optional input variables are buoyancy 

frequency, N2 , gravitational acceleration, g, latitudinal and meridional velocities, u and v, and 

a prelabelled density field, pre. N2  and g will be calculated automatically after opening a file 

if they do not exist. Velocity data are only necessary if calculating the diapycnal velocity due to 

neutral helicity and its associated transports (see below). Prelabelled density is only necessary if 

one wants to use a density variable which is not included in this GUI. 

The input variables have to be labelled and in a format as shown in Table E.1 (bold entries are 

necessary inputs, all other entries are optional). 

Table E.1: This table shows necessary and optional input for the analyze_surface GUI. Necessary 
input variables are bold, all other input variables are optional. The right column shows the 
necessary format of the input variables. 

variable variable name format 
s salinity [depth lats longs] 
t or ct potential or conservative temp. [depth lats longs] 
p pressure 	 __... [depth lats longs] or [depth] 
lats latitude [lats longs] or [lats] 
longs longitude [lats longs] or [longs] 
n2 buoyancy frequency [depth lats longs] 
g gravitational acceleration [lats longs] 
u latitudinal velocity [depth lats longs] 
v meridional velocity [depth lats longs] 
pre prelabelled density [depth lats longs] 

After opening the GUI by typing analyze_surface.m one can open a file by going to File —4 Open. 

The file opened has to be a .mat file. After choosing a file and pressing OK a GUI in which one 

can change input settings as seen in Fig.E.2 opens. In this GUI one can choose the Arakawa grid 

used (only necessary if the file includes velocity data; otherwise this option does not make any 

difference) .and a wrap option. The wrap option treats the most eastern points as being adjacent 

to the most western points of the gridded data (when using a global data set) or treats the most 
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eastern and western points as independent (when using a regional data set). 

If opening a file which has been saved with this  GUI  before, all data will already be in a Matlab-

structure called ocean (e.g. conservative temperature is found in ocean.ct, etc.). This structure 

can be opened by the GUI without input variables  as  described above. A more detailed description 

of this structure can be found in section E.7. 

Figure E.2: In this GUI the Arakawa grid and the wrap option are set. It opens automatically if a 
new mat-file is opened or it can be opened by going  to  Settings Input Settings. 

E.4 Labelling a data set with density and finding surfaces of constant 
density 

The hydrographic data can be labelled with the following density variables: 

• potential density, up ,. (where pr  is reference pressure); 

• neutral density, -yri (Jackett and McDougall, 1997); 

• a rational function approximating neutral density, -yrf (McDougall and Jackett, 2005b); 

• any prelabelled density variable 

The choice of density variable depends on the application it is used for and the data (i.e. model 

output or observational data), with the advantages and disadvantages of these density variables 

explained in chapter 2 and chapter 3. If choosing potential density a reference pressure has to be 

set in the field pr  (use 2000 for 2000 dbar, etc.). Once a density variable is chosen and the GO! 
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button is pressed a density distribution should appear (see Fig.E.1). It is then possible to calculate 

a surface of constant density by typing a density into the field levels (the field with the input 27.75 

in Fig.E.1) and pressing the GO! button. At the moment it is only possible to calculate one density 

surface at a time - changing this to be able to calculate more density surfaces at a time will be one 

of the next improvements of this code. 

This Matlab toolbox also contains a m-file to compute neutral density according to Eden and 

Willebrand (1999), -y E W  , which can be used to label a data set and be used as prelabelled density 

in this GUI. Note that this density variable is constructed for the North Atlantic only. 

Also note that in all calculations data above the mixed-layer depth are excluded. The mixed layer 

is calculated as in de Boyer Montegut et al. (2004) using a threshold value of density from the 

surface value (Lip = 0.3 kg m -3 ). 

E.5 Optimizing density surfaces 

This part of the software optimizes density surfaces as described in chapter 2, giving a surface 

which is much closer to being neutral than any other density surfaces previously used. The 

algorithm used to optimize density surfaces is computationally more expensive than labelling 

data sets with a density variable as described above. In contrast to the labelling of a three-

dimensional data set with a density at every grid point and then finding a surface of constant 

density, this algorithm optimizes existing density surfaces. At this point one has to decide if this 

computationally intensive optimization of density surfaces is necessary or not. The improved 

neutrality of these surfaces might for example not be significant if used for water-mass boundaries 

in large box inverse models of non-synoptic hydrographic sections but will definitely improve 

inverse models using synoptic sections for process studies that particularly target the determination 

of mixing. 

The algorithm used to optimize density surfaces needs an initial surface as input. This surface 

can be produced by labelling a data set with a density variable and finding a surface of constant 

density as described above. The closer this initial density surface is to being 'neutral' the faster 

the residual slope error between the surface and the neutral tangent plane will be minimized. 

In more detail, the algorithm first calculates the initial density gradient error on the initial surface, 
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einit =13ePinit S — aeVinite, 	 (E.1) 

where the gradients Vinzt are calculated on the initial surface. Then the algorithm solves a least-

squares problem in which it calculates a field of pertubation densities, 0/(x, y) (where 0 is the 

locally referenced potential density), which minimizes the density gradient error on the new 

surface. This field of pertubation densities is then used to improve the initial denity surface as 

can be seen in 

Enew = e init va ot . 	 (E.2) 

Due to the algorithm not knowing about vertical gradients of density its first guess will not lead 

to an ideal solution and several iterations are needed until e converges. Further detail about the 

algorithm can be found in chapter 2. 

Before optimizing a density surface one can decide on the following options: 

• decide between minimizing the slope error s or the density gradient error E. Minimizing e is 

better when trying to understand the theory behind these optimized surfaces and s is better 

for minimizing the fictitious diapycnal diffusivity. Both give very similar results (chapter 2). 

• choose the number of iterations; this number highly depends on the data set used and on 

the distance of the initial condition from the optimized surface (usually 50-200 iterations 

are adequate; the default is 150). The number of iterations is also highly dependent on the 

damping factor A (see below). 

• the damping factor A; A is used to damp the pressure change added to an initial density 

surface at every iteration to optimize this surface. In some cases (especially in shallower 

regions) if A is set too high the optimization code will become unstable, therefore a smaller 

A has to be chosen increasing the necessary iterations. The stability of the algorithm (and 

therefore the value for A which can be used) is dependent on the distance of the initial surface 

to being 'neutral'. In some cases A has to be set - as low as A = 0.1 (the default values is 

A = 0.3 and has to be changed in the code if necessary). 
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Examples of the depth change used by the algorithm to minimize the density gradient errors 

and the convergence of f to a minimum value can bee seen in Fig.E.3. An example for a case 

in which the damping A is not well chosen can be seen in Fig.E.4. 

Note that when producing an optimized surface all data above the mixed-layer depth will be 

excluded. The mixed layer is a place where other physics than neutral physics are relevant and 

therefore no density surfaces are produced in this region. 

E.6 Calculating properties on density surfaces 

The following properties can be calculated on the initial and optimized density surfaces (initial, 

improved or both surfaces can be chosen in the pull-down menu, all properties are in SI-units): 

• Neutral Helicity - Neutral helicity, H tm, is calculated on the density surface according to 

McDougall and Jackett (2007), 

lin g-1  N2TrV ap x V ae k, 	 (E.3) 

where Tr is the thermobaric parameter, Tr= 30 (a0/), and Va  is the gradient along 

a continuous 'density' surface. This equation is approximate due to the gradients of p and 8 

being taken on a continuous 'density' surface instead of being taken along a neutral tangent 

plane. On optimized approximately neutral surfaces these gradients are very similar to those 

along neutral tangent planes. Neutral helicity is calculated on tracer grid points (the red 

points in Fig.E.5). 

• Slope Errors - This includes the calculation of the slope error, s (with si,  its x-

and y-components and its curl, written as ss, ss_x, ss_y, curl_s in the code) and the 

density gradient error, E (with I € I, its x- and y-components and its curl, written as 

ee, ee_x, ee_y, curl _e in the code). The slope error s and the density gradient error E can 

be written as (chapter 2) 

E = 13eVa S — aeVa e = —N2  (Vaz - Vaz) = 1112  - 	 (E.4) 
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Figure E.3: Depth changes (per iteration) calculated from the field of pertubation densities, 
ó'(x. y) (top panels) and the decrease in the square of density gradient errors, E (shown on a 
/ogio-scale, lower panels) for (a) the surface after  5  iterations and (b) for the surface after 40 
iterations. In this figure a good value for A has been chosen and E converges smoothly. 
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Figure  E.4:  Depth changes (per iteration) calculated from the field of pertubation densities, 
e(x, y) (top panel) and the decrease in the square of density gradient errors, € (shown on 
a /ogio-scale, lower panel) for the surface after 50 iterations. In this figure a bad (i.e. too 
large) value for A has been chosen and c does not converge at a minimum value. 

Figure E.5: (a) A side-view and (b) a top-view of an Arakawa B-grid. Red dots are the 
tracer points, blue points the lateral velocity points and green points the vertical velocity 
points. Diapycnal velocities calculated with this toolbox are calculated at the tracer points. 
The boxes labelled 1 and 2 (3 and 4) are the locations where zonal (meridional) gradients 
are calculated. 
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where V, is the gradient along a neutral tangent plane. 

The x-component of the gradient of S in Eqn.(E.4) is calculated as (giving the slopes at 

points 1 and 2 in Fig.E.5(b)) 

seast _ swest 
VS=  	 (E.5) 

elt 

where elt is the zonal distance between grid points. These slopes are then interpolated back 

onto the' tracer grid points. The same is done for the other components. ae , 019 , N 2  and g 

are calculated on the tracer grid points. The slope errors are not computed using the second 

part of Eqn.(E.4) due to the computational cost of the neutral tangent plane calculations. 

• ehel - The diapycnal velocity caused by neutral helicity. Depending on the surface on which 

ehel  is calculated, this diapycnal velocity can be due to errors in the way density surfaces are 

constructed and therefore is not solely caused by neutral helicity (this problem is minimized 

when using w-surfaces, see chapter 3 for a more detailed explanation). ehel  is defined as 

(chapter 2, chapter 3) 

ehel = v.S 
	 (E.6) 

where V is the lateral velocity and s is the slope error (Eqn.(E.4)). s is interpolated onto 

the tracer grid points and V is interpolated horizontally onto the tracer grid points as well 

and then vertically interpolated onto the density surface on which ehel  is calculated. For , this 

interpolation the right choice of Arakawa B-grid or C-grid is important. 

• ethernveeab _ The diapycnal velocities caused by thermobaricity, eth"m , and cabbeling, ecab 

These diapycnal velocities can be written as (McDougall, 1984, 1987b) 

- 
therm 	g wpe v7 c_.1 v7 ,n ) e 	= — —

N 2 

AL-.13 v 	• v 

b 	g 	e eca = 
N2 KCb (Vae Vae), 

where the thermobaric coefficient and the cabbeling coefficient (McDougall, 1984, 1987b) 

(E.7) 

(E.8) 

are 
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T = aae  ae  5/3e  
b 	 oe 	ap (E.9) 

and 

Ce Dae 	ae  &v ia  (ae  2  aoe 
= 	 + 2 	 ao Oe as Ue) as (E.10) 

and K is the isopycnal diffusivity. Due to our lack of knowledge about accurate values to use 

for the isopycnal diffusivity, a value of K = 1000 M2 S -1  is used. These diapycnal velocities 

are calculated on the tracer grid points with the calculation of the gradients of p and 8 being 

done the same way as in the calculation of the slope errors. 

• Velocity on density surface - The three-dimensional velocity field is vertically interpolated 

onto the continuous 'density' surface. 

• Diapycnal transports - The diapycnal velocities due to neutral helicity, thermobaricity and 

cabbeling are used to calculate diapycnal transports. 

• Geostrophic streamfunction - The geostrophic streamfunction is calculated as see chapter 

5) 

con(sA,e,p)= (p-73)S(sA,e,P) 

1 Te  
- 12 p — 	IP  Sdpl  

0 

75. 

 

(E.11) 

(SA, 8, p) in the first term of Eqn.(E.11) can be written as 

S(SA,O,p)=v(SA,e,P) - 45;',,he,P), 	 (E.12) 

where v is the specific volume anomaly. At every grid point (apart from those next to 

continents) we write differences of Eqn.(E.11) in the zonal and meridional direction, 
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con — r 	r  east 	(Ptvi  est 

(pn — north 	 (Psnouth• 

(E.13) 

The tilde-values in the above equations are the reference values at the western/southern 

grid points. These differences in geostrophic streamfunctions are then used to construct 

a geostrophic streamfunction by using a least-squares approach. Further details about this 

method can be found in chapter 5. 

• Geostrophic velocities - From the geostrophic streamfunction geostrophic velocities can be 

calculated. These are referenced to the dynamic height at a specified pressure level (set in 

ref _level in Fig.E.1). Geostrophic velocities +2 degrees of the equator are excluded. 

E.7 Saving files 

To save a file go to File 	Save. After choosing a file name all the variables are saved in a mat- 

file with the structure ocean. All the variables saved in the structure ocean can be seen in Table 

E.2 (continued in Table E.3). This structure can be opened directly by the analyze_surface GUI 

without the variables mentioned in section E.3. 

E.8 Contents of the toolbox 

The following m-files are part of the analyze_surface toolbox. Files with an (*) are part of the 

toolbox but not the GUI. 

• ab_from_ct.m - Calculate the thermal expansion coefficient ae , the saline contraction 

coefficient 0e, g, and the thermobaric coefficient, T = i3e*(cAG-e )p . 	• 

• analyze_surface.m - analyze_surface.m — The main GUI for the analyze_surface toolbox. 

• analyze_surface_license.m - License statement and permissions for the analyze_surface 

package. 
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Table E.2: This table shows the output variables saved in the structure ocean This table is 
continued in Table E.3. 

variable variable name 
ocean.s salinity 
ocean.pt  potential temperature 
ocean.ct conservative temperature 
ocean.lats latitude 
ocean.longs longitude 
ocean.0 lateral velocity in x-direction 
ocean.v lateral velocity in y-direction 
ocean. elt scale factor in x-direction 
ocean.e2t scale factor in y-direction 
ocean.n2 buoyancy frequency 
ocean.g gravitational acceleration 
ocean.p_mid pressure at mid-points 
ocean.pre pre-labelled density 
ocean.sigma potential density 
ocean.pr  reference pressure 
ocean.gamma neutral density _ 
ocean.glevels - levels of density surfaces 
ocean.mld mixed-layer depth 
ocean.sns salinity on density surface 
ocean.ctns conservative temperature on density surface 
ocean.pns pressure on density surface 
ocean.n2ns buoyancy frequency on density surface 

-ocean.hel neutral helicity on density surface 
ocean.ss slope error on density surface 
ocean.sx x-component of slope error on density surface 
ocean.sy  y-component of slope error on density surface 
ocean.curl_s curl of slope error on density surface 
ocean.ee  density gradient error on density surface 
ocean.ex x-component of density gradient error on density surface 
ocean.ey y-component of density gradient error on density surface 
ocean.curl_e curl of density gradient error on density surface 
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Table E.3: Continued from Table E.2. 

variable variable name 
ocean.e_hel diapycnal velocity due to neutral helicity 
ocean.e_hel_x x-component of diapycnal velocity due to neutral helicity 
ocean.e_heLy y-component of diapycnal velocity due to neutral helicity 
ocean.e_therm diapycnal velocity due to thermobaricity 
ocean.e_cab diapycnal velocity due to cabbeling 
ocean.*_trans transport caused by the respective diapycnal velocity 
ocean.*_trans_sum integral of the transport caused by the resp. dia. velocity 
ocean.streamfiinc geostrophic streamfunction 
ocean.geo_vel_x zonal component of geostrophic velocity 
ocean.geo_vel_y meridional component of geostrophic velocity 
ocean.*_i same variables as above but for the optimized surface 
ocean.settings input settings 

• bfrq_ct.m - Calculate Brunt-Vaisala frequency squared (N 2) at the mid depths, p_mid, from 

the equation N 2  = — * 	using the equation of state, p = p(s,0,p), in terms of 

conservative temperature. This calculation involves moving the parcels to mid pressure, 

as in Jackett et al. (2006). 

• change.m - Changes certain values in a matrix to different values according to some relation. 

• cut_off.m - Cut off data on a surface above a certain depth (e.g. exclude data above the 

mixed layer). 

• delta_streamfunc.m - Calculate differences in streamfunctions for optimization of 

streamfunctions (chapter 5). 

• dia_trans.m - Calculate dia-surface transport and integrate over the area. ' 

• dyn_height.m - Calculate dynamic height. 

• e_hel.m - Calculate the diapycnal velocity (ehe/  = V * s) due to neutral helicity (V is lateral 

velocity, s is the slope difference between a density surface and the neutral tangent plane). 

• e_therm_cab.m - Calculate the diapycnal velocities caused by cabbeling and thermobaricity. 

• gamma_ew.m (*) - Calculate -y EW  through an approximate function in terms of salinity and 

potential temperature according to Eden and Willebrand (1999); This function is constructed 

for the North Atlantic only. 
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• gamma_n_3d.m - Label a three-dimensional s/ct/p field with neutral density (7') according 

to Jackett and McDougall (1997). 

• gpoly16ct.m - Calculate neutral density through a rational function (yrf) in terms of salinity 

and conservative temperature according to McDougall and Jackett (2005b) 

• grad_surf.m - Find the surface gradient of a variable in x and y-direction. 

• grav.m - Calculate gravitational acceleration according to Moritz (2000). 

• helicity_pressure.m (*) - Calculate neutral helicity on a pressure level according to 

McDougall and Jackett (2007). 

• helicity_surface.m - Calculate neutral helicity on a density surface according to McDougall 

and Jackett (2007). 

• input_settings.m - input_settings.m — GUI for setting input settings. 

• mId.m - Calculate the mixed-layer depth as in de Boyer Montegut et al. (2004). The criterion 

selected is a threshold value of density from a surface value (Lip = 0.03 kg m3 ). 

• montgomery_streamfunc.m (*) - Calculate the Montgomery streamfunction (the 

acceleration potential) in a steric anomaly surface according to Montgomery (1937) or 

according to Zhang and Hogg (1992). 

• ns_3d.m - For a three-dimensional field of hydrographic data (s,ct,p) that has been labelled 

with a density variable, find the salinities, conservative temperatures and pressures of 

specified density surfaces. 

• optimize_streamfuncan - Optimize streamfunction on density surfaces according to chapter 

5. 

• optimize_surface.m - Optimize density surface using an iterative method to minimize 

fictitious diapycnal diffusivity as explained in chapter 2. 

• scale_fac.m - Find distances between gridpoints of given latitude/longitude. 

• slope_error.m - Calculate slope errors s, density gradient errors 6, their curl and the fictitious 

diapycnal diffusivity, Df. 

• var_on_surf.m - Vertically interpolate one or two variable(s) onto a density surface. 
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• z_from_p.m - Calculate depth from pressure according to Leroy and Parthiot (1998). 

E.9 Future changes to the code 

The next planned improvements to this Matlab toolbox are listed below: 

• The damping factor A will be adjusted automatically to maximize the speed of convergence 

of 1 6 1 2 . 

• The calculation of w-surfaces will stop when the decrease in 1e1 2  from one step to the next is 

less than a set value. 

• Two-dimensional fields for the isopycnal diffusivities can be used as input instead of the 

constant value K = 1000 m 2 .9 -1 . 

• The calculation of surfaces of constant density will be possible at more than one level at 

once 

E.10 License 

This software is provided 'as-is', without any express or implied warranty. In no event will the 

author be held liable for any damages arising from the use of this software. 

Permission is granted to anyone to use this software for any purpose, including commercial 

applications, and to alter it and redistribute it freely, subject to the following restrictions: 

(i) The origin of this software must not be misrepresented; you must not claim that you wrote 

the original software. 

(ii) Altered versions must be plainly marked as such, and must not be misrepresented as being 

the original software. 

(iii) If you use this software in a product or in a scientific publication, an acknowledgment would 

be appreciated but is not required. 

(iv) This notice must be included with any full or partial distribution. 

[The above is a modified version of the zlib/libpng license, available at www.opensource.org .] 
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Appendix 

 

List of symbols 

Table F.1: List of symbols (modified from the TEOS-10 manual (McDougall et al., 2010)) 

Quantity Symbol Units Comments 
Absolute pressure P Pa When absolute pressure is used it 

should always be in Pa, not in 
MPa nor in dbar. 

Sea pressure p dbar Equal to P — P°  and expressed in 
dbar not Pa. 	 ( 

Reference pressure pr  dbar The value of the sea pressure p to 
which potential temperature or 
potential density are referenced. 

One standard atmosphere Po Pa exactly 101 325 Pa 
Standard Ocean Reference Salinity Sso 

. 
g kg -1  35.16504 g kg-1  being exactly 

35 ups , corresponding to the 
standard ocean Practical 
Salinity of 35. 

Practical Salinity 
. 

Sp 1 Defined in the range 2 < Sp < 42 
by PSS-78. 

Reference Salinity SR g kg -1  Reference Composition Salinity 
(or Reference Salinity for short) 
is the Absolute Salinity of 
seawater samples that have 
Reference Composition. At 
Sp = 35, SR is exactly upsSp 
while in the range 2 < Sp <42 
SR r-:--% UpSSP• 

Absolute Salinity SA g kg -1.  SA = SR ± SSA 
c-ze, upsS p + SSA 

Absolute Salinity Anomaly SSA g kg-1  SSA = SA — SR 
Unit conversion factor for salinities UPS g kg-1  ups -=- (35.16504/35) g kg -1-  
In situ temperature t °C 
Absolute Temperature T T TIK .-To/K +tI(°C)= 

273.15 + t/(°C) 
Potential Temperature 0 °C , 
Conservative Temperature 	- 8 °C 0 is exactly potential enthalpy 

divided by c. 
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Table F.2: List of symbols continued. 

Specific isobaric heat capacity cp  J kg -1 K-1  cp  = ahlOTIsA ,p  
A constant 'specific heat', 
for use with Conservative 
Temperature 

c° P 
j  kg-1 K-1 c0 = 3991.86795711963 J kg-1K -1  P - 

This 15-digit number is defined to be 
the exact value of c. 

Enthalpy H J 
Specific enthalpy h J kg -1  h = u-1-- (p + POP,  
Specific potential enthalpy h°  J kg -1  Specific enthalpy referenced to zero 

sea pressure. 
Thermal expansion coefficient 
with respect to 
Conservative Temperature 

ae  K-1  v-1  aV I aels A ,P 

= -P-lap/aelsA,p 

Saline contraction coefficient 
at constant Conservative 
Temperature 

06  kg g -1  -v-lav/OSAle,p 
= -P-laP/aSA I e,p 

Rate of change of the saline 
contraction coefficient with 
pressure 

0° P kg g-l dbar -1  This is the same as the rate of change 
of the adiabatic compressibility Ic 

with Conservative Temperature, 
e 

Isentropic and isohaline 
compressibility 

lc dbar-1  

Thermobaric coefficient 
based on 8 

Tr K-1  dbar -1  TP = Oea(ae/06 )/3pI sA ,e  

Cabbeling coefficient 
based on 8 

C €7)  b K -2  cr =ae/aelsA,p 
ae a  e H-2 vq  a /aSAle,p 
Pe 

-(77q) 2 50e/5side,P 
Isopycnal slope ratio r ct6:(P)I1P(P) r = 	e 	e  
Stability ratio RP  Rp  = atiOz/13 (SA)z 

Buoyancy frequency N .9 -1  N2  = (g/p)(ap/az) 
Neutral helicity Hn m-1 Hn _ g-1N2Tirvnp X Vn0 • k 
Potential density anomaly 
referenced locally 

a l  kg MT3 P(SA 1 0 [SA, tl P5Pri 1 Pr)-  
1000 kg 77/-3  where pr  is the local p. 

Potential density anomaly 
referenced to a sea pressure 
of 1000dbar 

al kg 771 -3  P(SA,O[SA,t,P,Prl,Pr) -  
1000 kg /71-3  where pr  -= 1000dbar. 

Potential density anomaly 
referenced to a sea pressure 
of 4000dbar 

0-4 kg 77/-3  P(SA, e[SA) t, P,Prl,Pr)-  
1000 kg 7/2-3  where pr  = 4000dbar. 

Specific volume v 7/13  kg -1  v = p -1  
Specific volume anomaly 635 ; 0 m3 kg_i 8 = v(sA,e,p) - v(35 , 0°c,p) 
Specific volume anomaly, 
locally referenced 

S m3  kg -1  6 = v(SA,e,p) -v(s7A,e,p) 
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Table F.3: List of symbols continued. 

Neutral density 	, 

z-- kg TT/-3  A density variable whose isosurfaces 
are designed to be approximately 
neutral, i.e. cre '77.13 --..,' i3eV,y.SA• 

Neutral density improved 'Yi  kg M-3  An improved version of 'y 
which is independent of a 
reference data set. 

7r f 77-1 kg M-3  A -y-variable approximated 
with a rational function. 

-YEW 'yEW  kg TTL-3  A -y-variable approximated 
with a function fitted to the 
North Atlantic. 

Optimized approximately 
neutral surfaces 

w kg M-3  Density surfaces which are 
designed to be approximately 
neutral, i.e. 
aeV,0 P=--10e V,,SA. 

Orthobaric density 

, 

p, kg TT1 -3  A density variable which is a 
function of pressure and in situ 
density. 	 - 

Gradient on a neutral tangent plane Vn 

Gradient on a continuous 'density' 
surface 

Vr a  

Slope error between a continuous 
'density' surface and the neutral 
tangent plane 

s s = V nz — V az 

Density gradient error between a 
continuous 'density' surface and the 
neutral tangent plane 

c c = (N2  I g)s 

Isopycnal diffusivity 	( K m2 S -1 
Diapycnal diffusivity D m2 8-1 

Fictitious diapycnal diffusivity Df m2 s-1 D1  = K • .9 2  

Diapycnal velocity through a 
neutral tangent plane 

e —1 m s 

Diapycnal velocity through a 
continuous 'density' surface 

ea 771, S -1 ea , e  + ehe/ ± e trnp 

Diapycnal velocity due to 
spatial effects of neutral helicity 

ehel —1 in s  

Diapycnal velocity due to the 
temporal analogy to neutral helicity 

etmP 7/2 s -1  

Diapycnal velocity due to 
cabbeling 

ecab in S-1 

Diapycnal velocity due to 
thermobaricity 

etm her 771, S --1 
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Table F.4: List of symbols Continued. 

Dynamic height anomaly T' M2 S -2 pa m3 kg -1 = m2 s2, 

see Eqn.(5.5) 
Montgomery potential it m 2 S -2 pa m3 kg-1 , m2 ..-2 

5 	3 

see Eqn.(5.12) 
Montgomery potential, 
locally referenced 

'Tr M2 S -2 pa m3 kg -1 = m2 8 -2 ,  

see Eqn.(5.43) 
Zhang & Hogg's streamfunction 71-Z-11  ms —2 pa m3 kg-1 = m2 s2, 

see Eqn.(5.20) 
Zhang & Hogg's streamfunction, 
locally referenced 

5tz-14 ms  —2 pa m3 kg -1 = m2 .s2, 

see Eqn.(5.46) 
Cunningham streamfunction H M,2 S -2 pa m3 kg-1 = m2 8 -2 

see Eqn.(5.24) 
Geostrophic streamfunction in a 
potential density surface 

cp' M2 S-2 pa m3 kg-1 = m2 _.-2 
5 	3 

see Eqn.(D.22) 
Geostrophic streamfunction in an 
approximately neutral surface 

(pn  7122 S -2 pa m3 kg -1 = m2 8 -2 ,  

see Eqn.(5.62) 
Gravitational acceleration g m s -2 

Dissipation rate of kinetic energy 
per unit mass 

c j kg—i 8 -1 

= Tit2 8- 3 

Mixing efficiency F 
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