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Throughout the years, rock fracture mechanism has been studied extensively experimentally, 

analytically and numerically due to its crucial importance for the field of civil, geotechnical 

and mining engineering as well as other fields, such as geothermal, hydraulic, oil and gas 

engineering, in which rock fracture plays an important role. However, in some cases such as 

dynamic rock fracturing and rock failure progressive process, the underlying mechanism of 

crack initiation and propagation has not been understood yet therefore it is worthwhile for 

further study. Recently, numerical methods have been increasingly applied to analyse the 

fracture process of rocks. The hybrid finite‐discrete element method (FDEM) is a widely used 

numerical technique in engineering applications involving material fracture, which, however, 

is computationally expensive and needs further development, especially when rock fracture 

progressive process is modelled. At the same time, some important fundamental components 

of FDEM such as the cohesive zone model (CZM) have been ignored in many recent 

publications in the field of rock fracture mechanics. This study aims to further develop a 

sequential hybrid FDEM code and then parallelize it with the use of a general‐purpose graphics 

processing unit (GPGPU) using compute unified device architecture (CUDA) C/C++. 

However, because the current contact detection algorithm in the sequential code is not suitable 

for GPGPU parallelization, a different contact detection algorithm is implemented in the 

GPGPU‐parallelized FDEM. Furthermore, a number of new features are implemented in the 

FDEM code, including the local damping, contact damping, contact friction, adaptive contact 

detection activation and mass scaling, and verified by simulating some simple tests. After that, 

the speed‐up performance of the GPGPU‐parallelized FDEM is discussed in terms of its 

performance on various GPGPU accelerators, which reveals that the GPGPU‐parallelized 

FDEM achieves a relative speed-up time of 128.6 and 284 times for 2D and 3D simulations, 

respectively, in comparison with the original sequential code. Furthermore, a number of 

simulations with both quasi‐static and dynamic loading conditions are conducted using the 

GPGPU‐parallelized FDEM, and the results obtained are compared qualitatively and/or 

quantitatively with published results from theoretical analysis and/or physical experiment to 

calibrate and validate the implementations. Based on the results obtained, the code can 

realistically model rock fracture under quasi static and dynamic under 2D and 3D loading 

condition. Moreover, it is found that the local orientation of elements affects resulted fracture 

mode in FDEM simulations, and the mixed mode I-II fracturing is the dominant failure 

mechanism in the FDEM simulations when unstructured meshes are used. Finally, a series of 
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rock scratch tests with various cutting velocities and cutting depths are modelled using the 

GPGPU‐parallelized FDEM with calibrated input parameters and an appropriate value for local 

damping coefficient. On the basis of the results modelled, the failure mechanism, cutting force, 

chipping morphology and effect of various factors on them are discussed. Accumulation of 

fragments in front of the cutting tool is modelled successfully for the first time using FDEM 

by introducing a concept of local damping into the framework of FDEM. Changes of the 

fragment sizes and morphologies with increase in cutting depth can be fully captured like those 

reported in literatures on rock cutting experiments. Moreover, compared with recent numerical 

studies on rock cutting process, this study could model the change in average cutting force 

within ductile-brittle transition area similar to reported trends from experimental observations. 

Thus, the results obtained show that the GPGPU-parallelized FDEM is capable of producing 

quantitative predictions in addition to a qualitative representation of the rock failure process in 

rock scratch test. It is concluded that GPGPU-parallelized FDEM could be a powerful tool to 

further study rock cutting and improve cutting efficiencies. 

Keywords: Rocks, Fracture process analysis, FDEM, Parallel computation, GPGPU, 

Calibration, Rock cutting, Ductile-brittle transition, Critical depth of cut 
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 Introduction 

1.1 Problem statement 

Understanding the fracture process mechanism of rocks is significantly important in the field 

of civil and mining engineering as well as other fields, such as geothermal, hydraulic, oil and 

gas engineering, in which rock fracture plays an important role. Recently, numerical methods 

have been increasingly applied to analyse the fracture process of rocks (Mohammadnejad et 

al., 2018). Recent advances in computational mechanics have realized a better understanding 

of complex fracture processes. Generally, approaches based on computational mechanics can 

be classified into continuum and discontinuum formulations. To realistically simulate the 

fracture process of rock, numerical techniques must be capable of capturing crack onset, 

arbitrary crack growth, the correct crack length within a given time interval and the propagating 

directions. In recent years, increasing attention has been paid to these techniques, which can 

unify the advantages of the aforementioned continuum-based and discontinuum-based 

methods. Attempts in this direction lead to the development of coupled methods, hybrid/hybrid 

methods and multiscale coupled methods (Mohammadnejad et al., 2018). The hybrid finite–

discrete element method (FDEM) proposed by Munjiza (2004b) has been employed 

successfully to model problems that address the transition process from continuum to 

discontinuum such as rock fracturing and fragmentation and incorporates the advantages of 

both continuum and discontinuum methods. Y-code is one of the main implementations of 

FDEM which have been developing actively in rock mechanics field. The principles of all of 

the FDEM codes are based on continuum mechanics, the cohesive zone model (CZM) and 

contact mechanics, which make the codes very computationally expensive and very limited to 

small size simulations (Fukuda et al., 2018). At the same time, there are some important 

considerations in application of FDEM in simulation of rock fracturing process, which should 

be considered during modelling process. Therefore, there is a need for a parallelized version of 

FDEM which its capabilities are verified and validated against theoretical principles and 

experimental observations.  

At the same time, the rock failure mechanism in mechanical rock cutting has not been well 

understood due to the complexity of the dynamic interaction between mechanical tool and rock, 

and complex rock fracture process (Che et al., 2016). Many efforts have been dedicated to 

improving the efficiency of the rock cutting process and to understanding the governing 
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parameters of the rock fracture process. Two failure mechanisms have been distinguished in 

rock cutting process, i.e. ductile and brittle. While rock cutting experiments are largely 

conducted to investigate the cutting process and the associated cutting forces, the extensive 

number of variables and effective factors influencing the process have made the application of 

these experiments relatively limited. Therefore, there is a need for a capable calibrated 

numerical technique which is able to simulate the fragmentation process of rocks under action 

of the cutting tool including: 1) rock deformation and generation of crushed zone near the 

cutting tool, 2) crack initiation and propagation from the boundary of the crushed zone, 3) crack 

coalescence and chip creation and 4) chip separation and ductile-brittle transition 

1.2 Research gaps 

Based on the above discussion the research gaps can be highlighted as following: 

1- FDEM is very computationally expensive and there is a need for further speed up by 

developing a parallelised version of FDEM and by introducing some speed up 

techniques such as mass scaling and a new contact detection technique. 

2- There are some important considerations in application of FDEM in simulation of rock 

fracturing process, such as considering the effect of the local orientation of elements 

and loading rate in 3D FDEM, which have not been highlighted in other previous 

FDEM literatures and are required to be discussed in detail.   

3- Rock failure mechanism in mechanical rock cutting has not been well explored. 

Successful numerical simulation of ductile-brittle transition cannot be found in 

literatures. Despite the capabilities of FDEM in simulation of rock fracture the 

applicability of FDEM in simulation of rock cutting process has not been fully 

investigated.  

1.3  Objectives 

This thesis aims to develop a CUDA-based GPGPU-parallelized FDEM code to conduct micro 

mechanical simulation of rock failure process under different loading conditions and then apply 

it to investigate the rock failure mechanism in mechanical rock cutting. To achieve these goals 

the following objectives were defined:  

1. Review recent advances in computational rock fracture mechanics to find the possibility 

of new development into the framework of FDEM. This objective is addressed by 

reviewing all recent developments in FDEM to find the weaknesses and strengths of 
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developed codes to find capabilities for further improvements. It is found that there is 

a potential for developing a GPGPU parallelized FDEM code in addition to using some 

innovative techniques such as mass scaling and a new contact detection algorithm to 

speed up the original Y-code and make it more affordable technique for numerical 

simulation of rock fracture. Meanwhile, some understandings in application of the 

FDEM in simulation of rock fracture have been observed which are discussed and 

highlighted. Moreover, the mechanics of rock failure under the action of cutting tool is 

reviewed, and requirement of the code for correct simulation of the rock cutting process 

is identified. It has been found that there is a potential of introducing a new concept of 

local damping into the framework of FDEM to make the FDEM code able of simulation 

of rock cutting process and corresponding ductile-brittle transition more realistically 

than what have been reported in literatures.  

2. Assess the accuracy of new implementations into FDEM code. This objective is 

addressed by simulation of some simple tests such as impact test and sliding test. Then 

the computational performance of the employed CUDA-based GPGPU parallelized 

FDEM code is compared with CPU-based sequential FDEM code.      

3. Calibrate 2D and 3D FDEM modellings against two standard rock mechanics 

laboratory tests, i.e. the uniaxial compressive strength (UCS) test and Brazilian tensile 

strength (BTS) test. First, elastic and strength properties of rock such as elastic 

modulus, Poisson's ratio, density, cohesion, mode I fracture toughness, tensile and 

uniaxial compression strength are obtained through laboratory tests. Then the obtained 

parameters from tests are employed to determine input parameters of 2D and 3D FDEM 

in such a way that the rock failure processes in UCS and BTS tests can correctly 

simulated.  

4. Introduce two new speed up techniques into the framework of FDEM to facilitate 3D 

FDEM simulations. Adaptive contact activation approach (ACAA) and mass scaling 

technique are implemented into the GPGPU-parallelized FDEM, and their applicability 

in simulation of rock fracture process is verified. Then, the failure mechanisms of rocks 

in triaxial tests are simulated using 3D FDEM with those new speed up techniques 

implemented.   

5. Simulate complex rock fragmentation process under the action of mechanical cutting 

tool in rock scratch test. To simulate the rock fracture process and transition from 

ductile to brittle in rock scratch test, a new local damping concept is introduced into the 
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original formulation of the FDEM code. Then the effect of cutting depth on the cutting 

force and transition from ductile to brittle are captured through a series of FDEM 

simulations and obtained results are compared with reported observations in physical 

tests.  

1.4 Innovations and achievements 

1- The innovations achievement of this research can be summarised as: Development and 

validation of a CUDA-based GPGPU-parallelized FDEM code, Y-HFDEM IDE, with 

a number of new features such as Mohr-Coulomb failure criterion, irreversible damage 

recover during unloading, contact damping and contact friction which could achieve 

speed-up times of 284 and 128.6 for 3D and 2D FDEM, respectively. Therefore, the 

GPGPU-parallelized Y-HFDEM IDE code overcomes the computational expensive 

disadvantage of most FDEM codes and paves the way to routinely investigate rock 

fracture progressive process using FDEM.  

2- Realistic 3D simulations of the failure processes of limestone in UCS and BTS tests 

using GPGPU-parallelized HFDEM IDE code. It is found that for all FDEM 

simulations with CZM using unstructured meshes, mixed-mode I-II failures are the 

dominant failure mechanisms along the shear and splitting failure planes in the UCS 

and BTS, respectively, whereas pure mode I failure along the splitting failure plane in 

the BTS and pure mode II failure with shear failure in the UCS are only possible with 

structured meshes. Moreover, it is found that for modelling quasi-static loading 

conditions using the 3D FDEM, the loading rate should smaller than 0.2 m/s to avoid 

significant efforts of the loading rate, although it should be noted that the proper loading 

rate should be selected based on the model size.  

3- Realistic 3D simulations of the dynamic fracturing of rock in the SHPB-based dynamic 

BTS test. The modelled failure process, final fracture pattern and time histories of the 

dynamic compressive strain wave, reflective tensile strain wave and transmitted 

compressive strain wave are compared with those from experiments, and good 

agreements are achieved between them.  

4- By introducing the application of adaptive contact activation approach (ACAA) and the 

mass scaling technique into the 3D FDEM simulations, it is found that the ACAA can 

speed up FDEM simulations by 10.8 times, while obtained results remain unaffected. 

It is highlighted that the ACCA has only been employed for simulations under static 
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and quasi-static loading conditions in this thesis, but it could cause the occurrence of 

spurious/unstable modes for simulations with under dynamic loading conditions. 

Moreover, it is found that the effect of the mass scaling coefficient is not significant if 

it is less than 100, and it can further facilitate FDEM simulations through a speedup of 

25 times which is very valuable for FDEM simulations.  

5- Realistic 3D simulations of rock failure in triaxial compression tests is presented in this 

thesis which could successfully capture rock fracture in different confining pressures. 

Moreover, the increase of rock compressive strength and strain at peak stress, softening 

behaviour for relatively lower confining pressure, transition from brittle to ductile and 

resulted failure patterns with the increase of confining pressure could be captured 

successfully.  

6- The application of FDEM in simulation of rock cutting study is introduced in this 

research for the first time. It is shown that the FDEM is capable of modelling all of four 

stages of rock chipping and fragmentation process in mechanical rock cutting: a) stress 

field build-up, b) crack initiation and propagation, c) crack coalescence and chipping 

process and d) chip separation/formation. It is shown that cutting velocity can be 

increased to 6 m/s in FDEM simulation of rock cutting, while failure mechanism and 

mean cutting force remain almost unaffected.  

7- The introduction of the concept of a local damping into the framework of FDEM in this 

research has facilitated a realistic simulation of the continuous tool-rock contact due to 

the accumulation of rock fragments in front of the cutting tool. By introducing a proper 

value for local damping coefficient, the FDEM is able to capture the ductile to brittle 

transition observed in rock scratch tests when the cutter depth increases. It is worth 

mentioning that this study is one of the rare, or even unique, numerical studies which 

could successfully simulate ductile-brittle transition in rock scratch test.  

1.5 Thesis outline 

This thesis consists of six chapters which are structured as follow: 

Chapter 1 introduces the research objectives and the structure of the thesis. 

Chapter 2 reviews the rock fracture mechanism and recent advances in computational fracture 

mechanics of rock. Then, the advantages and disadvantages of each method in simulation of 

rock fracture process are highlighted. After that, capabilities of numerical techniques in 
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simulation of fracturing process of rock under the action of cutting tool is reviewed and 

discussed.  

Chapter 3 explains the theory and algorithm of the recently developed GPGPU-parallelized 

combined FDEM code (Y-HFDEM IDE 2D/3D). Then, the computing performance of the 

GPGPU-parallelized Y-HFDEM IDE, mainly in terms of its improvement compared with the 

sequential implementation of the Y-HFDEM IDE and its performance on several GPGPU 

accelerators, is discussed. 

Chapter 4 aims to verify and validate the GPGPU-parallelized Y-HFDEM IDE code by 

conducting several numerical simulations. After validating contact damping and contact 

friction models by simulation of two tests, input parameters of 2D and 3D FDEM models are 

calibrated against the experimental results from UCS and BTS tests on a target rock. Then the 

failure process of the rock in the UCS and BTS tests are discussed in detail. Moreover, the 

capability of the Y-HFDEM IDE in simulation of dynamic rock fracture process is investigated 

by a 3D FDEM simulation of dynamic BTS tests of Fangshan marble.  

Chapter 5 introduces and verifies adaptive contact activation approach (ACAA) and mass 

scaling techniques, as two further speedup techniques, implemented into the Y-HFDEM IDE. 

The complex fracture mechanism of rock in triaxial tests under various confining pressures is 

then simulated using the further speedup Y-HFDEM IDE 3D and the obtained results are 

compared with the theoretical model and experimental observations in literatures. After that, 

some important considerations such as the effects of mesh topology, model size and loading 

rate on 3D FDEM simulations are discussed in this chapter. It should be noted that the 

discussions related to each topic are summarised in each chapter on this topic and more specific 

discussion about the methodology is presented in this chapter.    

Chapter 6 investigates rock fragmentation mechanism in rock scratch test by the GPGPU-

parallelized Y-HFDEM IDE with a new local damping function implemented. The input 

parameters calibrated in Chapter 4 are employed for the mechanical rock cutting modelling. to 

simulate the ductile to brittle transition in rock scratch test. The failure mechanism including 

the ductile to brittle transition and the effect of the cutting velocity, damping coefficient and 

cutting depth on the rock fragmentation process in mechanical rock cutting are elaborated.  

Chapter 7 summarizes the achievements of the research and provides some suggestions for 

future studies  
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 Literature review  

2.1 Introduction  

Due to its complexities, rock fracturing process still poses many pressing challenges despite 

intense research efforts. Since the pioneering work by Griffith (1921), for many years, the 

mechanisms of the crack growth in brittle materials have been studied extensively under the 

assumptions of linear elastic fracture mechanics (LEFM). However, it was not until the mid-

seventies that the fracture of ductile materials was first explored using elasto-plastic fracture 

mechanics (EPFM) principles. The complexity of the fracture process is even more 

complicated in a naturally heterogeneous brittle material such as rock and concrete. There are 

basically three types of investigation techniques in fracture mechanics, namely experimental, 

analytical and numerical methods. Computational fracture mechanics has long been used for 

determination of the stress intensity factors, and later has been expanded into the simulation of 

crack nucleation and propagation. Generally, rock fracture is essentially a dynamic process, at 

least in the final stage (Cox et al., 2005; Zhou et al., 1996b), and not all of the numerical 

methods are capable of correctly capturing the cracking process, due to difficulties posed by 

time dependency of crack onset and rate dependency of crack velocity (Owen et al., 2007). For 

a realistic simulation of the fracture process, numerical techniques are required to model crack 

onset and arbitrary crack growth, the correct crack length within a given time interval as well 

as the propagating directions. Recent advances in computational mechanics have facilitated a 

much better understanding of complex process, and accordingly numerical simulation of the 

fracture process has been the object of massive interests. Generally, computational mechanics 

can be classified mainly into continuum and discontinuum formulations. Continuum-based 

methods discretise the domain into elements and the domain is treated as a single continuous 

body using a mathematical formulation involving a constitutive law, balance principles, 

boundary conditions and initial conditions (Munjiza, 2004a). The main continuum methods are 

Finite Element Method (FEM), Finite Difference Method (FDM), Boundary Element Method 

(BEM), Scaled Boundary Finite Element Method (SBFEM), Extended Finite Element Method 

(XFEM) and Mesh-less Methods. Discontinuum-based methods are relatively new, and they 

model the domain as a collection of discrete bodies that can move, rotate and interact. 

Accordingly, their mathematical formulation includes the law between particles and balance 

principles (Munjiza, 2004a). Discrete Element Method (DEM), Lattice Model (LM), and 
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Molecular Dynamics (MD) are the common discontinuum methods in the field of fracture 

analysis. In recent years, increasing attention has been paid on these techniques, which can 

bring together the advantages of the continuum-based and discontinuum-based methods. 

Attempts in this direction lead to the development of Coupled Methods, Combined Methods 

and Multi-scale Coupled Methods. 

In this chapter, first the rock fracture mechanism is explained in Section 2.2, and recent 

advances in numerical techniques for simulation of rock fracture and fragmentation is then 

reviewed and their principles, weakness and strengths are discussed through Sections 2.3-2.6. 

Moreover, the capabilities of various numerical techniques in simulation of rock cutting are 

reviewed and discussed in Section 2.7. Most of this chapter of the thesis has been published as 

a review paper (Mohammadnejad et al., 2018).  

2.2 Mechanics of fracture in rock 

Understanding the mechanism of the crack initiation and propagation in intact rocks is 

extremely important in rock engineering. Crack propagation in rock has been explored 

theoretically by modifying the Griffith (1921) theory and also based on laboratory tests by 

Hoek (1968), Bieniawski (1967), Jaeger (1969), Fairhurst (2004), Kemeny and Cook (1987) 

as well as Paterson and Wong (2005b). Generally, rock fracture can be investigated at three 

distinct levels i.e. micro-, meso- and macro scales (Figure 2-1). The rock failure process starts 

by nucleation and growth of the micro cracks caused by the atomic bond breakage at first 

(Huang et al., 2018), which are not visible to the naked eye. The micro cracks can propagate 

or die out within the length scale of a single grain (Rutter et al., 2001). A meso scale crack 

extends further than micro cracks and appears when a number of micro cracks connect with 

each other and crack direction can be formed. The meso scale considers effect of the mineral 

grains in crack propagation and connects micro scale to macro scale. At the macro scale, no 

internal material structure is recognised and explicit cracks span to several decimetres. In rock 

mechanics, the micro and meso scales are mainly employed to understand the physical 

mechanisms of rock fracture, while the macro scale crack corresponds to the study of crack 

growth and failure mechanism. This thesis will focus on rock fracturing process in micro and 

meso scales.  
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Figure 2-1. Different scales of observations in rock fracture analysis (modified after Van Mier (1996)) 

Due to the heterogeneity, non-linearity and rate-dependency behaviour of rock, LEFM is not a 

satisfactory theory to describe the fracture process of rock after initiation. Sub critical crack 

growth and microcracking at the crack tip are two important phenomena, which cannot be 

explained by the LEFM principles (Carpinteri, 1985). The sub critical crack growth occurs 

when cracks extend at a stress intensity factor less than the critical value (Ko and Kemeny, 

2011). Furthermore, rock does not realistically behave linearly elastically up to fracture. As 

shown in Figure 2-2, micro-cracks first arise in vicinity of crack tips and develop gradually 

into dominant meso and macro-scale discrete cracks. Thus, the fracture process can be 

subdivided in general into two stages: 1) creation of narrow deformation regions, and 2) 

initiation and propagation of discrete cracks (Tejchman and Bobiński, 2012). The region in 

front of the crack tip, namely Fracture Process Zone (FPZ), is the region of micro crack 

initiation and coalescence. This region can play a dual role in the rock fracture. While it 

mitigates the effect of the acting load by softening the rock material around the tip, it reduces 

the resistance to fracture (Ortiz, 1988). The FPZ can occur as tensile zones (mode I), shear 

zones (mode II) or mixed tensile-shear zones.  

 

Figure 2-2. Schematic shape of FPZ development ahead of a crack tip (modified after (Bažant, 1992)) 
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The FPZ zone undergoes progressive softening damage due to micro cracking (Bažant, 1992). 

It means that the rock material inside the fracture process zone softens and acquires different 

properties from the unaffected parts. The softening behaviour of the rock material plays a very 

important role in the rock failure process. Therefore, the prediction of rock damage requires a 

mathematically correct and physically realistic description of the strain softening behaviour 

(Bažant and Pijaudier-Cabot, 1988).  

2.3 Conventional Continuum methods for Modelling Rock Failure 

In this section, a review on conventional continuum methods including FEM, FDM, and BEM 

for modelling rock failure is presented. Moreover, meshfree methods and recently developed 

other continuum-based methods such as Peridynamics (PD) and Phase Field (PF) are reviewed 

and discussed, too, in subsections 2.3.4 and 2.3.5, respectively.  

2.3.1 Finite Element Method  

FEM is one of the most popular numerical methods in rock engineering field which resolves 

the problems by approximating the solutions of partial differential. FEM is capable of 

modelling complex geometries, loading conditions and heterogeneous material distributions 

(Mohammadi, 2008; Semblat, 2011). Nevertheless, the classical displacement based FEM is 

not able to describe the strain localization properly since the differential motion equations 

change type and lead to an ill-posed boundary value problem (Tejchman and Bobiński, 2012). 

To avoid the emerged difficulties, regularization techniques are developed within different 

theories such as higher order continuum models, gradient based models, polar theories, 

nonlocal models, viscous models and cohesive zone models (CZM) (Rabczuk, 2013). These 

techniques are explained in detail in literature (Bažant and Jirásek, 2002; Hillerborg et al., 

1976; Ortiz, 1988; Tejchman and Bobiński, 2012). The softening behaviour can be also 

modelled using continuum damage mechanics based approaches by merely degrading the 

stiffness of the rock. For further information about these approaches, reader can refer to the 

following literatures (de Borst, 2002; Öchsner, 2016; Pellet and Selvadurai, 2017).  

A number of techniques have been implemented into the standard FEM to facilitate the 

computational simulation of crack propagation problems, namely the inter-element crack 

methods, element erosion methods, embedded element methods and extended finite element 

methods (Mohammadi, 2008; Song, 2012). Among them the inter-element crack method, 
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element erosion method and XFEM have been employed much extensively to model brittle 

fracture which are discussed further through the following sections.  

In inter-element methods, cracks propagate along the finite element edges. Since the crack 

propagates along an inter-element boundary, these methods suffer from mesh size and mesh 

bias dependency. These approaches are developed on basis of CZM fracture modelling 

technique. The main concept of the CZM model for fracture mode I is shown in Figure 2-3-A. 

In this model, when the maximum principal stress reaches the cohesive strength of the material 

(stage I), cracking process initiates and two crack faces start to separate. The cohesive traction 

falls to zero when the separation reaches a critical value (Stage II). Two general approaches 

have been developed based on the inter-element crack technique and CZM. Xu and Needleman 

(1994) developed a technique in which the domain is discretised into individual elements which 

are bonded based on cohesive law (Figure 2-2 (a)). In the purposed model, the traction force 

increases firstly and reaches the cohesive strength of the material and then decreases, reaching 

zero at the critical separation. This technique is referred to as Intrinsic CZM (ICZM) (Zhang et 

al., 2007a).  In this formulation, since the stiffness of the block is dependent on both cohesive 

properties and volumetric constitutive relation, the cohesive surface controls the wave speeds. 

In this technique, the cohesive surfaces are assigned to all applicable surfaces (Figure 2-2 (b)). 

This technique may result in reduction of the stiffness, especially in dynamic problems. 

Camacho and Ortiz (1996) proposed a new formulation that treats the problem by considering 

a criterion prior to activation of any cohesive surfaces and accordingly the cohesive zone is 

only placed in front of the crack tip by adoptive re-meshing technique (Figure 2-2 (c)). In this 

formulation, as shown in Figure 2-2 (a), the onset of crack nucleation is different than ICZM 

and is referred as Extrinsic CZM (ECZM) (Zhang et al., 2007a).  
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Figure 2-3. (a) The concept of the cohesive zone model, ICZM and ECZM (Adapted from Zhang et al. (2007a)); 

(b) Sketch of the developed inter-element crack by Xu and Needleman (1994); and (c) by Camacho and Ortiz 

(1996) 

In addition to mesh dependency, this approach does not have time continuity in the cohesive 

zone formation. In terms of application in rock engineering, Cho et al. (2003) employed the 

ECZM technique to investigate the loading effect of fracture process in rock.  Cho and Kaneko 

(2004) simulated fracture process of rock around a borehole using inter-element technique. 

These approaches have been extended to heterogeneous materials (Chen et al., 2009). In a 

relatively similar way, a class of combined finite/discrete element (FDEM) formulations have 

been successfully developed in the past decades for simulation of progressive fracturing 

process and post-cracking interactions. This method will be explained and discussed further in 

the section of combined methods.  

Element Erosion method is another technique which has been developed into the frame work 

of the FEM. This method is considered as one of the simplest methods in dealing with discrete 

nature of fracturing process within the framework of the standard FEM (Beissel et al., 1998; 

Rabczuk, 2013; Song, 2012). According to the element erosion (deletion) algorithms, there is 

no need to represent the topology of cracks, and the fracturing process can be modelled by a 

set of deactivated elements. As shown in Figure 2-4, the elements, which contain the crack, are 

deactivated and have no material resistance or stress for the rest of the simulation process. A 

removed element represents a meso/macro crack.  The deactivation of elements in this method 

can be achieved through two approaches: 1) complete element deletion technique, in which the 

(a) 

(b) 

(c) 
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deleted elements are replaced by rigid masses and 2) setting the stress of the deactivated 

elements to zero (Rabczuk, 2013; Song et al., 2008).  

 

Figure 2-4. Schematic illustration of crack simulation by element erosion method 

This method has been widely used to simulate the fracture process of rock  due to impact and 

blasting loads (Changping, 2013; Liu et al., 2009; Ma and An, 2008; Saharan and Mitri, 2008; 

Sjöberg et al., 2012; Wang et al., 2008; Wei et al., 2009) and rock fracturing under the impact 

load of mechanical tools (Cho et al., 2010; Jaime, 2012; Jaime et al., 2015; Li and Du, 2016; 

Lu et al., 2017; Menezes, 2016; Menezes et al., 2014; Shao, 2016; Xia et al., 2017; Xiao et al., 

2017; Yu, 2005). Despite such developments, the element dependency of this method makes it 

not well suited for brittle fracture analysis. In addition, it suffers from the inability of modelling 

crack propagation and fragmentation and being computationally expensive. 

Belytschko and Black (1999) developed an enriched FEM technique to model elastic crack 

growth. Improved by Moës et al. (1999) and Dolbow (1999), the technique was later called the 

extended finite element method (XFEM). Theoretically, the basic idea of XFEM is to include 

discontinuities via shape functions within the finite elements to prevent sticking of the mesh to 

the discontinuous surfaces (Pommier et al., 2013) (Figure 2-5).  

 

Figure 2-5. Arbitrary crack growth in XFEM; circles are nodes enriched by front enrichment functions and 

squares are enriched nodes by Heaviside enrichment (Adapted from Moës et al. (1999)) 

crack

deactivated

element

tip

tip
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The XFEM has been employed successfully in simulation of rock fracturing (Dolbow, 1999; 

Eftekhari et al., 2015, 2016; Mohammadnejad and Andrade, 2016; Weber et al., 2013). 

Moreover, Ghamgosar and Erarslan (2015) employed ABAQUS to simulate rock cutting 

process. These investigations were mainly focused on simple static rock failure and hydraulic 

fracturing simulations, i.e. the problems involving growth of a single or multiple cracks. The 

formulation of the XFEM becomes more complicated and time-consuming with multiple crack 

initiation and propagation (Rabczuk, 2013). Additionally, because of the lack of reliable crack 

branching criterion (Rabczuk, 2013), it cannot automatically follow propagation of the crack 

(Song et al., 2008) to model the resultant separation and fragmentation (Sukumar et al., 2015).  

The generalized finite element method (GFEM) is similar to XFEM (Rabczuk, 2013), and uses 

a technique with the same concept as XFEM. However, it uses an element enrichment scheme 

instead of the nodal enrichment. This technique is known as the embedded finite element 

method (EFEM). Saksala (2015) successfully simulated rock fracture using EFEM 

incorporating rock heterogeneity. Generally, the applicability of this technique in the field of 

rock fracture needs to be explored more in the future.   

In addition to the above techniques, several other methods have been developed based on FEM 

to simulate the failure process of brittle materials; some examples are as follows. Tang et al. 

(1998) introduced a two dimensional FEM code, namely Realistic Failure Process Analysis 

(RFPA) code, on the basis of continuum damage mechanics, and employed it to simulate failure 

mechanism of rock. Zhu et al. (2015) proved the capability of the code in simulating rock 

fracturing process subjected to impact/dynamic loading (Zhu et al., 2015), which was followed 

by introducing a dynamic version of code named as RFPA2D-Dynamic (Tang and Yang, 2011; 

Zhang et al., 2012). Another extension of this method developed by Liu (2004) known as R-

T2D which was focused in simulation of static (Liu et al., 2008b) and dynamic (Wang et al., 

2011b) mechanical rock fragmentation. FRANC 2D  (FRacture ANalysis Code) is an 

interactive finite element code which developed firstly based on the LEFM principles and then 

expanded into EPFM and three dimensional modelling (Wawrzynek and Ingraffea, 1994). 

Different rock fracture mechanisms have been investigated using this code (Carter et al., 1995; 

Erarslan, 2017). Despite all the achievements of these codes, they suffer from basic difficulties 

of continuum-based methods such as mesh dependency and being untrustworthy in modelling 

of the transition from a continuum to discontinuum domain.   
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2.3.2 Finite Difference Method (FDM) 

FDM is a continuum-based method similar to FEM that differs in using a grid of nodes instead 

of elements for approximating. However, the conventional FDM suffers from the use of regular 

grid system for the description of material heterogeneity, complex boundary conditions and 

fractures (Elmo, 2006; Jing and Hudson, 2002). To overcome these shortcomings, the general 

FDM has been improved particularly thanks to the development of finite volume methods, 

which make it capable of using irregular quadrilateral, triangular and Voronoi grids  (Nikolic 

et al., 2016). The commercial FLAC code is the most common FDM tool for stress analysis in 

geomechanics problems. Konietzky et al. (2009) developed and implemented an algorithm 

based on linear elastic fracture mechanical approach in FLAC 2D code. According to the 

algorithm, each element comprises a micro crack with a random length that propagates when 

the critical value is satisfied by the stress intensity factors. Based on this method, two new 

crack propagation schemes were proposed by Li and Konietzky (2015). Venticinque and 

Nemcik (2014) developed a new constitutive model based on FDM to simulate dynamic 

fracturing in coal. Li and Konietzky (2015) studied time-dependent crack growth in brittle rock 

utilizing the FDM. Li et al. (2015b) investigated three-dimensional crack propagation in brittle 

rock mass using FLAC 3D.   

Despite all these improvements, FDM still suffers from inability to model fracture propagation 

appropriately due to its continuum nature where the entire domain is employed for calculation. 

Therefore, based on current knowledge, this method will not be considered as a robust 

numerical technique for the simulation of rock fracture process.  

2.3.3 Boundary Element Method 

In comparison with standard FEM, the BEM treats crack propagation problems relatively 

simpler due to its dimension reduction technique and also its ability to accurately evaluate the 

SIF (Aliabadi, 1997; Rabczuk, 2013). This method has been successfully employed to 

investigate crack growth in elasto-dynamics domain (Dominguez, 1993). The difficulties of the 

standard direct BEM in dealing with fracture problems such as the coincidence of crack nodes, 

gave rise to new techniques such as Subregion Boundary Element Method (SBEM), 

Displacement Discontinuity Methods (DDM), Dual Boundary Element Method (DBEM) and 

Dual Reciprocity Boundary Element Method. Originally developed by Crouch (1976) to treat 

stress analysis problems, different formulations of the DDM have been extensively employed 

in fracture mechanics problems. This method considers each crack as an element (Shen et al., 
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2014) instead of two separating surfaces like other BEMs, and basically it is defined as the 

relative displacements between two sides of the element. When the relative displacement at the 

fracture tip exceeds defined critical threshold, a certain length of fracture will develop without 

any need for a re-meshing process. Stress intensity factor, in this method, controls the fracture 

propagation at the crack tip. In comparison with mesh-based methods, the DDM is more 

accurate and efficient, which are important factors in dynamic fracture analysis. At the same 

time, the DDM suffers from incapability to model rock heterogeneity and its nonlinear 

behaviours. By implementing different fracture criteria, DDM was used relatively widely by 

researchers in simulation of rock fracture process. For example, Shen (1993) investigated hard 

rock fracture mechanism by developing a modified version of the energy based fracture 

propagation criterion into DDM formulation, and later converted it to become a commercial 

code namely FRACOD (Shen et al., 2014). FROCK is another code which was developed 

based on DDM and originally used stress-based criterion proposed by Bobet (1998). Bobet and 

Einstein (1998), Vásárhelyi and Bobet (2000), Bobet (2001) and Bobet and García Marín 

(2014) demonstrated modelling of crack propagation in a rock material using FROCK. 

Meanwhile, the DDM has been widely employed to simulate hydraulic fracture problems (Wu 

and Olson, 2015; Zhang and Li, 2016). Despite all progress made, there are more needs to be 

done to make this method able to model post-cracking phenomenon or detachment processes.  

2.3.4 Meshfree methods  

Different formulations in the concept of meshfree technique have been developed to remove 

limitations of continuum-based methods (Zhang et al., 2000). Their flexibilities in dealing with 

fracturing problems make them suitable for rock mechanics application (Jing and Hudson, 

2002). They are also much advantageous when dealing with modelling of crack growth. The 

meshfree methods employ a system of interacting nodes and sets of internal and external 

boundaries and interfaces to model material. The character of the nodes is provided by three 

functions: i) approximation function, ii) weight function and iii) compact support of weight 

functions (Chen et al., 2006b). In the domain of support the weight function is non-zero and 

outside the domain it is set be zero. Based on this principle, pioneered by Gingold and 

Monaghan (1977) for development of the Smoothed Particle Hydrodynamics Method (Benz 

and Asphaug), different formulations of the meshfree method have been established. These can 

be classified into two categories: the methods based on global weak form requiring background 

mesh for integration; and the methods based on local weak form requiring predefinition of 

particles for their mass. Among the popular meshfree methods, the element-free Galerkin 
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(EFG) method belongs to the first group while others such as the point interpolation method 

(PIM), the meshfree local-Petrov Galerkin method (MLPG) and SPH belong to the second 

group. A complete explanation of developed methods and their specifics and classifications 

can be found via the studies conducted by Belytschko et al. (1996), Fries and Matthies (2004a), 

Nguyen et al. (2008), (Liu and Gu, 2005) and Zhuang et al. (2012). The fracture of brittle 

materials has been simulated using different formulations of this technique. As the oldest 

meshfree method, the SPH widely employed in simulation of rock fracture and fragmentation 

process (Das and Cleary, 2010; Deb and Pramanik, 2013; Lu et al., 2016; Pramanik and Deb, 

2015; Wang and Ma, 2006). Despite all of the developments and application of meshfree 

methods in fracture analysis of rock and brittle materials, this method suffers from 

inconsistency and relatively high computational cost (Augarde and Heaney, 2009; Fries and 

Matthies, 2004b). Moreover, other drawbacks are the need of the development of appropriate 

constitutive model to trace fracture, calibration process, contact detection and boundary 

conditions difficulties.  

Material Point Method (MPM) is another recently developed meshfree method which can be 

categorized as a meshfree particle method similar to SPH. The MPM is developed based on the 

standard DEM formulation, where the technique discretises the domain into the Lagrangian 

particles (Junior et al., 2013). Unlike the SPH, boundary condition can be assigned easily, and 

it does not suffer from tensile instability (Ma et al., 2009b). Kakouris and Triantafyllou (2017) 

developed a new formulation of MPM to simulate brittle fracture in anisotropic media and 

concluded that the MPM can be considered as an efficient and promising technique for these 

applications. It seems there is good potential for application of this technique in rock fracture 

simulation. The applicability in simulation of the rock cracking is an open area of research. 

2.3.5  Recently developed other continuum based methods  

During the past years, two other continuum based techniques, i.e. Peridynamics (Mortazavi 

and Katsabanis, 2001) and Phase Field (Broome and Pfeifle, 2011) approaches, have emerged 

as promising approaches to simulate brittle fracture. These methods have been developed to 

deal with the problem of multi-crack initiation and propagation. The PD incorporates a new 

continuum mechanics theory and can be solved by either FEM or meshfree methods. The main 

advantage of the PD concept is the non-locality. In fact, it uses integration instead of spatial 

differentiation in computation of forces, which can solve the stress singularity problem at the 

crack tip. The original PD method, i.e. bond-based PD, was introduced by Silling (2000) and 
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can be considered as an extension of the MD to the macro scale level (Lai et al., 2015). 

Different formulations of this numerical technique have been employed in simulation of rock 

fracture (Gu and Wu, 2016; Lai et al., 2015; Ouchi et al., 2015; Panchadhara et al., 2017; Zhou 

and Shou, 2017). The ordinary and non-ordinary state-based PD are two common formulations 

in solid mechanics, since they facilitate the implementation of the continuum constitutive 

models. Reviewing the recent developments, Rabczuk and Ren (2017) proposed a formulation 

for simulation of quasi-static fracture in rock. PD seems to be a powerful technique for 

simulation of rock fracture as it can easily simulate the transition from continuum to 

discontinuum while not requiring to define crack topology and cracking criterion in the model. 

However, it is a newly developed technique and mostly is used for dynamic fracture analysis 

and its capabilities in rock fracture analysis need to be explored much deeply in future.  

The Phase Field (Broome and Pfeifle, 2011) is another recently developed phenomenological 

continuum algorithm, which has been successfully applied to simulate complex 3-D 

microstructural kinetics evolution of material at the meso-scale. This method is based on the 

thermodynamics equations (Li et al., 2017b). PF treats fracture problems based on energy 

minimization principles (Sargado et al., 2017) and does not model a crack as a geometric 

feature with a physical discontinuity (Klinsmann et al., 2015). Instead, PF differentiates 

fractured field using order parameter. The order parameter is a variable representing the state 

of the structure, and is coupled to elastic properties of the material using degradation function 

(Kuhn et al., 2015). The detailed explanation about the theory of a PF model for fracture 

analysis can be find in Kuhn and Müller (2008), Ulmer et al. (2013), Vignollet et al. (2014), 

Klinsmann et al. (2015), Kuhn and Müller (2016). Although the PF models have been 

becoming popular technique in fracture simulation, unlike the PD, it suffers from inability to 

model detachment and separation. Therefore, its application in rock fracture analysis is 

currently limited to crack initiation and propagation problems.  

2.4 Discontinuum Methods for Modelling Rock Failure  

Discontinuum method can be considered as the one of the mostly employed numerical 

technique in the field of rock mechanics. Distinct Element Method (DEM) (Section 2.4.1), 

Bonded Particle Method (BPM) (Section 2.4.2) and Discontinuous Deformation Analysis 

(DDA) (Section 2.4.3) are the most common discontinuum methods in rock fracture analysis, 

and comprehensive explanations of these methods from theory to application can be found in 

the studies by Hart (1988), Bobet et al. (2009), Jing (2003) and Jing and Stephansson (2007b). 
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The Lattice Model (Section 2.4.4) and Molecular Dynamics (MD) (Section 2.4.5) are relatively 

recent developments of the discontinuum methods, which have been growing for simulation of 

fracture problems. This section reviews discontinuum methods and their principles for 

modelling rock fracture.  

2.4.1 Distinct Element Method (DEM) 

Proposed by Cundall (1971), DEM, is an explicit discrete element method, implemented in 

computer codes such as UDEC and 3DEC (Itasca, 2009). It has been employed widely to 

investigate rock fracture and resultant fragmentation process. This method divides 

discontinuous medium into rigid discrete bodies that can move, slip, rotate, interact and 

separate based on defined contact mechanism (Bobet et al., 2009; Itasca, 2009; Lee, 2007). The 

ability of new contact detection during simulation process is known as the main advantage of 

DEM over other methods. In this method, cracks initiate and grow along the boundaries of 

blocks when the maximum stress exceeds tensile or shear strength thresholds (Figure 2-6-a), 

represented in Eq. (2-1).  

 𝐹𝑛 = 𝑘𝑛𝑢𝑛 

∆𝐹𝑠 = 𝑘𝑠∆𝑢𝑠 

(2-1) 

                                                                     

where 𝐹𝑛 is normal force, 𝑘𝑛 is normal stiffness, 𝑢𝑛 is normal displacement, ∆𝐹𝑠 is change in 

shear force, 𝑘𝑠  is shear stiffness, ∆𝑢𝑠  is incremental shear displacement, and c and 𝜙 are 

cohesion and joint friction angle, respectively. To facilitate the simulation of the progressive 

fracture and fragmentation process, Lorig and Cundall (1989) developed Voronoi 

discretization model into DEM, and employed improved method to model fracture process and 

fragmentation in rock and concrete. This method enjoys the advantage of using the tensile 

strength of Voronoi contact to evaluate the tensile strength of the rock but meanwhile it can 

cause kinematic freedom limitation.  
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Figure 2-6. Comparison between (a) Fracture constitutive behaviour in DEM (after Kazerani and Zhao (2010)) 

and (b) Fracture constitutive behaviour in FEM  

Detailed explanation in regards to this technique can be found in the studies by Lorig and 

Cundall (1989), and Itasca (2009). Figure 2-6-b schematically illustrates a typical fracture 

constitutive model based on fracture mechanics principals for continuum methods where the 

softening behaviour of rock material is taken into account. Some efforts have been made to 

incorporate fracture mechanics principles into the UDEC formulation. Kemeny (2005) 

implemented a first-order differential equation for joint cohesion into the UDEC and validated 

it against few simple examples such as direct shear test. Jiang et al. (2009) introduced expanded 

distinct element method (EDEM) based on UDEC and simulated crack initiation and 

propagation (Yang et al., 2012). Kazerani (2013) took into account the effect of FPZ 

developing a Cohesive Fragment Model into UDEC to model rock fracture. By introducing the 

concept of bonded block models (BBM) into 3DEC, this code become much compatible with 

fracture simulation problems, where rock strength dependency can be modelled parallel to 

crack initiation and propagation simulation (Itasca, 2017; Turichshev and Hadjigeorgiou, 

2017). Generally, the DEM is a widely used technique in investigation of rock fracturing and 

failure process (Kazerani and Zhao, 2010; Li et al., 2016; Mayer and Stead, 2017).  

(a) (b) 

𝐹𝑛,  𝐹𝑠- Normal/shear force  

𝐹𝑛
𝑚𝑎𝑥,  𝐹𝑠

𝑚𝑎𝑥 - Peak Normal/shear 

strength 

𝑘𝑛,  𝑘𝑠- Normal/shear stiffness 

𝑢𝑛,  𝑢𝑠- Normal/shear displacement 

𝐹𝑡,  𝐹𝑠- Tensile/shear force 

𝐹𝑡
𝑚𝑎𝑥,  𝐹𝑠

𝑚𝑎𝑥 - Peak tensile/shear strength 

𝐺𝐼 ,  𝐺𝐼𝐼- Mode I/Mode II fracture energy 

release rate 

𝑢𝑛,  𝑢𝑠- Opening/shearing displacement 
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2.4.2 Bonded Particle Method 

The BPM is one of the widely used particle based Discrete Element Methods used in study of 

fracturing process of rock. This method divides the domain into circular (2D) and spherical 

(3D) rigid elements that are distributed non-uniformly and bounded by cohesive force, obeying 

Newton’s second law. The technique was first introduced by Cundall and Strack (1979) to 

model dynamics of granular materials, and later improved and implemented as a commercial 

computer code named as Particle Flow Code (PFC). The interaction of particles can be 

modelled by different methods, but the simplest model is the contact bond model as shown in 

Figure 2-6-a. When tension or shear stress exceed their limits, crack initiates and propagates 

along the boundary of rigid elements. This inter-particle model, however, does not resist 

particle rotation compared to the parallel bond model as shown in Figure 2-7-b. Despite of 

these weaknesses, this method was employed successfully to investigate rock fracture and 

crack propagation (Asadi et al., 2012; Fakhimi, 2004; Fakhimi and Villegas, 2006; Hazzard et 

al., 2000a; Konietzky et al., 2002; Lee and Jeon, 2011; Potyondy and Cundall, 2004; Poulsen 

and Adhikary, 2013; Yue et al., 2017). Some specific examples are as follows: investigating 

rock fracture process of rock bursts and impact load (Ke-ping et al., 2011; Procházka, 2004; 

Zhou et al., 2014), crack initiation and propagation due to blasting (Onederra et al., 2013; Park 

et al., 2005),  rock fragmentation due to impact load (Wang and Tonon, 2011), and rock fracture 

and fragmentation under impact of mechanical tools (Huang and Detournay, 2013; Huang et 

al., 2013a; Lei et al., 2004a; Li et al., 2015a; Mendoza Rizo, 2013b; Qianqian et al., 2015; 

Thuro and Schormair, 2008; Yanxin et al., 2017; Zhu et al., 2016). Compared with the contact 

bond model (Figure 2-6-a), after the parallel bond is broken under shear stress, the shear 

strength falls down from peak value to its residual value and remains constant. The residual 

shear strength is a function of the normal force and the friction coefficient of discrete particles. 

Further development on contact models in this method came from Potyondy and Cundall 

(2002) and Fakhimi et al. (2005). Further details of this method and its recent developments 

can be found in literatures (Bobet et al., 2009; Fakhimi et al., 2005; Potyondy, 2012; Potyondy 

and Cundall, 2004). The BPM is confirmed to be an appropriate method to model fracture 

mechanism and be a good alternative to UDEC or 3DEC, but not without drawbacks. The main 

drawbacks include particle size dependency in both stages of simulation and calibration, 

overestimation of tensile strength, relying on linear failure envelope, considering low friction 

angle and difficulties in modelling of complex geometries. Since aforementioned parameters 

are used to evaluate normal and shear bonds, the calibration and running of model would be 
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very time consuming, especially for large models of fracture process simulation. Despite of 

these weaknesses, this method was employed successfully by researches to investigate rock 

fracture and crack propagation. Some specific examples are as follows: investigating rock 

fracture process of rock bursts and impact load (Ke-ping et al., 2011; Procházka, 2004; Zhou 

et al., 2014), crack initiation and propagation due to blasting (Onederra et al., 2013; Park et al., 

2005),  rock fragmentation due to impact load (Wang and Tonon, 2011), and rock fracture and 

fragmentation under impact of mechanical tools (Huang and Detournay, 2013; Huang et al., 

2013a; Lei et al., 2004a; Li et al., 2015a; Mendoza Rizo, 2013; Qianqian et al., 2015; Thuro 

and Schormair, 2008; Yanxin et al., 2017; Zhu et al., 2016) 

 

Figure 2-7. The implemented bond models PFC a) Normal contact bond model (after (Turichshev and 

Hadjigeorgiou, 2017)) b) the parallel bond model (after (Lisjak and Grasselli, 2014)) 

Kozicki and Donzé (2008) introduced an open source code, YADE, developed based on 

relatively similar principles as PFC proposed by Frédéric and Magnier (1995) and Donzé and 

Magnier (1997). In comparison with PFC formulation, YADE employs a softening factor and 

an interaction detection coefficient which improves its capabilities in control of the released 

energy and nonlinear failure (Lisjak and Grasselli, 2014). This code was employed to model 

fracture initiation and propagation in both soft and hard rocks (Scholtès and Donzé, 2013) and 

for three dimensional simulation of crack nucleation and propagation (Scholtès and Donzé, 

2012). This technique, however, suffers from similar drawbacks as PFC. 

2.4.3 Discontinuous Deformation Analysis (DDA) 

Firstly, introduced by Shi and Goodman (1985) as an implicit formulation of DEM, DDA has 

been developed rapidly in the field of rock mechanics and accordingly rock fracture analysis. 

This method shares some procedures with the FEM, but it is a discontinuum method satisfying 

(b) 

(a) 
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the definition by (Cundall and Hart, 1992). Similar to FEM, in order to find a solution, the 

DDA minimises the total potential energy of model (Π), while the domain comprises rigid 

blocks. The original DDA assumes stress and strain to be constant within the block which 

results in the limitation of block deformation. Fundamental of the DDA was explained in detail 

by (Shi, 1988, 1992) and its application in the field of rock engineering was presented later 

(Shi, 1999).  

A wide range of DDA application and its validation in different fields of engineering is 

demonstrated by MacLaughlin and Doolin (2006). However, the assumption of constant stress 

results in an inaccurate evaluation of contact pressures between blocks. This is where the 

contact mechanism plays an important role in fracture and fragmentation simulation. The 

original DDA was not able to model failure occurring along the block boundaries and block 

fragmentation. To address the drawback and also to enhance the capability of the technique in 

modelling the continuous-discontinuous transition, a sub-block technique is developed 

employing artificial block interfaces within each block. Lin et al. (1996) improved sub-

blocking technique by implementing a new contact algorithm and two block-fracturing 

algorithms, based on Mohr-Coulomb criterion. Further developments were made by Ke (1997) 

who employed the sub-block technique in combination with a Mohr-Coulomb based tension 

criterion. In addition, Koo and Chern (1997) investigated the capability of a fracture criterion 

that, at each step, compared the principal stress of each block centroid with compressive and 

shear strengths of the block. This algorithm allowed fractures to initiate and propagate 

arbitrarily where the stress criterion was satisfied. Cheng and Zhang (2000) improved the sub-

block technique by developing an automatic triangular sub-block generation approach, which 

could be considered as a technique similar to Voronoi tessellation technique. Later Zhang and 

Jiao (2008) and Jiao and Zhang (2012) improved the method by introducing many more 

modifications such as the ability of modelling material heterogeneity and taking into account 

the linear fracture mechanics concept.  

Block size sensitivity and being computationally expensive, due to having a larger number of 

time steps, are much striking weaknesses of this method in dealing with fracture and 

fragmentation problems. With all of the improvements implemented in the method, the DDA 

has been employed widely by researchers to simulate fracture and fragmentation process of 

rock (Ben et al., 2013; Morgan and Aral, 2015; Ning and Gu, 2013; Ning et al., 2010; Zhang 

and Jiao, 2008). Despite all of these efforts and validation reports of DDA application in rock 

engineering, it is relatively new and its performance, particularly for dynamic rock fracture and 
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fragmentation analysis, is not fully developed and verified. Besides, it is still computationally 

expensive for highly dynamic and practical-scale simulations such as dynamic rock 

fragmentation.  

2.4.4 Lattice Model Techniques 

Lattice models, which are also known as dynamic lattice network models, are relatively 

simpler, modern techniques among other discontinuum methods. The basic concept is similar 

to BPM, where material can be represented as a collection of interacting discrete masses. As 

illustrated in Figure 2-8, the medium compromises of a set of either regular or irregular 

distributed point masses, which interact through simple zero-size spring/beam with ability to 

transfer forces. Although the technique is not new, its application in dynamic fracture 

modelling is a recent development. This method enjoys two main advantages of continuum and 

discontinuum methods in terms of being flexible and computationally efficient (Cundall, 

2011). Different types of cells can be developed into the lattice model, allowing for model 

heterogeneity. In this technique, fracturing is simulated based on a linear elastic analysis with 

spring deletion when the force exceeds a threshold. A comprehensive explanation of this 

technique and its application in fracture mechanics can be found through the studies conducted 

by Schlangen (1995), Schlangen and Garboczi (1997), Bolander and Sukumar (2005), Slepyan 

(2005), Grassl et al. (2006) and Quintana-Alonso and Fleck (2009). Different formulations of 

this technique were employed by researchers to investigate rock fracturing process. Song and 

Kim (1994) developed a Dynamic Lattice Network Model (DLNM) and simulated fracturing 

process due to blasting. In the proposed model, the rock heterogeneity was assigned as a 

random stiffness of springs and the system was considered to follow linear elastic model. Zhao 

(2010) developed a Distinct Lattice Spring Model (DLSM) in which material was modelled 

through an un-uniform distribution of masses interacting via distributed bonds. A new 

algorithm based on the lattice model was also introduced into PFC by Cundall (2011) to 

improve the flexibility and efficiency of the method by removing the contact detection process. 

In the proposed method, the material is modelled by a series of springs which link masses. This 

method was successfully employed to simulate rock failure and rock fracturing from blasting 

(Cundall, 2011; Onederra et al., 2009; Poulsen et al., 2015). Despite all merits of the lattice 

models, they suffer from difficulties in calibration stage in addition to practical-scale 

modelling.   
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Figure 2-8. (a) Square lattice cell; (b) Hexagonal lattice cell; (c) Triangular lattice cell 

2.4.5 Molecular Dynamics (MD) 

Because of the exponential growth of computing power, large scale atomic simulations are 

being developed rapidly to study the failure mechanisms of materials (Zhang and Ghosh, 2013). 

Molecular Dynamics is a time-dependent numerical solution of Newton’s equation of motion 

for all particles in atomic-scale (Poschel and Schwager, 2005). The model in MD is composed 

of a collection of interacting spherical atoms under assumed interaction potential (Ravi-

Chandar, 2004). The interaction is described using potential functions, i.e. Hooke’s law, 

Lennard-Jones potential, embedded atom method potential and the reactive force-field 

interatomic potential (Adcock and McCammon, 2006). Several studies have investigated the 

different aspects of crack initiation and propagation mechanism, such as the plastic deformation 

process at the crack, cohesive zone model parameters and dynamic crack processes using MD 

(Zhou et al., 1996a). Generally, the MD simulation is a very useful tool of studying the change 

in the microstructure (Ma and Garofalini, 2006) and, therefore, it is a suitable technique for 

investigating crack nucleation and propagation at the micro-scale. However, the small 

computational system sizes and short time scales are two major limitations of this technique 

(Zhou et al., 1996a). Additionally, the nano/micro structures of rock materials are too 

complicated to model due to there being a multi-phase material. 

2.5 Combined methods 

The use of combined models has been increased rapidly in rock engineering owing to their 

unique advantages such as the ability to model both rigid and deformable objects and 

discontinuous features (Owen et al., 2003), strain/stress problems, and moving from continuum 

to discontinuum medium. In fact, unlike coupled methods which use physical coupling of two 

different methods, the combined (hybrid) models combine the advantages of both continuum 

and discontinuum methods (Eberhardt et al., 2003). The main types of combined models which 

(a) (b) (c) 
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have been used in rock mechanics are the combined BEM/FEM, DEM/FEM, BEM/DDM, 

DEM/BEM, BEM/DEM and recently developed NMM (Jing and Hudson, 2002; Zhao et al., 

2011). Not all of hybrid models are suitable for fracture mechanics problems. An appropriate 

combined model for fracture simulation is the ones that can model pre-failure and the post-

failure process of material (Darve et al., 2004). Following is a brief explanation of combined 

methods, which have been developed and employed successfully to model transition from 

continuum to discontinuum in fracturing process. The combined finite/discrete element method 

(FDEM) and its application in the field of rock mechanics is reviewed in subsection 2.5.1. 

Then, numerical manifold method (NMM) is introduced in subsection 2.5.2. Moreover, other 

combined methods are introduced and reviewed in subsection 2.5.3.    

2.5.1 Combined finite/discrete element method (FDEM) 

Over the past two decades a class of FDEM procedures have been successfully developed for 

simulation of progressive fracture process in brittle materials. The basic FDEM has been 

employed successfully to model problems dealing with transition process from continuum to 

discontinuum such as rock fracturing and fragmentation (Liu et al., 2015; Mahabadi et al., 

2016b; Munjiza, 2004; Owen et al., 2000; Rockfield, 2005). Overall a FDEM is considered as 

a robust approach for modelling of fracture process in brittle/semi-brittle materials, and 

different formulations of this method have been proposed. ELFEN (Rockfield, 2005) and Y 

(Munjiza, 2004) are two most common implementations of FDEM (Lisjak and Grasselli, 2014). 

Since these methods are being developed extensively for modelling rock fracture problems, 

their principles are discussed in relative detail hereafter.    

ELFEN is a combined continuum–discrete element code that was firstly introduced in the early 

1990s to simulate brittle material behaviour under impact loading. The basic idea behind 

ELFEN is the transition from continuum to discontinuum through discrete fracture insertion. 

In ELFEN, the medium is formulated using an explicit finite element model (Klerck et al., 

2004). Continuum based failure and fracture mechanisms associated with material softening 

are obtained by developing a modified Mohr-Coulomb elastoplastic model, which can deal 

with both tension and compression states. Taking into account the fracture mechanics 

principles, strain localization can also be obtained. In order to model tensile fractures, the 

Rankine rotating crack model is implemented into the code. Additionally, to deal with 

combined compressive and tensile stress field, a combination of Rankine rotating crack model 

with isotropic non-associative Mohr-Coulomb yield surface, known as compressive fracture 
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model, is employed. A nodal fracture scheme is responsible for the transition from continuum 

to discontinuum by transferring the virtual smeared crack into a physical fracture in the finite 

element mesh. Compared with the continuous and discontinues methods, ELFEN is relatively 

more capable in modelling the post failure behaviour and fragmentation of brittle material, and 

yet, it is computationally expensive where ill-posed conditions may occur in the case of inter-

element crack insertion. ELFEN is employed in simulation of rock fracturing process under 

quasi static loading condition (Elmo et al., 2014; Hamdi, 2015; Li et al., 2017a). Mitelman and 

Elmo (2014) investigation of rock fracturing from blasting load and Wei et al. (2007) simulated 

failure of a backfill due to impact of blast wave. Moreover, Aresh (2012) 2D-dimentionally 

simulated rock cutting process using ELFEN for single rock cutting cycle.  

The Y-code can be considered as the most common implementation of FDEM method, which 

has been employed extensively in modelling of rock mechanics problems. The computational 

algorithm of Y-code was originally developed as an open source code by Munjiza (2004). The 

general feature of Y-code is relatively similar to DEM, particularly BPM, where rigid bodies 

are replaced by deformable elements. In fact, the Y-code considers the model as a formation 

of interacting discrete bodies, which are discretised into finite elements, which make it able of 

modelling deformability, fracture and fragmentation of even complex geometries. Y-code 

employs ICZM to implement strain-hardening behaviour, where strain-softening part is 

addressed by fracture mechanics (energy failure criterion) and damage mechanics principles. 

In this method, fracture initiates and grows by separation of elements, which are bonded 

together using a defined bonding stress as a function of damage index and both peak tensile 

and shear strengths. A four-node joint element bonds the elements together.  

Because of the capabilities of this code, especially in modelling of fracture and fragmentation 

mechanism, the Y-code has been developing rapidly in the field of rock mechanics. However, 

the Y-code suffers from difficulties such as modelling shearing fracture and mixed-mode 

fracture and taking into account loading rate effect and heterogeneity (An et al., 2017). The Y-

code has been modified by researches to address such shortcomings and also to make it more 

compatible and applicable to rock engineering problems, particularly when dealing with rock 

fracturing problems.  

Several attempts have been made to actively extend the Y code, such as Y-GEO (Lisjak, 2014; 

Lisjak et al., 2014a; Lisjak et al., 2014b; Lisjak et al., 2013; Mahabadi et al., 2014; Mahabadi 

et al., 2012; Tatone and Grasselli, 2015), IRAZU (Lisjak et al., 2017; Lisjak et al., 2018; 

Mahabadi et al., 2016a), Solidity (Guo, 2014; Guo et al., 2017; Guo et al., 2016; Latham et al., 
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2012; Lei et al., 2016; Solidity, 2017; Xiang et al., 2016), HOSS with MUNROU (Lei et al., 

2014; Rougier et al., 2014) and Y-Flow (Yan and Jiao, 2018; Yan et al., 2018a; Yan et al., 

2018b; Yan and Zheng, 2017a, b). In addition, an extension of Y-code named as, Y-HFDEM 

IDE (integrated development environment) has been developed at University of Tasmania (An 

et al., 2017; Liu et al., 2016; Liu et al., 2015; Mohammadnejad et al., 2017), and its validity 

and verification analysis accounts for the main part of this research.  As mentioned above, the 

principles of all of the FDEM codes are based on continuum mechanics, which makes the codes 

very computationally expensive.  

2.5.2 Numerical Manifold Method (NMM) 

The NMM is a hybrid DDA/FEM which was firstly introduced by Shi (1991). Two types of 

covers are employed in NMM: mathematical and physical covers. The mathematical cover 

defines domain approximations and is independent of the problem domain; whereas the 

physical cover defines the integration fields and is the intersection of mathematical cover and 

the physical domain. The physical domain comprises problem domain as well as all physical 

features such as cracks, interfaces and joints. Additionally, cover based element is another basic 

concept of NMM which is known as the common region of several physical covers (Ma et al., 

2009a). Through the NMM’s algorithm, the physical block with sub-block system are rebuilt 

using mathematical covers. Then the manifold element system is constructed through the 

second stage where the geometric information is defined into mathematical covers by sub-

block systems. Since two covers are independent, mathematical covers can be defined freely 

and therefore their size and shape are not abstract. Discontinuities are simulated by dividing 

mathematical covers into several physical covers attached with independent cover functions. 

Detailed explanation in this regard can be found through Ma et al. (2009a) and Ma et al. (2010) 

studies. Eliminating meshing task and combining continuum and discontinuum problems into 

one framework are two advantages of the NMM; whereas instability due to using small 

elements, being computationally expensive and being awkward to model rigid body rotation 

are main drawbacks of the method. Several studies have reported the successfully application 

of NMM in simulation of rock fracture and fragmentation process (Chen et al., 2006a; Wu and 

Wong, 2014; Zhang et al., 2015).  Relatively similar technique was introduced by Tang and Lü 

(2013) as DDD which is a hybrid RFPA/DDA method. Miki et al. (2010) developed a hybrid 

NMM/DDA method to deal with dynamic problems.  



 

29 

 

2.5.3 Other combined methods 

There are also other formulations of a combined FEM/DEM, which are developed and used in 

the field of rock fracture analysis. The Livermore Distinct Element Code (LDEC), which was 

originally developed as a DEM method, extended to a combined FEM/DEM by incorporating 

the finite element capability into the model (Morris et al., 2006). This hybrid FEM/DEM uses 

a nodal cohesive element formulation, allowing finite element to fracture and fragment (Block 

et al., 2007). The capability of this method in the field of rock mechanics and fragmentation 

was presented by Morris and Johnson (2009). Similar efforts were made by Mohammadi and 

Pooladi (2012) by developing other combined FEM/DEM formulations to simulate rock 

blasting and resultant fragmentation. Paluszny et al. (2013) introduced an impulse-based 

discrete element method, which uses stress intensity factors to simulate fracture and 

fragmentation. In this method the interaction and movement of elements is controlled by the 

impulse dynamics instead of the penalty-based method (Paluszny et al., 2013). The Scaled 

Boundary Finite Element Method (SBFEM) is another recently developed numerical technique 

for fracture analysis, which combines the advantages of the FEM and BEM. Pioneered by Song 

and Wolf (1997), this technique only discretises the boundary while standard finite element 

interpolation is employed on the boundary (Li et al., 2013). Song et al. (2017) reviewed the 

application of the SBFEM technique in linear elastic fracture mechanics, which was further 

developed by introducing principles of combined FEM/DEM (Luo et al., 2017). The combined 

SBFEM and DEM method offers the possibility of convex polygons to be used but, because of 

the use of semi-analytical method, the use of plasticity criteria still requires further research. 

Therefore, while the combined SBFEM-DEM method seems to be a promising numerical 

technique for the rock fracture simulation, its feasibility is still required to be explored. 

2.6 Multiscale coupled methods 

Multiscale methods are regarded as a promising method to solve the significant computational 

power requirement of micro-scale methods, such as MD. The purpose of multi scale method is 

to efficiently derive materials’ response at a micro scale from micro mechanical interactions 

(Sansoz and Molinari, 2007). As explained earlier, macro scale fracturing in rock materials is 

the result of microscale cracking and therefore the multiscale approaches can be useful 

techniques in the study of rock fracture mechanism. In fact the multiscale techniques facilitate 

modelling the effect of micro-cracking in the micro-scale on macro-scale fractures (Sfantos 

and Aliabadi, 2007). For example, the microscale region can be employed to model crack tips 
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in crack propagation. Different multiscale approaches have been developed, e.g. hierarchical, 

semi-concurrent and concurrent methods. A comprehensive review on multiscale methods for 

fracture study has been conducted by Budarapu and Rabczuk (2017), in which recent 

achievements in simulation of quasi-brittle fracture have been discussed.    

2.7 Numerical simulation of rock cutting  

Advances in mechanical cutting tool manufacturing technology, particularly the introduction 

of the high wear-resistance materials have made the mechanical rock cutting by the drag bit an 

attracting research choice. However, the rock fragmentation mechanism with the mechanical 

cutter has not been well understood due to the complexity of the interaction between 

mechanical tool and rock, and complex rock fracture process (Che et al., 2016).  

Precisely capturing the onset of rock chipping is a challenging task in experiments. Fortunately, 

recent advances in computational mechanics have facilitated a much better understanding of 

the rock fracture process in mechanical cutting. For a realistic simulation of the fracture 

process, numerical techniques should be able to model crack onset and arbitrary crack growth, 

the correct crack length within a given time interval as well as the propagating directions, but 

not all of the numerical methods can meet these requirements (Mohammadnejad et al., 2018). 

Till this moment, the rock failure process in mechanical cutting has been investigated 

extensively using different numerical techniques although most of them are incapable of 

modelling the complete rock chipping and fragmentation process. A relatively comprehensive 

review on the methods and their capabilities can be found in (Jaime, 2011; Menezes, 2016; 

Menezes et al., 2014), which shows almost all numerical methods including finite difference 

method (Stavropoulou, 2006), finite element method  (Liu et al., 2008a; Wang et al., 2011a), 

boundary element method (Karekal, 2012) and discrete element method (Helmons et al., 2016; 

Huang et al., 2013b; Lunow and Konietzky, 2009)  are implemented to model rock chipping 

process although many of them are unable to model explicit fractures and chip separations. 

Overall, only two methods have been successfully employed in simulating the full process of 

chip formation and separation, namely explicit finite element method (FEM) using the element 

erosion (deletion) algorithms and BPM. The former method models the fracturing process by 

a set of deleted (eroded) elements, through which the damage mechanics-based element 

deletion criterions have been implemented, together with complicated material models, into 

commercial software such as LS-DYNA and ABAQUS. This method has been employed 

relatively widely to investigate rock chipping process in mechanical cutting (Cho et al., 2010; 
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Jaime et al., 2015; Li and Du, 2016; Lu et al., 2017; Menezes, 2016; Menezes et al., 2014; 

Shao, 2016; Xia et al., 2017; Xiao et al., 2017; Yu, 2005; Zhou and Lin, 2014). Being highly 

mesh dependant and non-convergent in terms of resultant fracture pattern, this technique cannot 

conserve mass and momentum in deleted elements, either. In addition, calibration of 

complicated strain or stress failure models can be a very time-consuming process. The latter 

method, BPM, is a widely used particle-based discrete element method to model the fracturing 

process of rocks in mechanical cutting. Successful calibrations and applications of BPM in 

simulation of rock chipping process have been reported in many literatures (Huang and 

Detournay, 2013; Huang et al., 2013a; Lei et al., 2004a; Li et al., 2015a; Liu et al., 2018b; 

Mendoza Rizo, 2013; Qianqian et al., 2015; Thuro and Schormair, 2008; Yanxin et al., 2017; 

Zhu et al., 2016). Moreover, Mendoza Rizo (2013) proposed a framework for application of 

BPM to simulate the rock cutting process, and pointed out that damping coeficient and cutting 

speed would be two key parametes affecting both mechanism of rock chipping and cutting 

force significantly. However, the main drawbacks of this technique include particle size 

dependency in both stages of simulation and calibration, overestimation of tensile strength, 

relying on linear failure envelope and difficulties in modelling of complex geometries 

(Mohammadnejad et al., 2018).  As explained earlier, combined numerical techniques have 

been developed rapidly for rock fracture analysis, which enjoy the advantages of both 

continuum and discontinuum methods and can deal with the transition from continuum to 

discontinuum during the rock fracture process. Aresh (2012) and Mohammadnejad et al. (2017) 

investigated the capability of FDEM in simulation of rock chipping process. Li et al. (2018) 

and Liu et al. (2018a) successfully applied NMM to simulate rock chipping process. 

Nevertheless, none of them could phenomenologically explain rock failure mechanism with 

failure modes and chip morphology taken into account. To model the mechanism of rock failure 

under the action of cutting tool, it is indispensable that a numerical technique should be able to 

capture full rock failure process, i.e. crack initiation, crack propagation, crack branching and 

crack coalescence from micro to macro scales, in which not only mode I fractures but also 

mode II and mixed mode I-II fractures could take place. Moreover, it should also be capable 

of modelling cyclic chipping process which requires tremendously longer simulation time.  

2.8 Summary 

This chapter provides an overview of common numerical techniques which have been capable 

of modelling rock fracture and rock cutting processes. Generally, not all of numerical 
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techniques are capable of properly simulating the rock fracture process. This is mainly due to 

the complex nature of rock fracture processes. Despite all of the improvements, standard 

continuous numerical methods such as FEM and FDM can only deal with the fracture process 

of rock up to a certain extent. Additionally, Mesh-erosion and XFEM techniques are the most 

developed FEM techniques in the field of rock fracture analysis but are not capable of 

modelling multi crack propagation and interaction properly.  The BEM is capable of modelling 

explicit crack initiation and propagation and is also computationally efficient, while it is limited 

to the analysis of elastic homogenous materials and is unable to model crack separation and 

rock fragmentation. The meshless methods can model explicit crack initiation, propagation and 

separation process properly, especially when subjected to dynamic loading, while they suffer 

from instability in solutions, difficulty in defining boundary conditions and being 

computationally expensive. The capabilities of DEM in modelling of block movements, 

explicit crack initiation and propagation, dynamic problems make them a robust technique. At 

the same time, apart from the lattice method, the remainder of DEM techniques are particle or 

block size dependent in both simulation and calibration stages. Moreover, the drawbacks of 

DEM include relying on linear failure envelope, considering low friction angle and difficulties 

in modelling of pre-failure behaviour of rock. The hybrid methods such as FDEM methods and 

NMM have been developed to relieve the limitations of both continuum and discontinuum 

methods. They enjoy the advantages of both techniques with the ability of modelling pre-failure 

and post-failure behaviours of rock, explicit crack initiation and propagation and transition 

from continuum to discontinuum. However, the NMM is awkward in modelling of rigid bodies, 

contact detection and is computationally expensive while the FDEM suffers from mesh 

dependency and being computationally expensive in three-dimensional simulation. The multi–

scale coupled methods seems to be a robust technique in modelling fracture process and have 

received a good deal of attention in the field of fracture analysis; however, they are still 

computationally expensive, and their performance need to be explored further. Table 2-1 

summarises the strengths and weaknesses of each method, highlighting the hybrid numerical 

technique suitable for simulation of rock fracture under different loading conditions.  
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Table 2-1: Comparison of numerical techniques for simulation of rock fracture (modified after (Kazerani, 2011) 

Purpose  FEM DEM MD Multi-scale Combined methods 

Rock material strong weak weak applicable applicable 

Pre-failure strong weak weak strong Strong 

Post-failure strong strong strong applicable strong 

Displacement strong weak strong strong strong 

Multi cracks weak strong strong strong strong 

Fragmentation weak weak strong strong strong 

Static loads strong weak weak applicable strong 

Dynamic loads strong strong strong strong strong 

 

Meanwhile, rock failure process under the action of cutting tool is a very complex process 

which is still not well understood, although many efforts have been made to investigate that 

experimentally, analytically and numerically.  While rock cutting experiments are largely used 

to investigate the cutting process and the associated cutting forces, the extensive number of 

variables and effective factors influencing the process have made the application of these 

experiments relatively limited. Meanwhile, analytical and empirical methods developed so far 

suffer from too many simplistic assumptions. However, the recent advancements in numerical 

modelling methods have confirmed that numerical methods provide robust tools for simulation 

of complex mechanism such as mechanical rock cutting. Hence, different numerical techniques 

have been considered for investigation of rock fracture process due to rock cutting. However, 

not all of the numerical techniques are able to model the entire rock cutting process. The 

principles of combined methods are much compatible with basic requirements in simulation of 

mechanical rock breakage based on the comparison made in Table 2-1. Meanwhile, the 

expertise of FDEM as a combined method has been accumulated for more than a decade at 

University of Tasmania.  In this regard, FDEM is selected as the numerical technique to be 

developed further and be employed to study rock fracture mechanism.  

In the next chapter, the fundamental algorithm of a recently developed code Y-HFDEM IDE 

(Fukuda, 2019) which is based on the FDEM and is parallelized using GPGPU with CUDA 

C/C++ is explained. The validation and verification analysis of the code is one of the main 

aims of this research.   
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 Fundamental theory of FDEM and Y-HFDEM 

IDE 

3.1 Introduction 

The FDEM proposed by Munjiza (2004) has been employed successfully to model problems 

that address the transition process from continuum to discontinuum such as rock fracturing and 

fragmentation. The FDEM incorporates the advantages of both continuum and discontinuum 

methods and can realistically simulate the transition from continuum to discontinuum caused 

by rock fracture. Two main implementations of the hybrid FDEM include Y code (Lukas et al., 

2014; Munjiza et al., 2010; Munjiza, 2004; Xiang et al., 2009) and the commercial code 

ELFEN (Elmo and Stead, 2010; Hamdi et al., 2014; Rockfield, 2005; Rogers et al., 2015). 

Several attempts have been made to actively extend the Y code, such as Y-GEO (Lisjak, 2014; 

Lisjak et al., 2014a; Lisjak et al., 2014b; Lisjak et al., 2013; Mahabadi et al., 2014; Mahabadi 

et al., 2012; Tatone and Grasselli, 2015), IRAZU (Lisjak et al., 2017; Lisjak et al., 2018; 

Mahabadi et al., 2016a), Solidity (Guo, 2014; Guo et al., 2017; Guo et al., 2016; Latham et al., 

2012; Lei et al., 2016; Solidity, 2017; Xiang et al., 2016), HOSS with MUNROU (Lei et al., 

2014; Rougier et al., 2014) and Y-Flow (Yan and Jiao, 2018; Yan et al., 2018a; Yan et al., 

2018b; Yan and Zheng, 2017a, b). In addition, a hybrid finite-discrete element method 

(HFDEM) has been developing on the basis of the Y code at University of Tasmania which is 

named as Y-HFDEM IDE (integrated development environment) (An et al., 2017; Liu et al., 

2016; Liu et al., 2015; Mohammadnejad et al., 2017). The principles of all of the FDEM codes 

are based on continuum mechanics, the cohesive zone model (CZM) and contact mechanics, 

which make the codes very computationally expensive. Some attempts have been made to 

develop a parallel version of the code which will be described later in this chapter. In this 

chapter, the principles of the FDEM are described in Section 3.3, after the introduction of the 

development history of Y-HFDEM IDE in Section 3.2. Then, GPGPU-based parallelization of 

Y-HFDEM IDE scheme and achieved speedup are explained in Section 3.4.  

This chapter of the thesis is part of the research reported in two recently published peer-review 

journal papers, in which the author of the thesis is the second author of the papers (Fukuda et 

al., 2019a; Fukuda et al., 2019b).   
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3.2 Hybrid finite–discrete element method implemented in Y-HFDEM IDE 

The Y-HFDEM IDE was originally developed using object-oriented programming in visual 

C++ (Liu et al., 2015) on the basis of the CPU-based sequential open-source Y-code (Munjiza 

et al., 2010; Munjiza, 2004b). The Y-HFDEM IDE can not only significantly simplify the 

process of building and manipulating the input models and greatly reduce the possibility of 

erroneous model setup but also display calculated results graphically in real-time with 

OpenGL. The pre-processor of the Y-HFDEM IDE can even generate simple FDEM mesh and 

specify initial conditions, physical properties, contact properties, boundary conditions, fracture 

criteria, and explosive charges if necessary. More complex FDEM meshes are usually 

generated using third-party software such as ABAQUS®, ANSYS® and various open-source 

mesh generators such as Netgen and Gmsh. Then, the generated mesh data can be easily 

imported into the Y-HFDEM IDE for FDEM analyses. The postprocessor can visually display 

the calculated stress, displacement, velocity, force, damage, fracture and fragmentation in real-

time pictures or query calculated results in specified locations and graphically display them. In 

addition, a number of operations such as pan, rotation, zoom, various viewports in perspective 

and/or orthographic modes, and slideshow are developed to manipulate the numerical models 

and calculated results (see (Liu et al., 2015) for further detail). The code has been successfully 

employed in the two dimensional (2D) and three dimensional (3D)  simulation of the fracture 

process in various geotechnical engineering problems (An et al., 2017; Liu et al., 2016; Liu et 

al., 2015; Mohammadnejad et al., 2017). However, because of the nature of sequential 

programming, its main application was limited to small-scale 2D problems using a limited 

number of elements. To overcome this limitation, the parallel programming scheme using the 

GPGPU accelerator controlled by CUDA C/C++ has been implemented into the Y-HFDEM 

IDE. Because the various FDEM-based codes have been independently developed in different 

research institute/organization and have different features, the fundamental features of Y-

HFDEM IDE along with its GPGPU-based parallelization scheme are explained in detail 

through the following subsections.  

3.3 Fundamental theory of FDEM as implemented in Y-HFDEM IDE  

The principles of the FDEM are based on continuum mechanics, cohesive zone modelling and 

contact mechanics, all of which are formulated in the framework of explicit FEM (Munjiza, 

2004b).  The continuum behaviour of materials including rocks is modelled by an assembly of 

continuum finite elements (Figure 3-1(a-b)). 3-node triangular finite elements (TRI3s) and 
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4−node tetrahedral finite elements (TET4s) are used for two-dimensional and three-

dimensional modelling, respectively. Two types of isotropic elastic constitutive models have 

been implemented. In the first type, which is implemented in the original Y-code and has been 

widely used, the isotropic elastic solid obeys the Neo-Hookean elastic model: 

 ( )
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2

ij ij ij ij ijJ B D i j
J J

 
   

 
= − + − + 

 
      (3-1) 

where σij denotes the Cauchy stress tensor, Bij is the left Cauchy–Green strain, λ and µ are the 

Lame’s constants, J is the determinant of the deformation gradient, η is the damping coefficient, 

δij is the Kronecker’s delta and Dij is the rate of the deformation tensor. However, Eq. (3-1) 

cannot model anisotropic elasticity and the plane strain problem, which are also very important 

in the field of rock engineering. Thus, in the second type, a hyper elastic solid obeying Eqs. 

(3-2) and (3-3) is also implemented: 

  ( , , ,  =1, 2)KL KLMN MNS C E K L M N=  (3-2) 

 1
 ( , , ,  =1, 2)ij iK KL jL ijF S F D i j K L

J
 = +  (3-3) 

where SKL denotes the 2nd Piola–Kirchhoff stress tensor, CKLMN is the effective elastic stiffness 

tensor, EMN is the Green–Lagrange strain tensor and FiK is the deformation gradient. Note that 

the Einstein’s summation convention applies in Eqs. (3-2) and (3-3). By setting CKLMN in Eq. 

(3-2) properly, isotropic and anisotropic elastic behaviours can be simulated. In Eqs. (3-2) and 

(3-3), the infinitesimal strain tensor is not used and thus a large displacement and a large 

rotation can be simulated. For the simulation of the fracture process of materials under quasi-

static loading, η = ηcrit =2h√(ρE) is used to achieve critical damping (Munjiza, 2004), where h, 

ρ and E are the element length, density and Young’s modulus of the target material, 

respectively. Accordingly, the hybrid FDEM can address both dynamic and quasi-static 

problems. The σij within each finite element is converted to the equivalent nodal force fint (Li 

et al., 2018). The fracture of rock under mode I and mode II loading conditions, i.e., the opening 

and sliding of cracks, is modelled via CZM using the smeared crack model (Liu et al., 2018b). 

To model the behaviour of the fracture process zone in front of the crack tips, tensile and shear 

softening is applied using an assembly of cohesive elements, CE4s for two dimensional (Figure 

3-1 (a) and CE6s for three-dimensional models (Figure 3-1 (b), with an initial thickness of zero  

as a function of crack opening and sliding displacements, (o, s) ((Figure 3-1 (c)). Two methods 
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can be used for cohesive element insertion. One method involves inserting the cohesive 

elements into all of the boundaries of the finite elements at the beginning of the analysis; this 

method is known as the intrinsic cohesive zone model (ICZM) (Zhang et al., 2007). The second 

method involves adaptively inserting the cohesive elements into the particular boundaries of 

the finite elements with the help of adaptive remeshing techniques where a given failure 

criterion is met; this method is referred as the extrinsic cohesive zone model (ECZM) (Zhang 

et al., 2007). 

 

Figure 3-1. Type of elements in FDEM: (a) two TET3s surrounding a CE4, (b) two TET4s surrounding a CE6, 

(c) tensile/shear softening curves in the ICZM 

Many existing hybrid FDEM codes, e.g. Y code including Y-HFDEM IDE, have employed the 

ICZM, while some codes such as ELFEN have used the ECZM. One of the advantages of the 

ICZM is that the implementation and application of the parallel computing algorithm is 

straightforward since adaptive remeshing is unnecessary in this case. However, an “artificial” 

elastic behaviour of cohesive elements before the onset of fracturing must be specified, which 

requires the introduction and correct estimation of penalty terms and the careful selection of 

the time step increment Δt to avoid numerical instability.  

In the GPGPU-based 2D Y-HFDEM code, normal and shear cohesive tractions (σcoh and τcoh, 

respectively) acting on each face of cohesive element are computed using Eqs. (3-4) and (3-5) 

assuming tensile and shear softening behaviors, respectively: 
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where op and sp are the elastic limits of o and s, respectively, ooverlap is the representative 

overlapping when o is negative, Ts is the tensile strength of cohesive element, c is the cohesion 

of cohesive element and ϕ is the internal friction angle of cohesive element. Positive o and σcoh 

are crack opening and tensile cohesive traction, respectively. Eq. (3-5) corresponds to the 

Mohr–Coulomb (MC) shear strength model with the tension cut-off. When ICZM is used, the 

“artificial” elastic behaviour of each cohesive element characterized by op and sp along with 

ooverlap is necessary to connect the finite elements to express the intact deformation process, 

which is given as follows (Liu et al., 2018b): 

 2 /p s fo hT P=  (3-6) 

 
tan2 /ps hc P=  (3-7) 

 2 /overlap s overlapo hT P=  (3-8) 

where Pf, Ptan and Poverlap are the penalty terms of Cohesive elements for opening in the normal 

direction, sliding in the tangential direction and overlapping in the normal direction, 

respectively, and h is the element length; the values of the penalty terms can be considered the 

stiffness of the cohesive element for its opening, sliding and overlapping, respectively. Ideally, 

these penalty values should be infinity to satisfy elastic behaviour of rocks according to Eq. 

(3-1), but this condition would require an infinitesimal Δt. Therefore, a reasonably large value 

of the penalty terms, compared to the Young’s modulus or Lame’s constants, is required, as it 

is impossible to use infinity in actual numerical simulations. Otherwise, the intact behaviour of 

the bulk rock shows significantly different behaviour from that specified by Eqs. (3-1) and 

(3-2), and the elastic constants used in Eqs. (3-1) and (3-2) lose their meaning. This 

consideration is very important, especially for problems in which the speed of the stress wave 

is important. The function f(D) in Eqs. (3-4) and (3-5) is the characteristic function for the 
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tensile and shear softening curves (Figure 3-1 (c) and depends on the damage value D of the 

cohesive element. When 0<D<1 and D = 1 for a CE6, the CE6 can be considered to be a 

microscopic and macroscopic crack, respectively. 

The following definitions of D and f(D) are used to consider not only mode I and II fracturing 

but also mixed mode I–II fracturing (Liu et al., 2018b; Mahabadi et al., 2012): 

 22
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where A, B and C are the intrinsic rock properties that determine the shape of softening curves, 

and ot and st are the critical values at which a cohesive element breaks and turns into a 

macro/explicit fracture of o and s, respectively. There are three damage mode could happen 

under different loading regimes. Under the action tensile loading condition (or mode I stress 

field) and shear loading condition (or mode II stress field) the mode I damage variable DI and 

mode II damage DII in Eq. (3-9) are defined as Eqs. (3-11) and (3-12), respectively: 
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=    
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If both the tensile and shear loading conditions are presented (i.e. o≤op and |s|>sp), it becomes 

the mixed mode I-II damage DI-II defined in Eq. (3-13). To avoid unrealistic damage recovery, 

if the trial f computed from Eq. (3-10) at the current time step becomes larger than that at the 

previous time step fpre, a condition of f = fpre is assigned. The ot and st in Eq. (3-9) satisfy the 

mode I and II fracture energies GfI and GfII specified in Eqs. (3-13) and (3-14), respectively: 
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s
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where Wres is the amount of work per area of cohesive element done by the residual stress term 

in the MC shear strength model. This paper uses the same f(D) with A, B and C equal to 0.63, 
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1.8 and 6.0 (Liu et al., 2018b), respectively, for both mode I and II fracture processes because 

of the lack of experimental evidence. In addition, unloading, i.e., the decrease of o or |s|, can 

also occur during the softening regime, i.e., o>op or |s|>sp, which is modelled based on Eqs. 

(3-15) and (3-16) (Xianqun and Chaoshui, 2015): 

 
   pmax max max
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( )  if 0  and coh
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o
f D T o o o o
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 =     (3-15) 

 
     pmax max max
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tan( ) ( )  if  and scoh coh
s

f D c s s s
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  = − +    
(3-16) 

In each cohesive element, the computed σcoh and τcoh are converted to the equivalent nodal force 

fcoh using a 3-point Gaussian integration scheme (Liu et al., 2018b). When either ot or st is 

achieved in a cohesive element, the element becomes deactivated and its surfaces can be 

considered as new macro-fracture surfaces, which could be subjected to contact processes.   

The contact processes between the material surfaces, including the newly created macro 

fractures by the separation of each cohesive element, are modelled by the penalty method 

(Munjiza, 2004), whose complete and excellent explanation is given in the literature (Munjiza, 

2004). As a brief explanation, when any two finite elements subjected to contact detection (see 

the next subsection for the implementation of contact detection in the framework of GPGPU) 

are found to overlapped, the contact potential due to the overlapping of the two finite elements, 

i.e., the contacting couple, is exactly computed. The normal contact force fcon_n, which is 

normally acting on the contact surface and is proportional to the contact potential, is then 

computed for each contacting couple. The proportional factor is called the normal contact 

penalty Pn_con. After the normal contact force fcon_n and its acting point are obtained, the nominal 

normal overlap on and the relative displacement Δuslide at the acting point of fcon_n are readily 

computed. The contact damping model proposed by An and Tannant (An and Tannant, 2007) 

(Figure 3-2) can also be applied if the role of contact damping is very important. When this 

scheme is applied, the normal contact force fcon_n mentioned above is regarded as a trial contact 

force (fcon_n)
try, and a trial contact stress (σcon_n)

try is then computed by dividing (fcon_n)
try by the 

contact area Acon. Then, Eq. (3-17) is used to determine the contact stress σcon_n: 
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(3-17) 

where T is the transition force, b is the exponent, and on_max is the maximum value of on 

experienced during the loading process at the contact. T limits σcon_n and defines the transition 
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between a linear elastic stress–displacement relationship and a ‘recoverable’ displacement at a 

constant contact stress. The values of T may be related to the physical properties of the rocks 

being simulated, such as the uniaxial compressive strength. The exponent b adjusts the power 

of the damping function that is applied to the rebound or extension phase of the contact. The 

value of the exponent controls the energy loss during an impact event. A very similar contact 

damping model is implemented in the 2D Y-Geo code in the framework of the hybrid FDEM, 

in which only b is modelled (Mahabadi et al., 2012).  

 

Figure 3-2. Elastic–inelastic power function model for contact damping (modified after An and Tannant (2007)) 

After σcon_n is computed using Eq.(3-17), it is converted to fcon_n (= Acon ×σcon_n). After fcon_n is 

determined, the tangential contact force fcon_tan is computed according to the classical quasi-

static Coulomb friction law. First, the trial tangential contact force is computed by (fcon_tan)
trial 

=(Ptan_con × fcon_tan × Δuslide), where Ptan_con is a tangential contact penalty. The actual fcon_tan is 

computed based on Eq.(3-18): 
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(3-18) 

where μfric is the friction coefficient between the contact surfaces. The tangential contact force 

fcon_tan is applied parallel to the contact surface against the direction of the relative sliding of 

the contact faces. The verification of the implementation of the contact friction is discussed in 

next chapter. In each contacting couple, the contact force is converted to the equivalent nodal 

force fcon (Munjiza, 2004).  
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By computing the nodal forces mentioned above, the following equation of motion, Eq. (3-19), 

is obtained and solved in the framework of explicit FEM (Munjiza, 2004): 

      2 2
ext int coh con/ t  = + + +M u f f f f  (3-19) 

where M is a lumped nodal mass, u is the nodal displacement and fext is the nodal force 

corresponding to the external load. The application of fluid-driven pressure due to detonation 

phenomena such as that described by An et al. (An et al., 2017) can also be considered. The 

central difference scheme is employed for the explicit time integration to solve Eq. (3-19). 

Careful selection of the time step Δt is necessary to avoid numerical instability.  

The results of numerical modelling can be visualized in either OpenGL implemented in the 3D 

Y-HFDEM IDE code (Liu et al., 2015) or in the open source visualization software Paraview 

(Ayachit, 2015).  

3.4 GPGPU-based Parallelization of Y-HFDEM IDE by CUDA C/C++ 

To date, some successful parallel implementations of the hybrid FDEM codes using MPI 

(message-passing interface) (e.g., (Hamdi et al., 2014; Lei et al., 2014; Lukas et al., 2014; 

Richard, 1999; Rockfield, 2005; Rougier et al., 2014; Zhou and Lin, 2014)) and shared-

memory programming such as OpenMP (e.g., (Xiang et al., 2016)) have been reported. Among 

these, Lukas et al. (Lukas et al., 2014) proposed a novel approach for the parallelization of 2D 

FDEM using MPI and dynamic domain decomposition-based parallelization solvers, and they 

successfully applied the parallelized Y code to a large-scale 2D problem on a PC cluster, which 

should be able to be applied to practical 3D problems, although future developments are 

needed. Meanwhile, Lei et al. (Lei et al., 2014) successfully developed the concept of a virtual 

parallel machine for the hybrid FDEM using MPI, which can be adapted to various computer 

architectures ranging from few to thousands of CPU (central processing unit) cores. 

Furthermore, Rougier et al. (Rougier et al., 2014) introduced the HOSS with MUNROU code, 

which notably used 208 processors controlled by MPI and developed novel contact detection 

and contact force calculation algorithms. The developed code was applied successfully to 3D 

simulation of a dynamic Brazilian test of rock with a split Hopkinson pressure bar apparatus. 

ELFEN uses MPI in its parallelization scheme and has been employed successfully in 2D and 

3D simulations of the rock fracture process. For example, 3D fracture process analysis of a 

conventional laboratory test using up to 3 million elements has been reported (Hamdi et al., 

2014). Additionally, Xiang et al. (Xiang et al., 2016) optimized the contact detection algorithm 
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in their Solidity code and parallelized the code using OpenMP; they modelled a packing system 

with 288 rock-like boulders and showed that a speedup of 9 times on 12 CPU threads can be 

achieved (although the details of the applied algorithm and its implementation were not 

provided). Relevant to the MPI-based parallelization, Guo and Zhao (Guo and Zhao, 2014, 

2016) developed a hierarchical FDEM coupling, which had been extended for modelling of 

granular rocks more recently (Wu et al., 2018). In general, MPI requires a large and expensive 

PC cluster to achieve the best performance. Meanwhile, the application of shared-memory 

programming such as OpenMP is limited by the total number of multi-processors that can 

reside in a single computer; thus, MPI is still required for large-scale problems in which each 

computer uses both OpenMP and MPI to transfer data among multiple computers. This means 

that the hybrid MPI/OpenMP is necessary.  

In addition to CPU-based parallelization schemes, the GPGPU (general purpose graphics 

processing unit) accelerator controlled by either OpenCL (open computing language) (Zhou 

and Lin, 2013) or CUDA (compute unified device architecture) (NVIDIA, 2018) can be 

considered another promising method for the parallelization of hybrid FDEM codes. 

Thousands of GPU-core processors can reside and concurrently work in a small GPGPU 

accelerator within an ordinary laptop/desktop PC or workstation with lower energy 

consumption than the CPU-based PC cluster. Moreover, a GPGPU cluster with a massive 

number of GPGPU accelerators is also possible. 

Zhang et al. (2013b) developed a CUDA-based GPGPU parallel version of Y code (2D) 

without considering the fracture process and the contact friction. Batinić et al. (2018) 

implemented GPGPU-based parallel hybrid FDEM based on the Y code for analysis of cable 

structures using CUDA. However, neither of the above implementations have been employed 

in the simulation of rock fracture. In this regard, a GPGPU-based hybrid FDEM commercial 

code, namely, IRAZU (Lisjak et al., 2017; Lisjak et al., 2018; Mahabadi et al., 2016a), has just 

been developed with OpenCL and was used successfully in rock fracture simulations. 

Additionally, some novel GPGPU-based DEM modeling methods coupled with FEM, i.e., 

coupled FEM/DEM, have been proposed. For example, Nishiura et al. (Mohammadnejad et al., 

2017) developed the quadruple DEM (QDEM) code using GPGPU and successfully applied 

the code to the investigation of ballasted railway track dynamics. In addition, Liu et al. (2018a) 

and Li et al. (2018) developed a GPGPU-based implementation of continuum-based DEM. 

These studies (Li et al., 2018; Liu et al., 2018a; Mohammadnejad et al., 2017) showed that the 

performance of coupled FEM/DEM can be significantly improved using GPGPU 
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parallelization. However, the coupled FEM/DEM is a physical coupling of two methods (DEM 

and FEM), unlike the hybrid FDEM, in which the transition from continuum to discontinuum 

is modelled by CZM under the explicit FEM formulation. In other words, there are three 

essential differences between the coupled FEM/DEM and the hybrid FDEM: 1) the continuous 

behavior of the coupled FEM/DEM is modelled through springs with normal and tangential 

stiffnesses while that of the hybrid FDEM is through intact cohesive elements with high penalty 

parameters; 2) the transition from continuum to discontinuum of the coupled FEM/DEM is 

implemented through removing the springs while that of the hybrid FDEM is through the 

softening of the cohesive elements; and 3) the contact interaction between the discrete elements 

of the coupled FEM/DEM is calculated through contact springs while that of the hybrid FDEM 

is through potential contact force calculation method in the framework of explicit FEM. In this 

sense, the hybrid FDEM parallelized in this study is called the hybrid FDEM to distinguish it 

from the coupled FEM/DEM. Therefore, the hybrid FDEM is computationally more 

demanding than the coupled FEM/DEM.  

Overall, it can be concluded that IRAZU, which is parallelized using OpenCL, is the only 

available GPGPU-based hybrid FDEM code to date that is capable of modelling the rock 

fracture process (Lisjak et al., 2017; Lisjak et al., 2018; Mahabadi et al., 2016a). Thus, further 

studies are required to develop the GPGPU-based hybrid FDEM. In this regard, a recently 

developed  free research FDEM code, Y-HFDEM IDE (An et al., 2017; Liu et al., 2016; Liu et 

al., 2015; Mohammadnejad et al., 2017), is parallelized using GPGPU with CUDA C/C++. 

Moreover, it is desirable to fully describe any newly implemented GPGPU-based code because 

the implementation of GPGPU-based codes differs from that of CPU-based sequential codes. 

In addition, while there is no freely available GPGPU-based hybrid FDEM code, our code is 

free to use and may significantly contribute to many studies in the field of rock engineering.  

To speed up the simulation process of the Y-HFDEM IDE code, a parallel computation scheme 

based on the NVIDIA® GPGPU accelerator is incorporated. In this study, the computation on 

the GPGPU device is controlled through NVIDIA’s CUDA C/C++ (NVIDIA, 2018), which is 

essentially an ordinary C/C++ programming language with several extensions that make it 

possible to leverage the power of the GPGPU in the computations. The CUDA programming 

model uses abstractions of “threads”, “blocks” and “grids” (Figure 3-3). A greater degree of 

parallelism occurs within the GPGPU device itself. Functions, also known as “kernels”, are 

launched on the GPGPU device and are executed by many “threads” in parallel. A “thread” is 

just an execution of a “kernel” with a given “thread index” within a particular “block”. As 
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shown in Figure 3-3, a “block” is a group of threads, and a unique “block index” is given to 

each “block”. The “block index” and “thread index” enable each thread to use its unique “index” 

to globally access elements in the GPGPU data array such that the collection of all threads 

processes the entire data set in massively parallel manner. The “grid” is just a group of 

“blocks”. Only a single “grid” system is used in this study. The concept of a GPGPU cluster 

with a massive number of GPGPU accelerators is also possible, although this is beyond the 

scope of this paper. The “blocks” can execute concurrently or serially depending on the number 

of streaming processors available in a GPGPU accelerator. Synchronization between “threads” 

within the same “block” is possible, but no synchronization is possible between the “blocks”. 

In each “thread” level, the corresponding code that the “threads” execute is very similar to the 

CPU-based sequential code, which is one of the advantages of the application of CUDA C/C++. 

For example, the Quadro GP100 accelerator (in Pascal generation) contains 56 and 3584 

streaming processors and CUDA cores (NVIDIA, 2018), respectively. Higher computational 

performance of the GPGPU-parallelized code running on the same GPU accelerator can be 

achieved than that of ordinary CPU-based sequential codes. The number of “blocks” per “grid” 

(NBpG) and the number of “threads” per “block” (NTpB) can be changed to speed up the GPGPU 

(Figure 3-3). The current version of Y-HFDEM IDE normally sets NTpB to either 256 or 512, 

and NBpG is automatically computed by dividing the total number of threads (Nthread) in each 

“kernel” by NTpB, in which an additional block is needed if Nthread /NTpB is not a multiple of 

NTpB. The value of Nthread is set to be equal to the total number of finite elements, cohesive 

elements, contact couples or nodes depending on the purpose of each “kernel”. 

 

Figure 3-3. Concept of the CUDA programming model using the abstractions of “threads”, “blocks” and “grid” 

In the GPGPU implementation of  Y-HFDEM IDE, the computations for each finite element 

(fint and M), cohesive element (fcoh), contact couple (fcon) or nodal equation of motion (Eq. 
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(3-19) are assigned to each GPGPU “kernel” as shown in Figure 3-4 and processed in a 

massively parallel manner. The CUDA code used in each “kernel” is similar to the 

functions/subroutines in CPU-based sequential codes, which also holds true for the 

computations shown in Figure 3-4. Thus, most parts of the original sequential CPU-based code 

can be used with minimum modifications. For the computation of the contact force, fcon, “finite 

element to finite element (TtoT)” contact interaction kinematics are used in the earliest versions 

of the Y3D code (Munjiza, 2004). This TtoT approach exactly considers the geometries of both 

the contactor and target TET4s, and the integration of the contact force distributed along the 

surfaces of the finite elements is performed analytically. Because this approach integrates the 

contact forces exactly, it is precise although quite time-consuming. As pointed out in the 

literature (Lei et al., 2014), the contact interaction in 3D can be further simplified by “finite 

element to point (TtoP)” contact interaction kinematics, which make the implementation 

simpler and more time efficient. However, the precision of the computed contact force using 

the TtoP approach is less accurate unless a sufficient number of target points per finite elements 

is used. Thus, the TtoT approach is intentionally applied for all of the numerical simulations in 

this paper instead of the TtoP approach to ensure the precision of the computed contact force.  

 

Figure 3-4. Concept of massively parallel computation for each CUDA “kernel” for particular computational 

purposes 

A flowchart of the GPGPU-based Y-HFDEM IDE is shown in Figure 3-5. One of the 

challenging tasks in Figure 3-5 is the implementation of contact detection to identify each 
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contacting couple only through the GPGPU without a sequential computational procedure. For 

sequential CPU implementation, powerful and efficient contact detection algorithms, such as 

No Binary Search and Munjiza-Rougier contact detection algorithms, have been proposed 

(Munjiza, 2004; Munjiza et al., 2011), and these can achieve the fastest (i.e., linear) neighbour 

searches with the computational complexity of O(N), in which the required computation for 

the contact detection is proportional to the number of finite element candidates subjected to 

contact detection. However, these contact detection algorithms are not straightforward to 

implement in the GPGPU-based code.  

 

Figure 3-5. Flowchart of the GPGPU-parallelized Y-HFDEM IDE code 

In the GPGPU-based Y-HFDEM IDE code, because the FDEM modelling requires a fine mesh 

that often consists of finite elements with similar sizes, the following contact detection 

algorithm is implemented. In this algorithm, the analysis domain comprising a massive number 

of finite elements is subdivided into multiple equal−sized (nx, ny, nz) cubic sub−cells (Figure 

3-6), so the largest element in the analysis domain is completely included in a single sub−cell. 

In this way, the centre point of every element can always belong to a unique sub−cell. Using 

integer coordinates (ix, iy, iz) (ix = 0, ∙∙∙, nx-1, iy = 0, ∙∙∙, ny-1, iz = 0, ∙∙∙, nz-1) for the location 
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of each sub−cell (Figure 3-6), unique hash values, h (= iz×nx×ny + iy×nx + ix), are assigned to 

each sub−cell.  

 

Figure 3-6. Concept of hash values assigned to each cubic sub-cell (left) and a finite element included in a 

particular sub-cell: (a) 2D, (b) 3D 

The subsequent contact detection procedure is explained using a simplified example, as shown 

in Figure 3-7, where ten elements candidates with similar sizes are subjected to contact 

detection. First, all of the elements are mapped into integer coordinates (ix = 0, 1 and 2, iy = 

0, 1 and 2, and iz = 0, 1 and 2) with nx = ny = nz = 3 along with the computation of the hash 

values in each sub−cell. In this way, the list L-1 is readily constructed using the massively 

parallel computation based on the similar concept shown in Figure 3-4 by assigning the 

computation of each element to each CUDA “thread”. The IDs of the elements in the list L-1 

in Figure 3-7 are then sorted from smallest to largest according to the hash values h as keys, 

which generates the list L-2 in Figure 3-7. The radix sorting algorithm optimized for CUDA 

(Satish et al., 2009) and implemented in the open-source “thrust” library is used for the 

key−sorting by the hash values; therefore, this procedure can also be processed in a massively 

parallel manner. Utilizing the list L-2 and the GPGPU device’s shared memory (NVIDIA, 

2018), the list L-3 in Figure 3-7 is further constructed in a GPGPU “kernel”, which makes it 

possible to identify the first and last indices for the particular hash value in list L-2. Therefore, 

with lists L-2 and L-3, the IDs of all of the finite elements included in a particular sub−cell 

with its unique hash value are readily available. Finally, for a particular TET4 with its sub-cell 

position, it is sufficient to only search its adjacent 27 sub−cells (or 14 sub−cells using the 

concept of a contact mask (Munjiza, 2004) for contact detection, which makes it possible to 

achieve efficient contact detection using only the GPGPU device and without a sequential CPU 

procedure. When the sizes of the finite elements are completely different, the size of the cubic 

(a) (b) 
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sub−cell is very large, resulting in very inefficient contact detection; thus, other parallel 

neighbour search schemes, such as the Barnes-Hut tree algorithm (Burtscher and Pingali, 

2011), should be used for efficient contact detection. The contact detection algorithm used in 

the GPGPU-based Y-HFDEM IDE is similar to that applied by Lisjak et al. (2018) in terms of 

the applied hash-based contact detection algorithm. However, Lisjak et al. (2018) further 

incorporated the hyperplane separation theorem as the 2nd step of contact detection. 

Unfortunately, Lisjak et al. (2018) did not discuss the algorithm used to generate the hash-table 

in the framework of OpenCL, which is also very important aspect of performance gain, and the 

effect of introducing the 2nd step. The same algorithm is also implemented into the frame work 

of Y-HFDEM IDE code.   

 

Figure 3-7. GPGPU-based contact detection algorithm implemented in the GPGPU-parallelized 3D Y-HFDEM 

IDE code: (a) 2D, (b) 3D 

Therefore, the GPGPU-parallelized Y-HFDEM IDE code can run in a completely parallel 

manner on the GPGPU device, and no sequential processing is necessary, except for the input 

and output procedures. The data transfer from the GPGPU device to the host computer is 

always necessary to output the analysis results, the time of which is often negligible compared 

to the entire simulation time for most Y-HFDEM IDE simulations.  

3.4.1 Computing performance of the GPGPU-parallelized Y-HFDEM IDE 

This section discusses the computing performance of the GPGPU-parallelized Y-HFDEM IDE, 

mainly in terms of its improvement compared with the sequential implementation of the Y-

HFDEM IDE and its performance on several GPGPU accelerators. To accomplish this goal, a 

uniaxial compression test (UCS) model is selected as a benchmark because it is a 

computationally demanding simulation. To make the computation become further intensive, 

(a) (b) 
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the brutal contact detection activation is used in the 2D and 3D UCS modelling to evaluate the 

computing performance of the GPGPU-parallelized Y-HFDEM IDE.  

For 2D UCS, the model shown in Figure 3-8 (a) comprises 44,214 unstructured triangular finite 

elements (TRI3s), and the numbers of 4 node cohesive elements (CE4s), nodes and initial 

contact couples are 66,810, 134,442 and 362,043, respectively. Because the performance of 

GPGPU-parallelized code is significantly dependent on the applied GPGPU accelerators 

(NVIDIA, 2018), the GPGPU-parallelized Y-HFDEM IDE is run using several NVIDIA® 

GPGPU accelerators, i.e., Quadro GP100, GTX 1060, GTX 1050Ti, GTX 830M, TESLA 

K80(K40) and TESLA K20, to investigate its performance. Each of the NVIDIA® GPGPU 

accelerators can be categorized based on its generation. Sorting by date from newest to oldest, 

the Quadro GP100, GTX 1060 and GTX 1050Ti belong to the “Pascal” generation, whereas 

GTX 830M is in the “Maxwell” generation, and TESLA K80(K40) and TESLA K20 are in the 

“Kepler” generation. The developed GPGPU-parallelized Y-HFDEM IDE can be run in all 

these GPGPU accelerators without any modifications. At the same time, an Intel® Core i7-440 

CPU (3.40 GHz) is used to run our sequential CPU-based Y-HFDEM IDE.  

 

Figure 3-8. (a) 2D UCS model geometry, (b) GPGPU Relative speed‐up of the GPGPU‐based code using 

different GPGPU accelerators to the sequential CPU‐based code, (c) Change in relative speed‐up with respect to 

the number of TRI3s used in FDEM mesh for the simulation of uniaxial compression test 

51.7 mm
129.5 mm

(a) (b) 

(c) 
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Figure 3-8 (b) shows the speed-up times of the GPGPU-based code relative to the sequential 

CPU-based code running on a single thread. In Figure 3-8 (b), the vertical axis shows the 

quotients of the total run time using each GPGPU accelerator divided by that using the 

sequential CPU-based code (= 138.17 (hours)), which, thus, correspond to the speed-up times 

of the GPGPU-based code relative to the sequential CPU-based code. Clearly, all the GPGPU-

based codes can achieve quicker times than the sequential CPU-based code, and the Quadro 

GP100 accelerator in the “Pascal” generation shows the best performance among them. 

However, the performance of GTX 830M in the “Maxwell” generation is very poor because 

the computational capability to perform double precision arithmetic in the GPGPU accelerator 

of this generation is very limited compared with that of the “Kepler” and “Pascal” generations 

(NVIDIA, 2018). Therefore, among the investigated GPGPU accelerators, the application of 

“Kepler” and “Pascal” generations are suited to achieve better performance, considering the 

given specifications of each accelerator (NVIDIA, 2018).  

In addition, the relative speed-up times between GPGPU-based and sequential CPU-based 

codes can further increase when many more elements and nodes with more significant contact 

detections/force calculations are involved. In other words, keeping all the GPGPU cores busy 

is the most important factor in achieving the best performance of the GPGPU-based code. For 

example, the uniaxial compression model shown in Figure 3-8 (c) is simulated using six 

different average element lengths (have), whose values are 0.15 (mm), 0.2 (mm), 0.3 (mm), 0.4 

(mm), 0.5 (mm) and 0.6 (mm). To make the condition of each case closer, the value of Δt is 

fixed to 0.5 (ns), with other conditions remaining the same, excluding the critical damping 

coefficient ηcrit, which is selected based on element size. Table 3-1 shows the number of TRI3s, 

CE4s and nodes, and the initial number of contact couples in each model. It is evident that 

mesh discretization with have = 0.15 (mm) results in tremendously massive computation. The 

runtime required for 10,000 calculation time-steps is monitored here. The list of actual runtimes 

required for 10,000 calculation time steps is shown at the bottom of Table 3-1 for several values 

of have, for the cases of the GPGPU-based code using the Quadro GP100 accelerator and the 

sequential CPU-based code. The results show that 108,767 s (30.2 (hours)) are required to solve 

the 10,000 time steps in the sequential CPU-based code for have = 0.15 (mm), which means that 

solving the problem with this level of fine discretization is too computationally expensive using 

the sequential code. Based on the list in Table 3-1, Figure 3-8 (c) shows the speed-up times of 

the GPGPU-based code using the Quadro GP100 accelerator relative to the sequential CPU-

based code, in which the horizontal axis represents the number of TRI3s for each have. The 
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relative speed-up time increases when the mesh becomes finer, i.e., when the GPGPU becomes 

busier. Notably, a relative speed-up time of 128.6 times is achieved for the finest mesh (have = 

0.15 (mm)). Thus, the GPGPU accelerator needs to be kept busy to achieve its best 

performance.   

Table 3-1: Model details for several have values for 2D UCS model 

have(mm) 0.15 0.2 0.3 0.4 0.5 0.6 

The number of nodes 3,253,194 1,893,901 723,894 410,322 303,537 181,038 

The number of TRI3s 1,084,398 540,754 241,298 136,774 86,570 60,346 

The number of CE4s 1,624,686 809,872 306,990 204,355 129,316 90,040 

The initial number of 

contact couples. 
6,970,705 4,348,700 1,943,205 1,096,737 686,954 476,433 

Simulation time (sec) for 

sequential CPU-based code 

/10000 steps 

108,767 42,021 19,343 10,515 9,146 6,231 

Simulation time (sec) for 

GPUGU-based code 

(Quadro GP100) /10000 

steps 

846 392 214 146 134 126 

Similarly, 3D UCS model is selected as a benchmark for study the performance of 3D Y-

HFDEM IDE.  At the same time, an Intel® Xeon® Silver 4112 processor (2.60 GHz and 32.0 

RAM) is used to run our sequential CPU-based 3D Y-HFDEM IDE. Table 3-2 shows the 

number of tetrahedral finite elements (TET4s), 6 node cohesive elements (CE6s) and nodes, 

and the initial number of contact couples in each model. It is evident that the mesh 

discretization with the average element size have = 1.3 mm results in tremendously massive 

computation. The list of actual runtimes required for 500 calculation time steps is shown at the 

bottom of Table 3-2 for several values of have, for the cases of the GPGPU-based code using 

the Quadro GV100 accelerator and the sequential CPU-based code (i.e. the original Y3D code). 

The results show that 134,943 s (37.5 hours) are required to solve the 500 time steps in the 

sequential CPU-based code for have = 1.3 mm, which means that solving the problem with this 

level of fine discretization is too computationally expensive using the sequential code.  

Figure 3-9 (b) shows the speed-up times of the GPGPU-parallelized 3D Y-HFDEM IDE 

relative to the CPU sequential code running on a single thread for the 3D UCS modelling with 

695,428 TET4s and 187,852 CE6s (Figure 3-9 (a)). In Figure 3-9 (b), the vertical axis shows 

the quotients of the total run time using each GPGPU accelerator divided by that using the CPU 
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sequential code, which, thus, correspond to the speed-up times of the GPGPU-parallelized 3D 

Y-HFDEM IDE relative to the CPU sequential code.  

Table 3-2: Model details for several have values for 3D UCS model 

have(mm) 1.3 1.5 1.9 2.9 3.9 8 

The number of nodes 200,525 129,244 82,382 31,327 19,471 1,741 

The number of TET4s 1,106,054 695,428 430,290 146,554 81,932 7,383 

The number of CE6s 2,113,582 1,298,343 773,545 213,792 86,740 12,266 

The initial number of 

contact couples. 
65,447,009 40,561,982 24,753,231 7,881,957 4,093,472 384,582 

Simulation time (sec) for 

sequential CPU-based code 

/500 steps 

134,943 82,755 51,598 16,563 8,318 8,318 

Simulation time (sec) for 

GPUGU-based code 

(Quadro GV100) /500 steps 

491 291 178 59 34 8 

Clearly, the GPGPU-parallelized 3D Y-HFDEM IDE  run on all GPU accelerators has achieved 

significant speed-up times compared with the CPU sequential code, and the Quadro GV100 

accelerator shows the maximum speed-up times of 284 times, which is even better than the 

maximum speed-up times of 128.6 achieved by GPGPU-parallelized 2D Y-HFDEM. Moreover, 

the relative speed-up times between the GPGPU-parallelized code and the CPU sequential code 

depend on the number of elements used in the numerical model, which are illustrated in Figure 

3-9 (c). As can be seen from Figure 3-9 (c), similar to as 2D simulation the relative speed-up 

times initially increase with the number of elements increasing, which reveals that, in this case, 

keeping all the GPGPU cores busy is the most important factor in achieving the best 

performance of the GPGPU-parallelized code. However, after the number of elements increase 

to a certain value, which is about 430,000 TET4s in this study, the relative speed-up times 

slightly decrease with the number of elements increasing. In other words, there is a model limit 

of the maximum speed-up times for a single GPU accelerator to achieve the best performance 

and multiple GPU accelerators may be needed to lift the limit. In addition, as illustrated in 

Figure 3-9 (d), the computation time of the GPGPU-parallelized 3D Y-HFDEM IDE linearly 

increases with respect to the number of TET4s. Therefore, the computational complexity of the 

GPGPU-parallelized 3D Y-HFDEM IDE is O(N), i.e. the amount of computation is 

proportional to the number of elements, which proves the high computational efficiency of the 

GPGPU-parallelized 3D Y-HFDEM IDE. The implementation of the hyper separating theorem 
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into the contact detection algorithm (e.g. Lisjak et al., 2018) may be able to further enhance the 

computational performance of the GPGPU-parallelized 3D Y-HFDEM IDE.  

 

 

Figure 3-9. (a) 3D UCS model geometry, (b) GPGPU Relative speed‐up of the GPGPU‐based code using 

different GPGPU accelerators to the sequential CPU‐based code, (c) Change in relative speed‐up with respect to 

the number of TET4s used in FDEM mesh, (d) Variation of computation time with the increase of the number of 

TETs 

3.5 Summary and discussion  

As explained in detail earlier in this chapter, the principles of the FDEM are based on 

continuum mechanics, cohesive zone modelling and contact mechanics, which make the codes 

very computationally expensive. Therefore, developing a capable parallel computation scheme 

is important for handling large‐scale problems with a massive number of nodes, elements, and 

contact interactions. In this regard, this chapter introduced a parallelized FDEM code using 

GPGPU with CUDA C/C ++. Then the computing performance of the GPGPU-parallelized Y-

HFDEM IDE, mainly in terms of its improvement compared with the sequential 

implementation of the Y-HFDEM IDE and its performance on several GPGPU accelerators 

was discussed by simulation of a uniaxial compression test (UCS) model as a benchmark 

because it is a computationally demanding simulation. To make the computation become 

further intensive, the brutal contact detection activation is used in the 2D and 3D UCS 

(a) (b) 

(c) (d) 
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modelling to evaluate the computing performance of the GPGPU-parallelized Y-HFDEM IDE. 

Obtained results showed that GPGPU-parallelized Y-HFDEM IDE could achieve speed-up 

times of 284 and 128.6 for 3D and 2D modellings, respectively. Results obtained showed that 

the GPGPU-parallelized Y-HFDEM IDE is very efficient in terms of contact detection and has 

the computational complexity of O(N) and it can run in a completely parallel manner on the 

GPGPU device, and no sequential processing is necessary, except for the input and output 

procedures. Therefore, the GPGPU-parallelized Y-HFDEM IDE code has overcome the 

computational expensive disadvantage of most FDEM codes and pave the way to routinely 

investigate rock fracture progressive process using FDEM, although it still suffers from mesh 

dependency. Moreover, calibration of the FDEM model is a very time-consuming process 

which will be explained in the next chapter.  
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 Verification and calibration of the GPGPU-

parallelized Y-HFDEM IDE 

The GPGPU-parallelized Y-HFDEM IDE is a recently developed code and there is a 

requirement for verification analysis of the implemented algorithm in addition to assessing the 

ability of the code in simulation of fracturing process under different loading conditions. A 

series of verification analyses are conducted in this chapter. First, the utility of the implemented 

contact damping and the contact friction model are investigated through two numerical 

examples in Sections 4.1 and 4.2, respectively. Then, the input parameters of the code are 

estimated for a relatively homogenous limestone (Savonnières limestone) against experimental 

data obtained from uniaxial compression test (UCS) and Brazilian indirect tensile test (BTS) 

(Section 4.3). In addition, the capability of the code in simulating the dynamic rock fracturing 

process is investigated by 3D simulation of a dynamic Brazilian test (Section 4.4).  Moreover, 

the analysis of the ability of the code in capturing different types of fractures, i.e. mode I, mode 

II and mix mode I-II, is presented in appendix A.   

4.1 Verification of the contact damping model  

To assess the utility of the contact damping model implemented in Chapter 3, a simple impact 

test is modelled using the GPGPU-parallelized Y-HFDEM IDE. The model is same as that 

reported by Mahabadi et al. (2012), and the obtained results are compared with those reported 

in their work. The model consists of a circular elastic body with a radius of 0.1 (m) for 2D 

simulation and a spherical elastic body with a radius of 0.1 m for 3D impacting a fixed rigid 

surface vertically. The elastic bodies are not allowed to fracture in this model. Following the 

literature (Mahabadi et al., 2012), gravitational acceleration is neglected, the density of the 

elastic bodies is 2,700 (kg/m3), and the kinetic energy of the elastic bodies before the impact 

event are 4.1 (kJ) and 565.5 kJ for 2D and 3D, respectively. Because the Lame constants λ and 

µ for the elastic body are not available in the literature (Mahabadi et al., 2012), it is simply 

assumed that λ = µ = 5.0 (GPa) and the damping coefficient η =0. Thus, energy dissipation is 

only due to contact damping. Parametric analyses are conducted by changing the exponent b 

and the transition force T in Eq. (3-17)), and the normal contact penalty Pcon_n between the 

elastic body and the rigid surface. The kinetic energy of the elastic body as a function of time 

is monitored during the parametric analyses. Figure 4-1 (a) and Figure 4-1 (b) compare five 

cases with b values equal to 1, 2, 5, 20 and 30 when T= ∞ and Pcon_n = 0.1 (GPa) for 2D and 
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3D model, respectively. The case with b = 1 corresponds to elastic contact, and thus no energy 

dissipation due to contact occurs. The small decrease in the kinetic energy occurs after the 

impact event because a small amount of the kinetic energy is converted to the strain energy of 

the elastic body. By changing the values of b, the amount of kinetic energy dissipated from the 

system increases. This behaviour is the same as that reported in the literature (Mahabadi et al., 

2012) using a sequential FDEM. Cases with different values of Pcon_n (= 0.1 (GPa) and 10 

(GPa)) when b = 2 and T= ∞ show that the same b does not result in the same energy dissipation 

when Pcon_n differs, which is a reasonable outcome because the maximum value of the 

nominal normal overlap on_max in Eq.(3-18) during the impact event does change when 

Pcon_n changes (Munjiza, 2004). However, this detail is not reported or explained in the 

literature (Mahabadi et al., 2012). Likewise, cases with different values of T (= ∞ and 1 MPa) 

when b = 2 and Pcon_n = 0.1 GPa show a different amount of energy dissipation, which can 

also be explained by the change in on_max. Thus, it is verified that the contact detection and 

computation of fcon are properly processed in the GPGPU code. 

 

Figure 4-1. Contact damping verification: (a) 2D model configuration, (b) 3D model configuration 
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4.2 Verification of the contact friction model 

To assess the accuracy of the contact friction model implemented in Chapter 3, a simple sliding 

test, which was originally suggested by Xiang et al. (2009) as a 2D problem, is modelled, and 

the obtained results are compared with those from theoretical analyses. The model consists of 

a simple rock square with a length of 5 cm for 2D and a cube with dimension of 5 cm sliding 

along a fixed plane with a friction coefficient of μfric = 0.5. The rock square and cube are 

assigned an initial velocity, which varies from 1 m/s to 6 m/s. With each initial velocity, the 

cube slows and stops due to the friction between the sliding cube and the rigid base. 

Theoretically, the sliding distance can be defined as a function of the initial velocity (vi), 

gravitational acceleration (g) and the friction coefficient (μfric) through Eq (18).  

      ( )2

 fric/ 2  iL v g=  (4-1) 

Figure 4-2 shows an excellent agreement between the numerical simulation and the theoretical 

solution from Eq. (4-1), which validates the accuracy of the implemented contact friction model.  

 

Figure 4-2. Contact friction verification: (a) 2D model configuration, (b) 3D model configuration 

4.3 Calibration of 2D and 3D FDEM input parameters against laboratory tests under 

quasi-static loading conditions 

Calibration of input parameters is a key step in numerical simulation and it is a prerequisite 

stage before the application of the numerical method in simulation of real problems. One of the 

downsides of FDEM is a relatively large number of input parameters for simulations, which 

makes the calibration process very time consuming and complicated. FDEM simulates 

macroscopic failure behaviour of materials based on the defined micro-mechanical parameters 

for finite and cohesive elements. In rock mechanic field, numerical models are usually 
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calibrated against UCS and BTS tests. Results obtained from laboratory tests on Savonnières 

limestone are used in this study which are summarised in Section 4.3.1. The calibrated set of 

parameters obtained from calibrated procedure needs to be able to simulate mechanical 

response of material, strength of material, deformation of material and resulted fracture pattern 

correctly in a way close to those from laboratory experiments. The calibration procedure 

undertaken in this research is explained in Section 4.4.  

4.3.1 Rock properties from laboratory tests 

In this study the data obtained from two standard rock mechanics laboratory tests, the UCS test 

and BTS test, of Savonnières limestone are used to determine micro input parameters of for 2D 

and 3D FDEM and study the failure process of limestone under quasi static loading condition. 

A total number of 6 BTS specimen were prepared from the rock core with a diameter of 51.7 

mm according ASTM guideline (D3967-16, 2016), while results of UCS tests conducted by 

CSIRO on same rock samples were used in this study.  The height to diameter ratio in UCS 

and the thickness to diameter ratio of disks in BTS were selected 2.5 and 0.5, respectively. 

Figure 4-3 (a) represents the typical indirect tensile stress-axial strain curve from BTS test and 

resulted fracture pattern. As shown, two electrical resistivity strain gauges with a length of 10 

mm were mounted on one side of the disks in horizontal and axial directions, to measure the 

strain changes in two directions.  The other side of the disks were pained for full field strain 

observation using Digital Image Correlation (DICe) technique, which will be explained later 

in this section. The average BTS strength was determined to be 1.77 MPa with a standard 

deviation of 0.14 MPa.  Figure 4-3 (b) represents the typical uniaxial stress-axial strain curve 

from UCS test and resulted fracture pattern. The axial and radial strain were measured using 

same strain gauges as those for BTS test. The average UCS strength was determined to be 16.7 

MPa with a standard deviation of 2.06 MPa. Table 4-1 summarises the rock material properties 

obtained from the tests. Additionally, scanning electron microscopy (SEM) technique is 

employed to capture the microscopic structure of the target rock. Figure 4-3 (c) shows the micro 

structure of Savonnières limestone, and as it can be seen the grain size mainly ranges between 

100-700 µm.  
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Figure 4-3. Results of laboratory tests on Savonnières limestone: (a) Typical strain-indirect tensile stress curve 

and fracture pattern for BTS, (b) Typical strain- stress curve and fracture pattern for UCS, (c) Typical strain- 

stress curve and fracture pattern for UCS, (c) grain scale  
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Table 4-1: Obtained results from laboratory tests 

Rock property Unit Mean valu± std. dev 

Dry density Kg/m3 1800±20 

Nominal grain size mm 0.1 to 0.5 mm 

Elastic modulus GPa 12.2±0.16 

Poisson’s ratio - 0.25±0.01 

Indirect tensile strength MPa 1.8±0.1 

Unconfined compressive strength MPa 16.67±2.06 

Internal friction angle ° 25 

Cohesion MPa 5 

Mode I fracture toughness MPa.m1/2 0.45 

4.4 Calibration of 2D and 3D FDEM input parameters against laboratory tests under 

quasi-static loading conditions 

A reliable FDEM simulation of rock fracturing process only comes through a correct 

calibration process based on the principal of CZM. The calibration process of FDEM is the 

determining of micro-mechanical parameters in code for correct simulation of the microscopic 

failure of rock (Tatone and Grasselli, 2015). A relatively high number of input variables makes 

the model calibration process time consuming. A good understanding of the effect of each 

parameters can help user to calibrate the model efficiently. For 2D FDEM, Tatone and Grasselli 

(2015) classified input parameters into four categories. To make the calibration process simple, 

here the parameters are categorized into two major groups. The parameters in the first group 

are those influencing the mechanical response of the rock and the resultant force from contact 

interactions, i.e. Young’s modulus (E), density (ρ), Poisson's ratio (ν), contact penalties (Pn_con 

and Ptan_con), and penalty terms of cohesive elements (Popen, Ptan, and Poverlap). The second group 

of parameters are those ones that control strength of material or cohesive elements and resulted 

failure process including the tensile strength (Ts), cohesion (c), internal friction angle (ϕ), Mode 

I (GfI) and II (GfII) fracture energies. From the first category, the value of bulk parameters, i.e. 

E, ν and ρ, could be set directly from othe btained results from laboratory measurements, while 

the penalty numbers are required to be determined appropriately to simulate the elastic 

behaviour of rock correctly. After determining penalty numbers (Section 4.4.1), the second 

group of parameters can be determined by comparing contact force history and fracture patterns 

from numerical simulations with those obtained from laboratory tests (Section 4.4.2).    

4.4.1 Calibration of contact penalties and penalty terms  

Ideally, the value of penalty terms should be infinity to satisfy the elastic (intact) behaviour of 

rocks according to Eq. (3-1), resulting in the requirement of the infinitesimal Δt. Therefore, 

reasonably large values of the artificial penalty terms of cohesive elements compared to the 
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Young’s modulus or Lame constants are required because it is impossible to use infinity in 

actual numerical simulations. Otherwise, the intact behaviour of the bulk rock shows 

significantly different (i.e., softer) behaviour from that specified by Eq. (3-1), and the elastic 

constants used in these elastic constitutive equations completely lose their meanings. Figure 

4-4 compares resulted axial stress-strain curve for different combinations of contact penalties 

and penalty terms (Table 4-2) in simulation of UCS, which are selected proportional to the 

magnitude of Young’s modulus, for a UCS test simulation. As it is evident penalty terms play 

important role in modelling of elastic behaviour and small values, i.e. 1 and 10 times of 

Young’s modulus, cannot model elastic part of the curve appropriately, while contact penalties 

can set to the 1 times of Young’s modulus. By increasing the value of penalty terms to 100 and 

1000 times of Young’s modulus, the target elastic behaviour can be simulated. For calibration 

purpose, the value of contact penalty numbers can be set to 1 times of Young’s modulus, while 

the penalty terms are required to be more than 100 times of Young’s modulus. The best 

combination has to satisfy the elastic behaviour with an appropriate time step. Because large 

values of contact penalties and penalty terms can cause numerical instability, which eventually 

result in decrease of time step.  For the simulated limestone, the contact penalties are set to 1 

times of Young’s modulus, and Popen and Ptan are 100 times of Young’s modulus while Poverlap 

is 1000 times of Young’s modulus.  

 

Figure 4-4. Variation of material stiffness with different combinations of contact penalties and penalty terms 
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Table 4-2: combination of different values of contact penalties and penalty terms (E is the value of the Young’s 

modulus) 

Combination Contact penalties Penalty terms 

C Pn_con Ptan_con Popen Ptan Poverlap 

C1 1 E 1 E 1 E 1 E 1 E 

C2 10 E 10 E 1 E 1 E 1 E 

C3 1 E 1 E 1 0E 10 E 10 E 

C4 10 E 10 E 10 E 10 E 10 E 

C5 1 E 1 E 100 E 100 E 100 E 

C6 10 E 10E 100 E 100 E 100 E 

C7 1 E 1 E 1000 E 1000 E 1000 E 

C8 10 E 10 E 1000 E 1000 E 1000 E 

C9 1 E 1 E 10000 E 10000 E 10000 E 

C10 10 E 10 E 10000 E 10000 E 10000 E 

 

4.4.2 Calibration of strength parameters  

The next step after selecting appropriate values for contact penalties and penalty terms is to 

calibrate the second group of parameters which control fracturing process. These parameters 

include the strength parameters, i.e., tensile strength Ts, cohesion c and internal friction angle 

φ, and the fracture energies, GfI and GfII, of the numerical model, which need to be calibrated 

by trial and error. To calibrate these parameters, a series of FDEM simulations should be 

conducted to achieve an acceptable match between the numerical and experimental results. 

Both the peak failure load and fracture patterns from numerical simulations are required to be 

in a reasonable agreement with those from UCS and BTS tests. This stage is the most important 

and time-consuming part of the calibration processes.  

The calibration process of fracture parameters is a trial and error process, however; a good 

understanding of the effect of each parameter can help user to find the appropriate parameter 

combination easier. Measured values from laboratory tests for the tensile strength Ts, cohesion 

c and internal friction angle φ can be used as initial ones in calibration. Moreover, Eq. (4-2) 

could give a primary estimation of mode I fracture energy (Bazant and Planas, 1997), while 

Eq. (4-3) could estimate an initial value for fracture toughness mode I (𝐾𝐼𝑐) in the absence of 

laboratory measurement of mode I fracture toughness (Zhang, 2002). 

 𝐺fI =
𝐾Ic

2

𝐸
    (4-2) 

 𝐾Ic =
𝜎t

6 88
    (4-3) 

where E is Young’s modulus, 𝐺fI is the and mode I fracture energy, 𝜎t is the tensile strength 

obtained from Brazilian test, and 𝐾Ic is the mode I fracture toughness.  
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From the literatures, the primary value for mode II fracture energy could be 𝐺fII =  −1 𝐺fI 

(Mahabadi, 2012; Lisjak, 2014; Tatone , 2014), and the friction coefficients on rock-to-rock 

and rock-to-metal surfaces can assumed to be 0.5 and 0.1, respectively. Although all the 

strength parameters influence obtained results, mode II fracture energy, cohesion and internal 

friction angle are the parameters which affect both peak failure load and fracture pattern 

significantly. It is because of the interlocking of elements, in which any failure needs even 

small amount of sliding between the elements which is governed by the mode II fracture energy 

and cohesion. The initial values of fracture parameters can be assigned equal to those obtained 

from laboratory tests. A series of UCS and BTS simulations are required to be done by 

changing input variables to achieve desirable results. A procedure of calibration is explained 

by Tatone and Grasselli (2015), which can be followed to estimate the value of input 

parameters. However, it should be noted that it is unlikely to capture pure mode I and mode II 

fracture while unstructured elements are used because the type of failure is a function of local 

orientation of elements in addition to loading condition and fracture parameters. This matter is 

explained further in next chapter. Moreover, element size is another effective factor which can 

affect peak failure strength. Liu and Deng (2019) investigated the effect of the element size 

and sample size on the basis of 2D FDEM simulations of UCS and BTS tests. This study has 

shown that the maximum element size is a function of specimen size in FDEM simulation of 

rock mechanics tests, i.e. UCS, BTS and triaxial compression tests.    Therefore, the average 

size of elements, in this study, is selected based on the reported result by Liu and Deng (2019), 

and the calibration of 2D and 3D models against experimental data has been conducted 

according to the above procedure.  
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4.4.3 Simulation of UCS test 

The geometries of 2D and 3D UCS models are shown in Figure 4-5. The average edge length 

of the TRI3s and TET4s is set to 0.7 mm and 1.5 mm, respectively.  

 

Figure 4-5. The geometry of the UCS model: a) 2D FDEM, b) 3D FDEM 

Rock specimen were loaded axially under an effective loading rate of 0.1 m/s to satisfy quasi 

static loading condition (Liu and Deng, 2019). Table 4-3 lists calibrated input parameters, using 

the procedure outlined in Section 4.4.2, for Savonnières limestone which are used in following 

simulations.  

Table 4-3: Calibrated input parameters for 2D and 3D modelling 

Parameter Unit 2D 3D 

Density (ρ) kg/m3 1800 1800 

Young’s modulus (E) GPa 12.2 12.2 

Poisson’s ratio (ν) - 0.25 0.25 

Tensile strength (Ts) MPa 1.77 1.2 

Cohesion (c) MPa 5 4.45 

Internal Friction angle of intact rock (φ) ° 24 25 

Mode I fracture energy (GfI) J/m2 16 2.0 

Mode II fracture energy (GfII) J/m2 160 26.5 

Normal contact penalty number (Pn_con) GPa 1220 1220 

Tangent contact penalty number (Ptan_con) GPa/m 1220 1220 

Fracture penalty numbers (Pf, Ptan, Poverlap) GPa 12200 12200 

Average element size (have) mm 0.7 1.5 

Critical viscous damping factor (η) kg/(m.s) Critical Critical 

129.5 mm
51.7 mm

129.5 mm

Number of TRI3s 44814 

Number of CE4s 66810 

Number of TET4s 695428 

Number of CE6s 1298343 

 

(a) (b) 

Number of TRI3s 44814 

Number of CE4s 66810 

Number of TET4s 695428 

Number of CE6s 1298343 
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Figure 4-6 (a)-(c) shows the modelled 3D progressive rock failure process in terms of the 

distributions of the minor principal (mostly compressive) stress (upper row) and the damage 

variable (lower row) at different loading stages (points A, B and C in Figure 4-6 (d)) in the 

FDEM simulation of the UCS test. Figure 4-6 (d) shows the obtained axial stress versus axial 

and lateral strain curve. It can be seen from Figure 4-6 (a) that the stress and damage 

distribution in the sample at the stage before the onset of nonlinearity in the axial stress versus 

axial strain curve (point A in Figure 4-6 (d)). As the loading displacement continues, the growth 

of unstable microscopic cracks commences and continues until the peak stress of the stress-

strain curve is reached (point B in Figure 4-6 (d)). Subsequently, the microscopic cracks 

coalesce to form macroscopic cracks, which results in the loss of bearing capacity of the bulk 

rock, and the axial stress begins to decrease with increasing strain. Finally, the formed 

macroscopic cracks propagate further, resulting in the complete loss of the rock’s bearing 

capacity (point C in Figure 4-6 (d)). Although the formation of the shearing planes is evident 

in Figure 4-6 (c), it must be noted that mixed mode I-II fractures are the dominant mechanism 

of rock fracturing, which will be explained in detail in chapter 5.  
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Figure 4-6. 3D modelling of the UCS test under quasi-static loading. (a) Initiation and propagation of 

microscopic cracks before the peak stress, (b) unstable crack propagation at the peak stress, (c) post-failure 

fracture pattern, and (d) axial stress versus axial and lateral strain curve 

Figure 4-7 illustrates the rock fracture process in the uniaxial compression test modelled using 

the Y‐HFDEM IDE 2D. The process is same as explained for 3D simulation.  
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Figure 4-7. 2D modelling of the UCS test under quasi-static loading. (a) Initiation and propagation of 

microscopic cracks before the peak stress, (b) unstable crack propagation at the peak stress, (c) post-failure 

fracture pattern, and (d) axial stress versus axial and lateral strain curve 

4.4.4 Simulation of BTS test 

The simulation of the BTS test have been conducted using same input parameters, as listed in 

Table 4-3, and elements size as used for UCS test simulations. The geometry of models for 2D 

and 3D simulations are shown in Figure 4-8. Since the element size in 3D simulation is 

relatively larger than 2D, a curve platen is selected to provide more contact area at platen-rock 

contact region. The radius of platen is 1.5 times of rock based on the ISRM suggestion 

(Bieniawski and Hawkes, 1978). The loading rate for both 2D and 3D BTS test simulations is 

0.02 m/s.  
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Number of TRI3s  10828 

Number of CE4s  27252 
 

Number of TETs 187852 

Number of CE6s 348152 
 

Figure 4-8. The geometry of the BTS model: a) 2D FDEM, b) 3D FDEM 

Figure 4-9 illustrates the modelled 3D progressive rock failure process in terms of the 

distributions of the horizontal stress, σxx, and the damage variable D in Eq. (3-9) at different 

stages (points A, B and C in Figure 4-9 (d)) in the FDEM simulation of the BTS test. Figure 

4-9 (d) shows the obtained indirect tensile stress versus axial strain curve. As the loading 

displacement gradually increases, a uniform horizontal (tensile) stress (σxx) field gradually 

builds up around the central line of the rock disk. Figure 4-9 (a) shows that although some 

microscopic damage, D<<1, appears in the rock disk near the loading platens due to stress 

concentrations, there is no macroscopic crack (i.e., CE6s with D = 1). Once the peak indirect 

tensile strength of the rock (point B in Figure 4-9 (d)) is reached, macroscopic cracks form 

around the central line of the rock disk due to the coalescence and propagation of microscopic 

cracks. As shown in Figure 4-9 (b), the macroscopic crack that causes the splitting failure of 

the rock disk nucleates slightly away from the exact centre of the disk. The reason for the 

nucleation of this vertically off-centre macroscopic crack is that the curved loading platens 

provide a relatively narrow contact strip; accordingly, an off-centre horizontal stress 

concentration first develops within the rock disk, which is consistent with the location of the 

macroscopic crack nucleation in Figure 4-9 (b). This phenomenon was also addressed by 

Fairhurst (1964) and Erarslan et al. (2012), who further pointed out that a wider contact strip 

was required to ensure near-centre crack initiation in a BTS test with curved loading platens. 

Moreover, Li and Wong (2013) conducted strain-stress analyses of a 50-mm-diameter rock 

disk in BTS tests using FLAC3D and pointed out that the maximum indirect tensile stress and 

57.1 mm
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strain were located approximately 5 mm away from the two loading points along the central 

loading diameter of the rock disk. Nearly the same results are observed in Figure 4-9 (b); most 

importantly, the vertically off-centre macroscopic cracks are captured explicitly. Moreover, 

Figure 4-10 compares the simulated stress distributions along the diameter of the rock disk in 

the middle and on the surface (i.e., lines AB and CD, respectively) with the analytical solution 

of Hondros (1959), where y and r represent the vertical distance from the centre and the rock 

disk’s radius, respectively. It can be seen from Figure 4-10 that the stress distribution on the 

surface of the rock disk differs from that in the middle plane, which is consistent with Hondros’ 

solution based on the plane strain assumption. In other words, Hondros’ solution is invalid for 

the stress distributions on the surface of the rock disk, especially the tensile stress 

concentrations in the regions near the loading platens, which are clearly depicted in Figure 

4-10. The local tensile stress concentrations in the regions near the loading platens on the 

surface of the rock disk explain the nucleation of the off-centre macroscopic cracks modelled 

in Figure 4-9 (b), which will not be possible if 2D plane-strain modelling is conducted. As the 

loading platens continue to move toward each other, the resultant macroscopic cracks 

propagate and coalesce to split the rock disk into two halves Figure 4-9 (c), and the stress-strain 

curve decreases toward zero during the post-peak stage (i.e., line BC in Figure 4-10).  
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Figure 4-9. 3D simulation of the fracturing process of rock in the Brazilian test under quasi-static loading: (a) 

distributions of the horizontal stress and microscopic damage before the peak stress, (b) distributions of the 

horizontal stress, microscopic damage and macroscopic cracks at the peak stress, (c) distributions of the 

horizontal stress and macroscopic fracture pattern in the post-failure stage, (d) Brazilian indirect tensile stress 

versus axial strain curve and 
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Figure 4-10. Comparison between the 3D simulated stress distributions and those from Hondros’ solution 

(Hondros, 1959) along the loading diameter in the middle plane and on the surface of the disk 

Similarly, the result of 2D FDEM simulation of BTS test is given in Figure 4-11 (a-d). As seen 

from Fig. 14, at the stress labelled by point A (Figure 4-11(d)), i.e., before the peak stress, 

microcracks/damages are initiated and propagate near the loading areas (Figure 4-11 (a)). Once 

the resultant stress (point B in Figure 4-11 (d)) reaches the peak strength of the rock, the macro-

crack, i.e., the splitting crack, then appears around the central line of the model due to the 

coalescence of microcracks (Figure 4-11 (b)). Finally, the stress–strain curve decreases rapidly 

during the post-failure stage (e.g., point C in Figure 4-11 (d)) when the splitting crack 

propagates along the sub-central line of the rock specimen dividing it into two halves (Figure 

4-11 (c)). Figure 4-12 compares the simulated stress distributions along the diameter of the 

rock with Hondros’ solution. Figure 4-12  shows that the stress distribution around the middle 

of disk is consistent with Hondros’ solution (Hondros, 1959) based on the plane strain 

assumption. However, similar to 3D BTS simulation there are areas with concentration of 

tensile stress near the loading platens, which are clearly depicted in Figure 4-12.  
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 Figure 4-11. 2D simulation of the fracturing process of rock in the Brazilian test under quasi-static 

loading: (a) distributions of the horizontal stress and microscopic damage before the peak stress, (b) 

distributions of the horizontal stress, microscopic damage and macroscopic cracks at the peak stress, (c) 

distributions of the horizontal stress and macroscopic fracture pattern in the post-failure stage, (d) Brazilian 

indirect tensile stress versus axial strain curve and 
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Figure 4-12. Comparison between the 2D simulated stress distributions and those from Hondros’ solution 

(Hondros, 1959) along the loading diameter in the middle of the disk 

4.5 Discussion of the obtained results from UCS and BTS tests simulations  

4.5.1 UCS test 

The results of UCS and BTS simulations were presented in previous section. Figure 4-13 (a) 

compares obtained stress-strain curves from numerical simulations with those from 

experiment. It can be seen that, obtained results from 2D and 3D simulations are in a good 

agreement with those from laboratory test, although 3D model provide higher strength (7%) in 

comparison with 2D simulation and experiment which are in a very good agreement. The 

reasons of the differences are discussed later in Section 5.4.1. Figure 4-13 (a) compares final 

fracture pattern obtained from the numerical simulation with those from the laboratory 

experiment. It is clear that, the shearing plane can be captured using both 2D and 3D 

simulations, which are the results of the initiation and propagation of micro cracks along 

loading direction leading to the propagation of unstable macro cracks and finally resulting in 

creation of shearing planes. Based on the captured fracture patterns it is obvious that obtained 

fracture patterns from 3D FDEM is closer to experimental observations. It could be due to the 

fact that rock fracturing process under uniaxial condition is essentially a three-dimensional 

problem in which its complexity cannot be captured fully through 2D simulation. Moreover, 

the angle between the final failure plane and direction of axial load varies between 20-30 

degrees, which is in agreement with the experimental observations conducted for this research 

and those reported in literature (Paterson and Wong, 2005a). Finally, the numerical results 

show that mixed mode I-II failure is the dominant mechanism during the nucleation, 

propagation and coalescence of the splitting macroscopic cracks, which is due to the 
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unstructured mesh used in the FDEM modelling. This matter will be explained in detail in next 

chapter.   

  

Figure 4-13. (a)Comparison between obtained strain-stress curve from experiment and numerical simulations, 

(b) comparison between captured fractur pattern from experiment and numerical simulations 

4.5.2 BTS test 

Figure 4-14 compares obtained indirect tensile stress versus axial displacement curves from 

2D and 3D models. The 3D model shows a stiffer behaviour while the peak tensile stress is 

4.8% lower than the value observed in experiments. The same difference between 2D and 3D  

BTS simulation can be found in reported 3D FDEM BTS simulation by Lisjak et al. (2018), in 

which the 2D BTS simulation results reported by Tatone (2014) was reproduced using 3D 

FDEM. The stiffer behaviour is due to the more complicated elements interlocking in 3D 

model, which are discussed in the effect of meshes in Section 5.4.1. Moreover, the peak tensile 

stress from the 2D model is very close to that observed in experiments.  
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Figure 4-14. Comparison between indirect tensile stress versus axial displacement curves for the simulated 2D 

and 3D BTS 

To compare and validate stress and strain localization in BTS models with experimental 

observations, digital image correlation technique was employed for three BTS tests. Digital 

image correlation (DICe) is a contactless optical technique which facilitates full-field strain 

and displacement observations on a specimen surface. The whole system consists of a high-

speed camera, its acquisition system and an image processing software. This technique can 

provide useful information about strain localization which can be considered as the signature 

of the crack growth (Zhang et al., 2013a). The applicability of this method on observation of 

strain localization in Brazilian test has been reported in literatures (He et al., 2018; Stirling et 

al., 2013). In this study two-dimensional DIC is employed to investigate strain localization on 

rock surfaces before the final splitting failure in Brazilian test. Principally, two-dimensional 

DIC is an accurate technique when an in-plane mechanical loading is acted on a planar 

specimen (Yasmeen et al., 2018). The details of DIC principles is available in  (Sutton et al., 

2009), and here just the process of sample preparation and experiment setup is explained.  

To prepare sample, one side of the specimen was painted by random black speckle patterns 

with white background without any light reflection (Figure 4-15 (a)). The deformation of 

specimen was observed using a Phantom V2011 high-speed camera with the 1280 x 800 

resolution at 400 fps frequency, while data acquisition system collected data from loading 

frame. Based on the selected resolution each pixel represents 66.5 µm in captured pictures, 

which is a good deal in observation of small displacements in rock. Two stable light sources 

were employed to illuminate the specimen. The arrangement of equipment is shown in Figure 

4-15 (b). These experiments are conducted at University of Queensland.   
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The analysis was conducted using DICe image correlation tool (DICe, 2015). For the analysis 

a step size of 9 pixels was selected, while a subset size of 51 × 51 with a 50 % overlap ratio 

and 9 × 9 strain window were selected. Figure 5 shows the horizontal strain localization on 

rock surface before denial splitting. Moreover, it can be seen that strain localization has been 

occurred mainly near the platens, as has been pointed out in literatures (Li and Wong, 2013). 

 

Figure 4-15. (a) Painted specimens with a typical speckle pattern, (b) Equipment arrangement for DIC 

observation 

 Figure 4-16 (a) shows the captured strain localization before rock failure using DIC. It can be 

seen that the strain localization occurs in the areas near the platens rather than the centre of the 

specimen. Moreover, strain localization can be considered as a signature of localized 

deformation and cracking (Borja et al., 2000).  Therefore, obtained results is in agreement with 

the finding reported by Li and Wong (2013) which states that the crack initiates in the areas 

near platens rather than the middle of the specimen in BTS test. Figure 4-16 (b-c) compare 

obtained horizontal and vertical stress distributions in 2D and 3D models with Hondros’ 

solution, respectively. Figure 4-16 (b) show that horizontal stress concentration occurs near the 

platens in both 2D and 3D simulations, which is in a good agreement with DIC observations. 

Moreover, vertical stress distribution in 2D and 3D models are in a good agreement.  
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Figure 4-16. (a) Obtained strain localization from DIC, (b) Comparison horizontal stress distributions loading 

diameter for the 2D and 3D BTS simulations, (c) Comparison horizontal stress distributions loading diameter 

for the 2D and 3D BTS simulations 

Figure 4-17 compares simulated fracture pattern using 2D and 3D FDEM with typical fracture 

pattern observed in laboratory tests. It can be seen that in both 2D and 3D model macroscopic 

splitting cracks are initiated and propagate approximately along the central line of the Brazilian 

disc, which are formed due to the accumulation, propagation and coalescence of the initiated 

microcracks. Moreover, shear failure which occurs around the loading platens (Figure 4-17 (c)) 

also could be captured correctly in both 2D and 3D FDEM simulations. From the discussion 

above, it can be seen that the FDEM simulation using Y-HFDEM code can realistically model 

the splitting/tensile failure process of rock in the BTS test.  
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Figure 4-17. Final fracture pattern (a) 2D BTS simulation, (b) 3D BTS simulation, (c) typical failure pattern 

from tests  

4.6 3D modelling of the fracturing process of rock under dynamic load 

To validate the capability of the code in simulation of dynamic fracturing of rock, a 3D dynamic 

BTS test is modelled dynamic fracturing of Fangshan marble in this section. Results of  

dynamic BTS tests of Fangshan marble with a SHPB apparatus reported by Zhang and Zhao 

(2013) is used for simulation. The marble consists of dolomite (98%) and quartz (2%), and the 

size of the minerals ranges from 10 μm to 200 μm with an average dolomite size of 100 μm 

and an average quartz size of 200 μm (Zhang and Zhao, 2013). The marble can be considered 

a homogeneous and isotropic rock, which is ideal to avoid the complexity intrinsic to highly 

anisotropic rocks such as granite. The detailed procedure of the dynamic BTS test can be found 

in the literature (Zhang and Zhao, 2013), and the test is briefly summarized here. As illustrated 

in  Figure 4-18 (a), a metal projectile called a striker is first accelerated by a gas gun, and the 

striker impacts one end of a long cylindrical metal bar called an incident bar (IB). Upon the 

impact of the striker on the IB, a dynamic compressive strain wave (εinci) is induced in the IB. 

The εinci propagates toward the other end of the IB, on which the target marble disk is placed. 

When the εinci arrives at the interface between the IB and the marble disk, some is reflected as 

a tensile strain wave (εrefl), and remaining portion is transmitted into the marble disk as a 

compressive strain wave (εtans_rock). The εtans_rock then propagates toward the interface between 

the marble disk and one end of another long cylindrical metal bar called a transmission bar 

(TB). When the εtans_rock arrives at the interface, the marble disk is subjected to dynamic loading 

(i.e., compressed by the IB and the TB). In addition, a compressive strain wave (εtans) generated 

in the TB propagates toward the other end of the TB. The diameter and thickness of the marble 

disk used in the experiment were 50 mm and 20 mm, respectively. The lengths of the IB and 

the TB were 2 m and 1.5 m, respectively, and the diameter of both the IB and the TB was 50 

Shear failure  Shear failure  

(a) (b) (c) 
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mm. Strain gauges are attached on the surface of the IB and the TB 1 m from the interfaces 

between the marble disk and each bar to measure the time history of the axial strain in the IB 

(to measure εinci and εrefl) and the TB (to measure εtrans). Assuming 1-dimensional (1D) stress 

wave propagation in each bar without wave attenuation, the axial stresses on the metal bars 

(i.e., σinci, σrefl and σtans) are calculated by multiplication of the measured axial strains (εinci, εrefl 

and εtrans) by the Young’s modulus of each bar. In practice, the axial compressive force fIB in 

the IB is calculated from the superposition of the wave shapes corresponding to σinci and σrefl, 

whereas the axial compressive force fTB in the TB is directly calculated from σtans (Figure 4-18  

(b)). Thus, the axial compressive forces fIB and fTB can be obtained by multiplication of (σinci-

σrefl) and σtans by the cross-sectional areas of each bar. By ensuring that the time histories of the 

axial compressive forces fIB and fTB are nearly equal up to the peak, the dynamic indirect tensile 

stress can be defined at the center of the marble disk using the theory applied to the BTS test 

due to quasi-static loading conditions. Satisfying these conditions is equivalent to achieving 

dynamic stress equilibrium in the marble disk. The experimental results in Figure 4-18 (b) 

satisfy the dynamic stress equilibrium state, and the corresponding loading rate is 

approximately 830 GPa/s (Zhang and Zhao, 2013). The peak value of the dynamic indirect 

tensile stress is called the dynamic indirect tensile strength. Due to this dynamic indirect tensile 

stress, the marble disk is dynamically split into two halves due to the formation of blocky 

fragments near the diametrical center line and numerous shear fractures near the impact region 

by the IB and the TB. The dynamic indirect tensile strength calculated under these conditions 

was 32 MPa, which was significantly higher than the quasi-static indirect tensile strength of 

9.5 MPa (Zhang and Zhao, 2013). The fracture pattern obtained after the test is shown in Figure 

4-18 (c). In an attempt, this chapter aims in simulation of the dynamic rock fragmentation under 

the explained test conditions.  
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Figure 4-18. (a) Configuration of the SHPB system (modified after Fig. 3 in Zhang and Zhao (2013)), (b) 

achievement of dynamic equilibrium between the axial forces in the IB and the TB (modified after Zhang and 

Zhao (2013)) and (c) failure patterns of the marble specimen at a dynamic load rate of 830 GPa/s (Zhang and 

Zhao, 2013). 

Figure 4-19 shows the 3D FDEM numerical model for the dynamic BTS test of the marble 

with the entire SHPB testing apparatus modelled explicitly, which consists of 647,456 nodes, 

179,022 TET4s and 314,689 CE6s. The average edge length of the mesh for the rock disk is 

1.3 mm. The experimental evaluation by Brooks et al. (2013) indicates that the sizes of the 

FPZs for Carrara marble (typical grain size 300 μm) and Danby marble (typical grain size 520 

μm) are approximately 2~3 mm and 6 mm, respectively, based on nanomechanical and 

environmental scanning electron microscopic observations. In other words, the size of the FPZ 

is correlated well with the typical grain size. Thus, it can be estimated that the FPZ size of 

Fangshan marble is on the order of 1 mm because the grain size of the dominant mineral (i.e., 

dolomite) is approximately 100 μm, as described above. Thus, the FDEM mesh with an average 

edge length of 1.3 mm used to simulate the Fangshan marble should be fine. Moreover, it 

should be noted that this mesh is finer than the 90,000 TET4s used by Rougier et al. (2014) in 

a 3D numerical simulation of SHPB-based dynamic BTS tests, and the size of the rock disk is 

similar. In the model, the striker is not explicitly modelled, and the prescribed velocity 

corresponding to the impact of the striker is instead applied to the nodes on the left end of the 

IB (Figure 4-19). Once the prescribed velocity reaches zero after the peak, the corresponding 
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IB TB
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nodes are considered to be free nodes; otherwise, an unrealistic stress wave is generated in the 

IB. The shape of the prescribed velocity profile is determined by the time history of the 

measured axial strain profile, εinci, of the strain gauge on the IB. Based on the measured density 

(7,697 kg/m3) and dilatational wave speed (5,600 m/s) of the SHPB bars, the dynamic Young’s 

modulus used for the simulation is determined assuming that 1D stress wave theory (i.e., zero 

Poisson’s ratio) is approximately applicable for stress propagation in the IB and the TB. This 

assumption should be acceptable to the first approximation; otherwise, all of the previous 

publications on dynamic rock experiments using the SHPB lose their meanings. For the elastic 

parameters of the marble, homogeneous and isotropic elasticity is assumed in Eq. (3-2); 

therefore, the effective elastic stiffness CIJKL in Eq. (3-2) is merely given by the Lame constants 

λ and μ. The measured wave speeds of the dilatational wave (6,000 m/s) and shear wave (2,800 

m/s) of the marble along with its measured mass density (2,800 kg/m3) are used to determine λ 

and μ. Thus, the approach for the determination of the elastodynamic parameters is clearly 

different from that used by Mahabadi et al. (2010) and Rougier et al. (2014), who used the 

Young’s modulus and Poisson’s ratio of rock obtained from the quasi-static tests reported by 

Iqbal and Mohanty (2006) and Broome and Pfeifle (2011), respectively, as the input parameters 

for their FDEM simulations. In the case of dynamic simulations, the intact stress wave and its 

wave speed are the most important, and it must be emphasized that the dynamic fracturing is 

just the outcome of the intact stress wave propagation. Thus, the most reasonable approach to 

determine the input elastic parameters should be based on the measured wave speeds of the 

target rock instead of quasi-statically obtained elastic parameters, which often result in 

incorrect wave speeds. In addition, the values of the artificial penalty terms used for the CE6s 

are not explicitly given in the publications described above. As mentioned in sections 4.4.1, 

the artificial penalty terms Pf, Ptan, and Poverlap of the CE6s must be set reasonably high; 

otherwise, the input elastic properties lose their meaning. The conditions of Poverlap = 100Edyn 

and Pf = Ptan = 50Edyn (Edyn is the dynamic Young’s modulus of the marble calculated from the 

aforementioned measured wave speeds of the marble) are used in modelling. The reason for 

using the smaller penalty terms of the CE6s than those used for the case of quasi-static loading 

discussed in Section 4.5 is that using the high values can cause spurious modes in dynamic 

fracturing simulations, whereas the adopted penalty values of the CE6s here ensure that the 

aforementioned measured wave speeds of the marble result in a negligible numerical error. 

Following Mahabadi et al. (2010), the contact penalty Pcon_n = 10Edyn is used for the rock 

surfaces generated by broken cohesive elements and the surfaces between rocks and loading 



 

83 

 

platens. The damping factor η in Eq. (3-3) is assumed to be 104 Pa∙s to filter out waves with 

excessively high frequencies that result in spurious modes. It should be noted that even η = ηcrit 

does not result in significant damping in the time range of interest in the current dynamic 

simulation, and the effect of η can be considered as a filtering function of high-frequency noise 

that results in spurious modes. Similar to Rougier et al. (2014), a dynamic Coulomb type 

friction law is used for the contact friction instead of Eq. (3-18), and fcon_tan does not need to be 

specified. The dynamic friction coefficients μfric_dyn on the rock surfaces generated by broken 

cohesive elements and the surfaces between rocks and loading platens are assumed to be 0.6 

and 0.1, respectively, according to (Mahabadi et al., 2010) and Rougier et al. (2014).  

 

   Figure 4-19. 3D FDEM model for the SHPB-based dynamic BTS test with velocity boundary conditions 

applied on the one end of the IB 

In the FDEM simulation of dynamic fracturing, the most challenging task is to correctly set the 

parameters governing the rock fracturing process, and the lack of experimental evidence is still 

significant, especially for the Mode II parameters. The approach used in some previous studies 

(Mahabadi et al., 2010; Rougier et al., 2014) for modelling the dynamic fracturing of rock using 

the FDEM, in which the input parameters such as strengths were obtained from quasi-static 

tests, should be reviewed carefully. In fact, a significant amount of experimental evidence  

clearly shows that with increasing loading rate, both inter-grain fractures (weaker portions of 

the rock) and intra-grain fractures (stronger portions of the rock) occur (Zhang, 2016), which 

indicates that the nominal input strengths for the FDEM simulation should be increased. For 

example, Zhang et al., (1999) and Zhang et al., (2000) investigated rock fracture mechanism 
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under different loading conditions using SHPB and showed that crack branching, fracture 

thoughness and damge energy of rock increase with an increase in loading rate. Meanwhile, 

Zhao et al., (1999) and Li et al., (2000) proved the increasing effect of the loading rate on rock 

strength. On the other hand, increasing the values of the critical opening and sliding 

displacements ot and st in Eqs. (3-13) and (3-14) too much can result in physically unrealistic 

situations in which cohesive tractions still act on the macroscopic (i.e., almost visible) fracture 

surfaces, whereas the CZM is mainly for the modelling of the micro-cracking in the FPZ of 

rocks. In fact, the experimental evidence reported by (Sato and Hashida, 2006) showed that ot 

is roughly 100 μm in the case of Iidate granite. For marble, the linear elastic fracture mechanics 

relation GfI = (KIC)2/Estatic can be used to estimate the value of GfI to be 26.5 J/m2 considering 

its quasi-static Young’s modulus (85 MPa) and quasi-static mode I fracture toughness KIC (1.5 

MPa∙m1/2). Hence, with the aforementioned quasi-static tensile strength (9.5 MPa), a rough 

estimate of ot in Eq. (3-13)is 10 µm in the quasi-static loading case. Then, it is simply assumed 

that the range of ot is expected to be on the order of 10 μm ~ 100 µm in the calibration. Because 

no experimental evidence is available for the value of st in Eq. (3-14) to the best of the authors’ 

knowledge, the relation ot = st is assumed following Rougier et al. (2014). Based on the loading 

rate independence of φ (Yao et al., 2017), the internal friction angle φ is set to 59° from the 

quasi-static test. Finally, we varied the values of the tensile strength Ts and cohesion c under 

the conditions of various ot (= st = 10 µm ~ 100 µm) so the values of εinci, εrefl and εtrans in the 

SHPB bars obtained from the FDEM simulation reasonably match those in the experiment 

(Zhang and Zhao, 2013). For the initial guesses of Ts and c, we started from Ts = 32 MPa from 

the dynamic BTS (Zhang and Zhao, 2013) and c = 42.5 MPa from the dynamic shear strength 

(Yao et al., 2017), both of which correspond to a loading rate of 830 GPa/s. Here, the 

experimental evidence is used, in which the dynamic shear strength shows a similar loading 

rate dependency to the dynamic BTS (i.e., dynamic shear strength ≈ 0.025 × loading rate × 

static shear strength (= 21.7 MPa)). By trial and error, it is found that the calibrated conditions 

of Ts = 30 MPa and c = 65 MPa with ot =st =10 µm results in a good match, including the 

obtained fracture pattern between the FDEM simulation and the experiment; therefore, only 

the simulation results for these conditions are presented. In this model, approximately 

8,242,000 contact couples (i.e., a tremendous number of contact force calculations) must be 

processed in each time step due to the GPGPU parallelization. 

Figure 4-20 shows the modelled dynamic fracturing process of Fangshan marble in the SHPB-

based dynamic BTS using the GPGPU-based 3D Y-HFDEM IDE with the calibrated input 
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parameters. In Figure 4-20, the spatial distribution of σzz (left column), the macroscopic fracture 

pattern (damage D = 1; middle column) and the spatial distribution of D (right column) in the 

rock disk are shown, in which t = 0 is set when the non-negligible strain/stress waves in the IB 

arrive at the interface between the IB and the rock disk. The warmer and colder colors of σzz 

correspond to tensile and compressive stresses, respectively. The impact between the IB and 

the rock disk results in stress propagation from the IB side of the rock disk toward the TB side 

(t = 35 μs). After the arrival of the stress wave at the interface between the rock disk and the 

TB, the dynamic indirect tensile stress field begins to develop due to the dynamically increasing 

loads from both the IB and TB sides, and the stress field shows approximate symmetries with 

respect to the y and z directions across the centre of the disk (t = 70 μs). It is notable that the 

micro-cracking is initiated at this stage in the vicinity of the IB and TB. Then, due to the 

dynamically induced indirect tensile stress field, macroscopic fractures (tension-dominant 

mode I-II fractures) begin to nucleate away from the centre of the disk (i.e., the IB side) and 

propagate approximately in the y-direction (t = 83 μs). In fact, using the digital image 

correlation technique, Zhang and Zhao (2013) evaluated the dynamic strain field that developed 

on one surface of a marble disk, which showed that the large strains (i.e., a macroscopic crack) 

began to develop not from the exact center of the disk but rather slightly away from the center 

toward the IB side (see Fig. 11(f) for the result of the digital image correlation data at 48 μs in 

Zhang and Zhao (2013). The FDEM modelling shows a similar trend to the experimental 

observations. Local crack branching also occurred during microscopic crack propagation from 

the IB and TB sides (t = 83 μs) along with the commencement of macroscopic crack 

propagation from the TB side. It can be seen that the front of the propagating cracks from the 

IB and TB are far from flat which shows another advantage of the 3D modelling. In the 2D 

dynamic simulation conducted by Mahabadi et al. (2010), Osthus et al. (2018) and Godinez et 

al. (2019), all the surface waves on the positive and negative x-planes in Figure 4-20 cannot be 

considered, which makes the interpretation of the 2D simulations very difficult. Finally, these 

microscopic and macroscopic cracks coalesced and formed the resultant splitting macroscopic 

fracture plane (t = 98 μs). Furthermore, in contrast to the BTS test under quasi-static loading, 

in which stress can be released through the opening of splitting fractures, the induced stress in 

the dynamic BTS test cannot be released completely in such a short time due to the high-speed 

loading by the IB and TB. In addition, the shear-dominant mixed mode I-II fractures result in 

the formation of crushed zones near the IB and TB, which contribute to the stress release 

process. The reason for the formations of shear-dominant mixed mode I-II fractures in the 
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unstructured mesh. With the splitting fractures interacting with the crushed zones, a blocky 

rock fragment is also generated (t = 98 μs), which was not found in the BTS test under quasi-

static loading conditions. The comparison of the resultant fracture pattern at t = 98 μs with the 

experimental pattern in Figure 4-18 (c) indicates that the FDEM modelling shows a good 

correspondence with the experiment in terms of the formation of the splitting central cracks, 

the crushed zones near the IB and TB and the blocky rock fragments along the centreline.  

 

Figure 4-20. 3D modelling of the dynamic fracturing process of marble in the SHPB-based dynamic Brazilian 

test: distribution of σzz (left column), distribution of macroscopic cracks (damage D = 1) (middle column) and 

distribution of damage D (right column). Note that t = 0 is set when the stress wave in the IB arrives at the 

interface between the IB and the rock disk 

Figure 4-21 (a) and (b) compare the time histories of εinci and εrefl in the IB and εtrans in the TB 

obtained from the experiment and the calibrated FDEM simulation. Because the momentum 

bar is not modelled in the FDEM simulation, the profile of εtrans in the TB is only shown at the 

time when εtrans drops to zero after the 1st peak; a comparison between the FDEM simulation 
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and the experiment after this time has no meaning. The calibration and comparison are 

performed using the axial strains instead of the axial stress/force because the authors have 

difficulty in interpreting the Young’s modulus used for the conversion from the strain to stress 

in the IB and TB. In the FDEM, the elastodynamic parameters (i.e., the Lame constants) that 

satisfy the wave speed of the SHPB bars are used; thus, the stress should be interpreted as the 

dynamic stress. In contrast, the quasi-statically obtained Young’s moduli of the IB and the TB 

have conventionally been used for the most SHPB experiments to convert the measured axial 

strain to the axial stress. However, if we use the quasi-statically obtained Young’s moduli of 

the IB and the TB for the FDEM simulation, the wave speed in the FDEM simulation becomes 

incorrect. Therefore, the axial strains in the IB and the TB are used for the calibration. The 

results show that the FDEM simulation is well calibrated against the measured strain profile, 

which demonstrates that the modelled results of the SHPB-based dynamic BTS test from the 

GPGPU-parallelized Y-HFDEM agree well with those from the experiment.  

 

Figure 4-21. Comparison between numerically simulated and experimentally measured axial strains (εinci, εrefl 

and εtrans) in the IB and the TB 

4.7 Summary of the chapter  

In this chapter, first, the accuracy of the contact damping and contact friction implemented into 

GPGPU-parallelized Y-HFDEM IDE code was showed by simulating two basic testing 
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models. Then, the calibration of input parameters against two common laboratory tests, i.e. 

UCS and BTS, is presented and associated failure mechanisms of Savonnières limestone are 

discussed. It is obvious that the failure process of target rock under uniaxial compression test 

can be captured more realistically using 3D rather than 2D simulation, while 3D model delivers 

higher failure load than 2D model. Both 2D and 3D models could successfully simulate failure 

process of rock in BTS test simulation. In both 2D and 3D BTS simulations, the macro cracks 

start to develop into the model from area near the platens, which is same as the mechanism 

captured using DIC technique. The obtained results from simulations of rock failure under 

quasi static loading condition are in a good agreement with those obtained from the 

experimental tests. Finally, the capability of Y-HFDEM IDE in simulation of dynamic rock 

fracturing is tested by simulation of fracturing process of Fangshan marble in dynamic BTS. 

From obtained results, it can be seen that the micro-cracking is initiated in the vicinity of the 

IB and TB, firstly. Then, macroscopic fractures (tension-dominant mode I-II fractures) begin 

to nucleate away from the centre of the disk due to the dynamically induced indirect tensile 

stress field. The obtained results from the simulation agree well with those from the experiment 

reported by Zhang and Zhao (2013).  

Therefore, it can be concluded that this chapter confirms the capability and accuracy of the 

GPGPU-parallelized Y-HFDEM IDE code in 2D and 3D simulation of the rock fracturing 

process under quasi static and dynamic loading conditions.   
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 Further speedup techniques of Y-HFDEM IDE 

and discussions on FDEM simulation of rock fracturing  

5.1 Introduction  

Although there are many publications on applying the 2D FDEM to simulate the fracturing 

process of rocks under quasi static loading condition, there is a limited number of publications 

on the application of 3D FDEM, which is due to the intensive computational nature of the 3D 

FDEM. In some of the literatures (Lisjak et al., 2018; Mahabadi et al., 2014), 3D numerical 

models with smaller size than the standard by ISRM (1978) were prevalently employed to 

simulate UCS and triaxial tests of rocks, which helps to reduce the computational time, while 

the input parameters were calibrated against laboratory tests on standard size specimen 

suggested by ISRM (1978). The reason why the rock sample size is highlighted here is that the 

principle of FDEM modelling rock fracture is based on the cohesive zone model and it has 

been already shown that CZM is sensitive to the specimen size and loading rate (Ruiz et al., 

2000). Therefore, a realistic 3D FDEM simulation of the UCS test requires to take into account 

not only the element size and the loading rate but also the specimen size. The realistic 3D 

FDEM simulation of UCS test of rocks with increasing sample size requires more 

computational time if a reasonably small element size and loading rate are used to mesh and 

load, respectively, the rock specimens. The simulation becomes more computationally 

expensive when 3D FDEM is applied to simulate triaxial compression tests with high confining 

pressures since, with the loading rate kept the same, more computational steps are needed to 

model the failure of rock with high strength. Therefore, some remedies rather than using small 

samples and large elements, which can affect the results of simulations based on the CZM 

principles, should be used to make 3D FDEM simulation of triaxial compression tests more 

affordable. While the parallelization scheme based on multi-core CPUs and/or GPGPU is 

required to speed up the 3D FDEM simulation, some other techniques such as more efficient 

contact detection algorithm, mass scaling and local damping can be used to help further reduce 

the simulation time, too. As a matter of fact, in the application of FDEM for modelling solid 

fracturing including rock fracture, there has been a mystery about the timing of contact 
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detection activation. For example, as is evident from Tatone and Grasselli (2015), both Y-GEO 

(2D/3D) and Irazu (2D/3D) put all the solid elements (triangle elements for 2D and tetrahedral 

elements for 3D) into the list of contact candidate from the onset of FDEM simulation. 

Hereafter, this is called as a full contact activation approach (FCAA). On the other hand, Guo 

(2014) proposed to put selected solid elements and those around the newly broken cohesive 

elements into the list of contact candidate, which, hereafter, is called as an adaptive contact 

activation approach (ACAA). However, it has been found that there is no literature comparing 

the results obtained using the full and adaptive contact activation approaches. Meanwhile, the 

ACAA may be applied for FDEM analysis of the fracture process of rocks under the quasi-

static loading conditions with critical damping scheme implemented. Thus, if the adaptive 

contact activation approach can be proven to generate the same results as the FCAA, the 

computational time of the FDEM simulation can be considerably reduced. On the other hand, 

there is another technique known as mass scaling which can increase time step in FDEM 

simulations since it has been successfully employed to increase time step in finite element 

analysis. However, the applicability of this technique in FDEM has not been investigated yet. 

Therefore, this technique is introduced to further speed up the 3D FDEM simulations under 

quasi static simulations in this chapter, and its applicability is discussed in Section 5.2. After 

that, some further discussions on the 3D FDEM modelling are highlighted, and a sensitivity 

analysis of the effect of loading rate on 3D FDEM simulation of the failure process of rocks 

under quasi-static conditions is conducted in Section 5.4. Finally, using the GPGPU-

parallelized Y-HFDEM 3D IDE equipped with the ACAA and mass scaling technique for 

further speedups, a series of triaxial compression tests are simulated, and the obtained results 

are compared with those from experimental observations in literature.  

5.2 Adaptive contact activation approach (ACAA) 

Besides the parallelization, the ACAA can be considered as a technique to further reduce the 

computational cost of the time-consuming contact detection in original FDEM formulation, 

which has not been mentioned in any literature. This section investigates the applicability of 

ACAA for 3D FDEM simulation of UCS test, which is a very time-consuming simulation. In 

ACAA approach, only the 4-node tetrahedral finite elements (TET4s) in the vicinity of newly 

broken/failed 6−node initially zero−thickness cohesive elements (CE6s) become contact 

candidates and are added to the contact detection list, as shown in Figure 5-1. One advantage 

of the adaptive contact activation approach is that the contact detection and contact force 
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calculations are necessary only for the initial material surfaces until the broken/failed CE6s are 

generated, which makes the dramatic savings of the computational time for the contact 

detection become possible.  

 

Figure 5-1. The area of contacting TET4s around explicit fracture in adaptive contact activation approach   

However, in the ICZM-based FDEM simulation of hard rocks under compressive loading 

conditions, most of the TET4s can overlap during the progress of compression even before the 

generation of broken/failed CE6s. In this case, if the amount of overlap is not negligible when 

broken CE6s are generated, this adaptive contact activation approach generally results in the 

sudden application of the contact force like a step-function, which can easily cause numerical 

instability and result in unrealistic/spurious fragmentation. To avoid the numerical instability 

and spurious fracturing modes, an infinitesimally small Δt must be used, which makes the 

simulation intractable. One way to avoid this instability is to monitor the overlapping of the 

CE6s. If a significant overlap is detected in a CE6, the TET4s near the CE6 are immediately 

considered as new candidates for the contact detection nevertheless. However, the threshold of 

this “significant overlap” is problem-dependent.  To illustrate the capability of the adaptive 

contact activation approach in simulation of rock fracture process, a UCS test is simulated 

using both adaptive and full contact activation approaches and the obtained results are 

compared. The UCS model is similar to the one which employed for calibration in Chapter 4. 

Accordingly, the average element size is around 1.5 mm, which is an appropriate element size 

sufficient to exclude the mesh sensitivity effect for the specimen size used in the triaxial 

compression tests (Liu and Deng, 2019). In the model with adaptive contact activation 

approach, the elements around platens are added to the contact detection list at the beginning 

of the simulation, while in the case of FCAA all elements in the model are subjected to the 
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contact detection. Figure 5-2 (a) shows the geometry of the UCS model, and the activated 

contact detection areas in the models with both adaptive and full contact activation approaches 

are shown in Figure 5-2  (b) and (c), respectively.  

 

Figure 5-2.  (a) numerical model of UCS, (b) model with activated area highlighted for the adaptive contact 

activation approach, and (c) model with activated area highlighted for the full contact activation approach 

Figure 5-3 (a) shows the activated areas of the contact candidates in the UCS model with the 

ACAA after the failure of the specimen. As it can be seen from Figure 5-3 (a), the elements 

around the explicit fractures are subjected to the contact activation. Figure 5-3 (b) and (c) 

compare the fracture patterns obtained from the models with both adaptive and full contact 

activation approaches, which are almost identical with very negligible differences. In Figure 

5-3, the damage level, D, of CE6s varies from 0 to 1 and the CE6s with 0< D<1 and D = 1 can 

be considered as microscopically damaged and macroscopic cracking, respectively, which 

applies throughout this study. To further investigate the adaptive contact activation approach, 

Figure 5-3 (d) compares the stress-strain curves obtained from the simulations of the UCS test 

using the adaptive and full contact activation approaches, in which compressive stress and 

strain are regarded as positive and tensile stress and strain are regarded as negative. The sign 

convention holds true throughout this chapter. It is evident that the obtained stress and resultant 

deformation using the ACAA is close to those using the FCAA. Therefore, the obtained results 

prove the capability of the adaptive contact activation approach in modelling rock fracture 

process is as good as the full contact activation approach, while the adaptive contact activation 

approach can reduce the simulation time significantly. The 3D modelling with the FCAA takes 

about 15 days plus 17 hours even with GPGPU-parallelized 3D FDEM, which would take more 

than 12 years if a sequential FDEM code is used to complete the 3D UCS modelling using the 

FCAA. However, it takes only 1 day and 11 hours to complete the 3D UCS modelling with the 

ACAA. In other words, a speedup of 10.8 times is further achieved by the adaptive contact 

activation approach.   
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Figure 5-3. (a) activated contact area around the explicit fractures in the model with the adaptive contact 

activation approach, (b) final fracture pattern of the model with the adaptive contact activation approach, (c) 

final fracture pattern in the model with the full contact activation approach, and (d) the axial stress-strain curves 

obtained from the models with the adaptive and full contact activation approach 

Figure 5-4 shows the results of applying the ACAA to model the SHPB-based dynamic BTS 

test. In this model, only the TET4s corresponding to the surfaces of the IB and the TB as well 

as the rock disk surface in the vicinity of the IB and TB are registered as contact candidates at 

the onset of the FDEM simulation (red regions in Figure 5-4 (a)). Then, with the generation of 

macroscopic cracks, the TET4s in the vicinity of the macroscopic cracks are adaptively 

registered as contact candidates. This approach is much faster in terms of the total run time 

compared with the case using the BCAA. However, when the same mesh with the same input 

parameters except for the ACAA is applied, the simulation can easily result in spurious modes, 

as shown in Figure 5-4 (b), in which too many unrealistic fragmentations are generated. Using 

a smaller time step Δt may solve this problem. However, the authors could not find a time step 

Δt in which the total run time of the ACAA approach is less than that for the brutal contact 

detection activation approach. This spurious mode (i.e., numerical instability) could be due to 

the use of a very high value of the internal friction angle as well as the target loading rate being 

very high. In fact, while in quasi-static simulations the use of ACAA does not affect simulation 

result effectively, simulation of dynamic fracturing of rock can be affected significantly when 

ACAA is used.  
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Figure 5-4. Spurious fracture caused when the ACAA approach is used instead of the brutal contact detection 

activation approach. (a) Highlighted contact candidates from the onset of the simulation for the ACAA, (b) 

unrealistic fragmentation due to the ACAA approach. 

5.3 Mass scaling technique   

The 3D FDEM is formulated in the framework of explicit FEM (Munjiza, 2004b). Moreover, 

Guo (2014) showed that the time increment in 3D FDEM was mainly governed by the FEM 

stability requirement rather than DEM stability requirement, which could be estimated through 

Eq. (5-1). 

      
( )

min

2 /
cr

h
t

  
 

+
 

(5-1) 

where ∆𝑡𝑐𝑟 is the critical time increment, 𝜆 and   are Lame’s constants, 𝜌 is density, and ℎ𝑚 𝑛 

is the minimum length of the edges of TET4s. Eq. (5-1) can be used to estimate the time 

increment for 3D FDEM simulations. For 3D FDEM simulations of quasi static problems, 

however, besides satisfying the requirements of numerical stability, the time increment must 

be chosen so that the 3D FDEM simulation is computationally affordable. The 3D FDEM 

simulation of rock fracturing process under quasi static loading conditions is a very time-

consuming process, which explains why it is prevalent to use high loading rates and small size 

models in 3D FDEM simulation of the UCS tests in some publications (Lisjak et al., 2018; 

Mahabadi et al., 2014). However, as it will be demonstrated later in this chapter, both the 

loading rate and the model size affect the stress-strain curves and fracture patterns. Thanks to 

the GPGPU parallelization and the adaptive contact activation approach, most 3D FDEM 

simulations can be completed in a few hours. However, when large-scale rock engineering 

problem is modelled using 3D FDEM, there is still a need for a technique to speed up the 
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simulation besides the parallelisation and the adaptive contact activation approach. It appeals 

an affordable solution to increase the critical time increment. According to Eq. (5-1), the time 

increment is a function of the element size, density, Poisson’s ratio and Young’s modulus. The 

maximum element size is limited by the fracture process zone requirement according to CZM. 

Meanwhile, changing Young’s modulus or Poisson’s ratio results in inaccurate simulation of 

rock behaviour. The density is the only parameter which may be used to increase the time 

increment since the density has no physically important meaning for quasi-static loading 

problems. In literatures, the artificial increase of the mass of the model is known as the mass 

scaling technique, which has been used in explicit FEM to increase the time increment (Heinze 

et al., 2016). However, the application of this technique in the 2D/3D FDEM simulations of 

quasi-static problems has not been investigated yet. The main problem in the application of the 

mass scaling is its contradictory nature with the viscous damping concept to achieve the quasi-

static stress state since the increase of the viscous damping results in the reduction of the time 

increment. Therefore, the applicability of the mass scaling in the frame work of the 3D FDEM 

is introduced in this section using the same UCS test similar to what employed in Section 2.1, 

in which the density is multiplied by a mass scaling coefficient, i.e. m, and the rock is loaded 

under an effective loading rate of 0.02 m/s. The following mass scaling coefficients are 

investigated, i.e. m=1, 5, 10, 100 and 1000, while the corresponding damping factor is 

accordingly updated according to the Eq. (5-2), in which, h, ρ and E are the element length, 

density and Young’s modulus, respectively 

    2 ( )critical h m E =  (5-2) 

Figure 5-5 compares the stress-strain curves and fracture patterns obtained from the 3D FDEM 

simulations with the various mass scaling coefficients. As shown in Figure 5-5 (a), the effect 

of the mass scaling coefficients on the stress-strain curves is negligible when the mass scaling 

coefficient is less than 100. However, higher mass scaling coefficient seems to initiate 

numerical instability. Moreover, the fracture pattern is not greatly affected by the mass scaling 

coefficient, but fracture intensity increases with mass scaling coefficient increasing, as shown 

in Figure 5-5 (c). The mechanism of this tendency can be easily explained. In the mass scaling, 

since the mass in the system (and mass in each node) literally increases and since FDEM is 

based on the explicit time integration scheme, stress field under this slow loading condition is 

developed through stress wave propagation in the way that the effect of dynamic effect such as 

wave reflection is minimized by viscous damping. According to the elastodynamics theory, the 
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wave speed decreases when the mass density is increased. Thus, when significant mass scaling 

is applied, the stresses cannot be transferred to the entire model effectively and rather pile up 

in the region near the loading platens. As a result, too much fracture/fragmentation is enhanced 

with significant mass scaling. Figure 5-5 (b) depicts the relationship between the speedup times 

of the computational time by the introduction of the mass scaling coefficient, which shows the 

application of the mass scaling technique can significantly save the computational time of the 

3D FDEM simulations. From the discussion above, it is concluded that a moderate increase of 

the mass scaling coefficient (roughly up to 10) does not significantly affect the simulation 

results but can significantly reduce the computing time, such as 25 times of speedups with the 

mass scaling coefficient of 100. Thus, the mass scaling technique is very useful for the 3D 

FDEM simulation of large-scale rock engineering applications. It should be noted that in the 

model with m=100, some unrealistic cracks can be observed. In all simulations of the 

compression tests in the following sections, mass scaling coefficient = 5.0 and corresponding 

critical viscous damping is used. 

 

Figure 5-5. Effect of mass scaling on simulation of UCS: a) axial stress versus axial strain, b) increase in critical 

timestep, and c) final fracture pattern 
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5.4 Further discussions on FDEM simulation for rock fracturing  

A realistic FDEM simulation of rock fracturing process relies on a good understanding of the 

principal of CZM and other effective factors in addition to input parameters. Besides the input 

parameters, there are three important matters which must be paid attention to in the FDEM 

simulation of rock fracturing process. The first is the fact that the 3D FDEM method is a mesh 

dependent technique, and the failure mode as well as the fracture pattern are significantly 

affected by element size and mesh orientation. The second factor is that the  FDEM is a dynamic 

method in nature and the dynamic relaxation is implemented in 3D FDEM to simulate quasi-

static loading conditions, in which the loading rate must be chosen correctly. The third 

important factor is that the computational cost of 3D FDEM simulation of rock fracturing 

increases with the model size since the requirement of maximum element size no bigger than 

the length of the fracture process zone must be satisfied in the area where fracturing process is 

modelled. These important aspects are discussed in the following sections.  

5.4.1 Effect of meshes  

Munjiza and John (2002) conducted the mesh sensitivity analysis for 2D FDEM and concluded 

that fine elements could increase the accuracy of the calculation of stress and strain fields near 

crack tip and failure loads. Camacho and Ortiz (1996) proved that the mesh size dependency 

of the 2D cohesive model could be avoided when the mesh size was kept small enough to 

resolve the fracture process zone. Guo et al. (2016) conducted the mesh sensitivity analyses by 

modelling a single tensile fracture propagation and three-point bending tests using 3D FDEM 

and stated that the size of the element was required to be selected on the basis of the material 

properties and should not exceed a specific range. Liu and Deng (2019) further investigated 

the effect of element size on 2D FDEM simulation of rock fracture process and concluded that 

very fine elements with maximum element size no bigger than the length of the fracture process 

zone must be used in the area where fracture process is modelled. Different numbers have been 

suggested as the minimum number of required elements within cohesive zone, i.e. fracture 

process zone, from 2 to no more than 10 elements (Turon et al., 2007). Meanwhile, the lengths 

of cohesive zone (lcz) could be estimated as a function of Young modulus I, critical energy 

release rate (Gc), maximum interfacial strength (σmax) through Eq. (5-3) (Hillerborg et al., 1976) 

for different loading conditions, i.e. mode I and mode II.  



 

98 

 

 
   2

max

c
CZ

G
l ME


=  

(5-3) 

In Eq. (5-3), M is a variable which varies between 0.21-1 (Turon et al., 2007; Xie et al., 2016). 

Therefore, the calibrated parameters against micro and meso scales models are not necessarily 

applicable for macro scale simulations in FDEM modelling. On the other hand, the use of small 

elements makes the FDEM modelling becomes computationally expensive, which is made 

feasible thanks to the GPGPU parallelisation, adaptive contact activation approach and mass 

scaling technique implemented into Y-HFDEM 3D IDE. For FDEM simulations of large-scale 

engineering applications, other remedies such as multi-scale analysis may still be needed to 

make sure that the maximum element size is not bigger than the length of the fracture process 

zone in the area where fracture process is modelled. Otherwise, the FDEM simulations of the 

large-scale engineering applications using the input parameters identified through the 

calibration against lab-scale tests have no qualitatively and quantitively reasonable meaning. 

Moreover, unstructured meshes with cohesive elements inserted could introduce stress or strain 

anisotropy and extra toughness into the FDEM modelling. In terms of modelling rock materials, 

the induced anisotropy could be considered as an advantage rather than a disadvantage, since 

rock is naturally an heterogenous material. For unstructured mesh, the influences of element 

size discussed above are even more evident in FDEM due to three-dimensionally complex 

interlocking and frictional effects. In this sense, it may be unreasonable to try to capture pure 

mode I or mode II failures using the unstructured mesh in FDEM simulation. To explain this 

concept in detail, Figure 5-6 (a) and (b) show the topological relationships between the loading 

conditions and the TET4s in the cases of the structured meshes for the loading conditions 

causing mode I and mode II crack deformations, respectively. In Figure 5-6, o and s represent 

the opening and sliding displacements, respectively, of cohesive elements. As can be seen from 

Figure 5-6 (a) and (b), the opening and shearing displacement vectors between crack surfaces 

can easily take place along the boundary of tetrahedral elements in favour of local orientation 

of the tetrahedral elements. For example, the pure opening, i.e. pure mode I crack deformation, 

occurs along the vertical direction and is perpendicular to the fracture plane in Figure 5-6 (a), 

while the displacements in the other directions are zero or close to zero. Figure 5-6 (b) shows 

pure shearing condition, i.e. pure mode II crack deformation, at which the shear displacement 

between crack surfaces occurs only in the horizontal direction within x-z plane and shearing is 

parallel to the fracture surface. Accordingly, mode I and mode II failures can be captured in 

the simulations with structured meshes if the result fracture plane aligns well with the 
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structured element boundaries. However, in the case of unstructured mesh (Figure 5-6 c), under 

the same loading conditions as Figure 5-6 (a), i.e. mode I, it is unlikely that pure mode I or II 

failure takes place along the TET4s’ boundaries and the loading is unlikely to cause pure 

opening and shearing along the boundaries of TET4s, and the fracture plane consisting of the 

cohesive elements with random orientations are deemed to make irregular angle with respect 

to the loading direction indicated by the blue arrows. Hence, it is highly possible that mix mode 

I-II fractures are captured when unstructured elements are used in FDEM simulations. 

Therefore, the loading condition is not the only factor which affect the type of failure, and mesh 

topology plays an important role as well. Accordingly, in the interpretation of obtained results, 

the modelling of pure mode I and mode II fracture should be a function of element orientation 

in addition to loading condition.  

 

Figure 5-6.  (o and s represent opening and sliding displacements, respectively): a) structured elements under 

loading condition causing mode I crack deformations, b) structured element under loading condition causing 

mode II crack deformations, c) unstructured elements loading condition causing mix mode crack deformations  

To clarify this point, Figure 5-7 (b) shows the modelled failure pattern of the rock disk using 

the FDEM simulation with a structured mesh, in which the loading diametrical line aligns with 

the boundaries of the elemental mesh. The splitting fracture forms exactly along the loading 

diametrical line, and the mode I failure is the only failure mechanism. Therefore, pure mode I 

cracks preferably develop along the CE6s (i.e., joint elements) on the loading diametrical line 

in terms of the most efficient energy release due to fracturing. On the other hand, when the 

unstructured mesh in Figure 5-7 (a) is used, few CE6s have planes exactly on the loading 
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diametrical line, and none of their normal directions are aligned with that of the indirect tensile 

stress. In this case, it is obvious that a pure mode I crack cannot form due to the topological 

restriction, and a combination of mode I (opening) and mode II (sliding) cracks can always 

form and results in a macroscopic fracture. This is why mixed mode I-II fracturing is the main 

failure mechanism in the FDEM simulations of the BTS tests with unstructured meshes. 

Tijssens et al. (2000) conducted a comprehensive mesh sensitivity analysis for the CZM and 

concluded that the fractures tended to propagate along the dominant alignment directions of 

elements. Guo (2014) further commented that unstructured meshes should be used in the 

numerical simulation using the CZM to reduce mesh dependency but fracture paths were still 

dependent on local mesh orientation in the unstructured meshes.  

 

Figure 5-7. Modelled fracture patterns of rock in the BTS tests with unstructured and structured meshes. (a) 

Dominant mixed mode I-II fractures in the BTS test with an unstructured mesh, (a) dominant pure mode I 

fracture in the BTS test with a structured mesh, (c) Brazilian indirect tensile stress versus axial displacement 
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Accordingly, when the CZM is applied to model material failure, it is unrealistic to pursue a 

pure mode I splitting fracture in the simulation of the BTS test with an unstructured mesh 

regardless of the numerical approach and 2D/3D modelling. In this sense, any intentional 

reduction of the mode-I fracture energy GfI_rock and tensile strength Ts_rock to capture the 

unreasonable pure mode I fracture pattern prevalent in studies of the FDEM should be 

considered a manipulation of the input parameters. Moreover, Figure 5-7 (c) shows that 

simulated pack strength from the model with structured mesh is lower than that from the model 

with structured mesh, which prove that mesh topology can significantly affect fracture 

toughness. The same explanation is valid for the dominant mixed-mode I-II failures along the 

macroscopic shear fracture plane modelled in the UCS test. The boundaries of the TET4s will 

not exactly align with the macroscopic shear stress direction at each location; thus, mixed mode 

I-II failure along the macroscopic shear fracture plane, rather than pure mode II failure, is the 

natural consequence. 

The effect of element topology can also be observed in input parameters of 2D and 3D 

simulations listed in Table 4-3. As shown, unstructured meshes with cohesive elements inserted 

introduce stress or strain anisotropy and extra toughness into the FDEM modelling. These 

effects are more intensive in 3D FDEM. The reason is that in 3D simulation, interlocking and 

frictional interaction of elements occurs in all directions, while in 2D FDEM in is limited to a 

plan, as shown in Figure 5-8.  

 

Figure 5-8. Difference between mesh topology: (a) 2D unstructured mesh, b) 3D unstructured mesh (Rougier et 

al., 2011) 
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5.4.2 Effect of loading rates  

Loading rate is another effective factor in all FDEM simulations of rock fracture process under 

both quasi static and dynamic loading conditions. For quasi static loading condition, the correct 

selection of loading rate becomes a very important factor since the computational time 

significantly increases with the decreasing loading rate while higher loading rate may 

significantly affect obtained results. Both numerical and experimental observations have 

revealed that the increase of the loading rate results in the increases of the energy in the testing 

system, branching of cracks and crack speed (Camacho and Ortiz, 1996; Zhang et al., 2007), 

fracture toughness (Zhang et al., 1999) and failure stress (Bažant et al., 1993). Particularly, 

experimental observations of Zhang et al., (1999) and Zhang et al., (2000) using SHPB showed 

that fracture thoughness and damge energy of rock increase with the increase of the loading 

rate. Based on these observations, the intensity of fracturing and fragmentation increases, too, 

as the loading rate increases. Accordingly, the effect of the loading rate on numerical 

simulation of rock failure has to be taken into account. Moreover, previous studies also proved 

the increasing effect of loading rate on rock strength (Zhao et al., 1999; Li et al., 2000). While 

the effect of loading rate on 2D FDEM simulation of rock failure under quasi static loading 

condition has been investigated in different literatures (Liu and Deng, 2019; Tatone and 

Grasselli, 2015), number of researches on 3D FDEM simulation of rock failure under quasi 

static loading condition is very limited due its time consuming process. It has been concluded 

in literature that increase in loading rate results in increase of failure load and intensively of 

fracture pattern, and a loading rate of 0.1 m/s is suggested for simulation of rock under quasi 

static loading condition. However, the applicability of same loading rate for 3D FDEM 

simulation is still an open question, which is addressed in this section. Mahabadi et al. (2014) 

three-dimensionally simulated UCS and BTS tests of a relatively small rock specimen 

comparing to standard tests using Y-Geo with a loading velocity of 1 m/s and the results clearly 

showed that multi-fracture propagation around the centre of the BTS models, which could be 

due to the high amount of energy introduced into the model by the high loading velocity of 1 

m/s. It is also worth mentioning that the same loading velocity does not mean the same loading 

rate when the sample size is smaller, i.e. the increase of the strain rate with smaller sample 

occurs while the simulation time can be reduced. Later, Lisjak et al. (2018) improved Mahabadi 

et al.’s (2014) simulation by applying an effective loading rate of 0.1 m/s, which seems to be 

more reasonable to model the quasi-static loading condition, although the size of the UCS 

numerical model was much smaller than the actual size of the rocks used in the laboratory 
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experiment (Tatone, 2014). In addition, the generation of cracks from curved free faces of the 

BTS disc are found which can be considered as a typical dynamic effect in Lisjak et al. (2018).  

Guo (2014) investigated 3D FDEM modelling of the BTS tests of rocks under different loading 

rates and showed that both fracture pattern and obtained peak load could be affected by the 

loading rate when it is higher than 0.02 m/s for the sample size with the average element size 

= 1.5 mm. This section investigates the effect of loading rate on 3D FDEM simulation and the 

aforementioned UCS and BTS tests in Section 4. For the convenience of making comparison 

with the results obtained by Guo (2014), which modelled the BTS tests a sample with a 

diameter of 40 mm and a thickness of 15 mm, the BTS tests are also modelled using the 

GPGPU-parallelized 3D FDEM and the diameter of the rock sample is the same as that in the 

UCS test simulation, while the ratio of the thickness to the diameter is 0.5. Loading rates of 

0.02 m/s, 0.1 m/s, 0.2 m/s and 1 m/s are applied on the models to simulate the quasi-static 

loading conditions with the adaptive contact activation approach. Figure 5-9 compares the axial 

stress versus axial strain curves obtained from the 3D FDEM simulations of UCS and BTS 

tests under different loading rates, which shows that the failure stress in the BTS simulation 

decreases with decrease in loading rate while, in the UCS simulation, the decrease of the peak 

stress only occurs with the loading rates decreasing from 1 m/s to 0.2 m/s although the post 

failure stages are affected by the loading rates. From the fracture patterns illustrated in Figure 

5-10 (a), it can be seen that the intensity of rock fracturing increases with increase in loading 

rate in the BTS simulation, especially in the regions around the central line of the model and 

near the platens, where multiple fracturing and even fragmentation take place, which are often 

observed under dynamic loading conditions. In the UCS simulation, with the loading rate 

increasing, a significant change of the fracture pattern has not been observed except the case 

with 1 m/s loading rate, but the intensity of the fracturing is increased evidently (Figure 5-10 

(b)). Therefore, the 3D FDEM UCS and BTS simulations prove that the loading rate affects 

both the stress-strain curves (especially peak stress and post peak curve) and fracture patterns, 

which reveals that the application of high loading rates in some literatures may not satisfy the 

quasi-static loading condition. On the other hand, small loading rate increases the simulation 

time significantly and the parallelisation scheme such as the GPGPU-parallelisation together 

with the adaptive contact activation approach and mass scaling becomes necessary for the 3D 

FDEM simulations.    
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Figure 5-9. (a) Effect of loading rate on: a) Brazilian indirect tensile stress versus axial strain for BTS, b): axial 

stress versus axial strain for UCS 

  

 

Figure 5-10. Final fracture pattern from simulations: a) BTS model and resulted fracture patterns, b) resulted 

fracture pattern in UCS  

5.4.3 Effect of specimen sizes   

As it is well established that CZM is sensitive to the model size and the size of cohesive 

elements (Ruiz et al., 2000), the  FDEM is also sensitive to the model size since 3D FDEM is 

based on CZM for simulating rock fracture. Liu and Deng (2019) investigated the effect of the 

model size on the 2D FDEM simulation of UCS and BTS tests using 2D Y-GEO and concluded 

that the strength of the specimen increases with the specimen size decreasing, which is 

consistent with the size effect usually observed for rocks. Unfortunately, in their study, 

increasing element size was used to mesh the models with the specimen size increasing to 
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reduce the computational cost. The 3D FDEM simulation is more computationally intensive 

than the 2D FDEM simulations. To reduce the computational time, small size samples, 

compared with the actual size of the sample used in experiments, are more prevalent used in 

3D FDEM simulations in literatures (Lisjak et al., 2018; Mahabadi et al., 2014). Therefore, it 

is important to investigate the size effect using 3D FDEM models. With this motivation, the 

effect of the sample size on 3D FDEM simulation of the UCS test is investigated, while the 

element size and the loading rate are kept constant. Four rock cylinders with the diameters of 

20 mm, 30 mm, 40 mm and 50 mm and a length / diameter ratio of 2.5 were selected. They 

were discretised into tetrahedral elements with a nominal average size of 1.3 mm and were then 

loaded diametrically with a constant loading rate of 0.1 m/s, at which obtained results are not 

affected significantly according to the discussion on effect of loading rate in Section 5.4.2. 

Correspondingly, nominal strain rate is different for each sample size. Figure 5-11 shows the 

stress-strain curve together with the final fracture patterns obtained from the 3D FDEM 

simulations. It can be seen that both peak strain and peak strength increases with the sample 

size decreasing. As pointed out by Ruiz et al. (2000), the application of cohesive elements 

intrinsically introduces the characteristic length scale, i.e. size effect, the obtained results do 

show the important characteristics of the CZM. Therefore, it is questionable to calibrate the 

input parameters for the 3D FDEM simulations against small size specimen without 

considering the size effect. As shown in Figure 5-11, the fracture tends to develop more 

regionally in smaller specimens while they develop diametrically along the specimen.  

 

Figure 5-11. Stress-strain curve and fracture pattern from simulation of UCS test using different size specimens 
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5.5 3D FDEM modelling of rock failure in triaxial compression tests  

Simulation of triaxial test is a very challenging simulation which is computationally very 

expensive. In triaxial compression test, a rock cylinder is loaded axially (σ1), while a predefined 

confining pressure (σ3) compresses the cylinder laterally. Complex failure mechanisms occur 

during the triaxial compression test of the rock. Under zero and low confining pressure loading 

conditions, the extension of axial explicit cracks causes failure and splitting of the specimen. 

After peak, sudden load drop takes place and a brittle behaviour is observed. As the confining 

pressure increases, the triaxial compressive strength increases and faulting and shearing failure 

become the dominant failure mechanism. During the post-failure stage, a strain softening 

behaviour occurs with the load drop becoming smoother and finally a transition from brittle to 

ductile tales place (Goodman, 1989). Under high confining pressure, ductile flow occurs in 

rock (Horii and Nemat-Nasser, 1986).  

Nonlinear behaviour and the complex fracturing mechanism of rock in the triaxial compression 

tests are very difficult to be addressed using conventional analytical models. 2D simulation 

could be a useful tool to a certain extent if used appropriately but a 3D modelling can reveal 

much better insights into the nonlinear behaviour and the complex failure mechanisms (Chen 

et al., 2018) since the corresponding fracture process is three-dimensionally complex. Although 

a number of efforts have been spent in three dimensionally simulating the rock fracture process 

in UCS, using available numerical techniques, i.e. distinct element method (3DEC) (Gao and 

Stead, 2014), finite element method (FEM) (Chen et al., 2018; Jaime, 2011), FEM coupled 

smooth particle hydrodynamics (Benz and Asphaug) technique (Mardalizad et al., 2018) and 

particle flow code (PFC3D) (Akram et al., 2010), the number of the studies on 3D simulation 

of the rock fracture in the triaxial test is very limited. Among them, Tan et al. (2015) introduced 

a modified constitutive model based on the damage mechanics into the FLAC3D to simulate 

strain localization in rock specimen under different confining pressure. Baumgarten and 

Konietzky (2013) and Akram et al. (2010) employed PFC3D to investigate failure process and 

stress-strain behaviour of a synthetic conglomerate under triaxial loading conditions although 

the failure planes cannot be distinguished easily in both studies. Egert et al. (2018) simulated 

triaxial test of sandstone using an open-source FEM software known as REDBACK but the 

final fracture patterns were not modelled or presented in their study. There are only two 

reported 3D FDEM modellings of triaxial compression tests. The first were conducted by 

Mahabadi et al. (2014) using Y-Geo with a small-sized (17.4 mm in diameter and 35.8 mm in 

height) sample of Opalinus Clay using a relatively large element size (2 mm for both tests) and 
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a very high loading velocity (1 m/s), and as shown in previous sections both specimen size and 

loading rate could affect the obtained results from this simulation. Later, Ha and Grasselli 

(2018) simulated triaxial test of a shale using IRAZU  with a diameter of  61 mm and a height 

of 122 mm. However, they employed an average element size of 3 mm, which is less likely to 

simulate the failure process correctly according to the study on the effect of the element size 

on FDEM simulations conducted by Liu and Deng (2019). Additionally, it has been reported 

that there is a limited portion of mixed-mode I-II fractures in their compression test simulations. 

However, based on the CZM principle and local orientation of cohesive elements, which has 

been explained in detail in Section 5.4.1, it is highly likely to capture mixed-mode I-II fractures 

under any loading regimes when unstructured meshes are used. Therefore, there is a need to 

assess the capability of the 3D FDEM in simulation of triaxial compression test. In this section, 

the GPGPU-parallelized Y-HFDEM 3D IDE code with the adaptive contact activation 

approach and the mass scaling technique is employed to conduct a series of 3D FDEM 

simulation of triaxial compression tests of rocks. The specifications of model are same as UCS 

test in Chapter 4. The model is loaded axially by two platens with an effective loading rate of 

0.1 m/s (=0.77 s-1), while the confining pressure (σ3) increases from 0 to 15 MPa by an interval 

of 2.5 MPa. To further reduce the computational time in addition to the application of GPGPU 

parallelization with CUDA, the ACAA and the mass scaling technique with a mass scaling 

factor m of 5 and corresponding critical viscous damping factor in Eq. (5-3) are applied to 

model the fracture process of rock in triaxial compression tests. The input parameters of the 

numerical model are same as calibrated values in Chapter 4 (Table 4-3).   

To maintain hydrostatic conditions, the confining pressure linearly increases up to a predefined 

confining pressure level with the axial load increasing. After the confining pressure reaches the 

target predefined level, the axial load further increases until rock failure. The failure process of 

rock and associated differential stress-strain curve under a moderate confining pressure, i.e. 7.5 

MPa, and a high confining pressure, i.e. 15 MPa, are shown in Figure 5-12 and Figure 5-13, 

respectively. Compared with UCS test simulation, and as it was expected according to the 

literatures (Turichshev and Hadjigeorgiou, 2016), both failure strength and strain of rock 

increase with the confining pressure increasing. Moreover, as the load increases to the ultimate 

load, the propagation of micro cracks occurs quickly, and relatively higher number of isolated 

micro cracks develop into the rock before the onset of nonlinearity stage when confining 

pressure is applied. As loading continues, unstable cracks initiate and propagate, which are 
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more intense and localized in comparison with UCS test. Finally, macroscopic shear plans 

appear in rock after reaching to peak load.  

 

Figure 5-12. Simulation of triaxial test with 7.5 MPa confining pressure: (i) stress-strain curve, (ii) rock failure 

process: (A) initiation and propagation of microscopic cracks before the peak stress, (B) unstable crack 

propagation at the peak stress, (C) post-failure fracture pattern 
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Figure 5-13. Simulation of triaxial test with 15 MPa confining pressure: (i) stress-strain curve, (ii) rock failure 

process: (A) initiation and propagation of microscopic cracks before the peak stress, (B) unstable crack 

propagation at the peak stress, (C) post-failure fracture pattern 

Figure 5-14 (a) compares the axial stress vs axial strain curves and the axial stress vs lateral 

strains obtained from the 3D FDEM simulations of the triaxial compression tests under various 

confining pressures, while the volumetric strain vs axial strain curves are shown in Figure 5-14  

(b). As it can be seen, the mechanical behaviour of the rock specimen is significantly affected 

by the confining pressure. While brittle failure occurs at zero and low confining pressures, 

ductile failure becomes obvious in higher confining pressures. Figure 5-14 (b) shows that at 0 

confining pressure, i.e. the UCS condition, firstly the contraction gradually increases as the 

axial strain increases. Then, the dilation increases suddenly at the post failure stage. As the 

confining pressure increases, the transition from contraction to dilation becomes smoother. 

Figure 5-14 (c) illustrates the final fracture patterns from all the simulations of triaxial 

compression tests under different confining pressures. It can be seen from Figure 5-14 (c) the 

specimen under zero confining pressure fails with the development of shear and near-vertical 

failure surfaces, which split the rock specimen into two or three parts. The failure surfaces are 

inclined at about 20-30 degrees to the axial loading direction in the uniaxial loading regime. 

According to Santarelli and Brown (1989), rock failure in uniaxial loading condition is due to 

the extension of vertical failure surfaces, which stop near the ends of the rock specimen. 
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Paterson and Wong (2005a) stated that both vertical and shear failure planes could occur in the 

uniaxial compression test. The 3D FDEM simulation illustrates the extension of both vertical 

and shear surfaces under uniaxial loading condition. When the confining pressure is relatively 

low, i.e. 2.5 MPa, the extensional failure planes do not propagate to the ends of the rock 

specimen but are inclined to axial loading direction with low angles. As confining pressure 

increases to moderate level, i.e. 5~10 MPa, several shearing planes developed at relatively 

larger angle, i.e. 30~40 degrees, inclined to the major principle stress or axial loading direction. 

Additionally more failure surfaces appear in the model, which is compatible with experimental 

observations (Santarelli and Brown, 1989). In the triaxial compression tests with higher 

confining pressures, relatively larger number of failure surfaces develop in the model, which 

are narrow comparing with those in the case of lower confining pressures, and the failure 

surfaces are highly inclined to the axial loading direction. Therefore, the obtained results from 

the simulations show a tendency of the increase of the angle between the failure plane and the 

axial loading direction with the confining pressure increasing similar to the reported 

observation by (Paterson and Wong, 2005a). Moreover, based on the experimental 

observations (Paterson and Wong, 2005a), the confining pressure could cause in increase of 

the volume change of the specimen, as the number of induced cracks and failure planes increase 

with the confining pressure increasing. This dilation behaviour, in terms of lateral and 

volumetric strains in Figure 5-14 (a-b), is simulated well using 3D FDEM.    

   

Figure 5-14. (a) Obtained stress-strain curves under different confining pressure, (b) Obtained volumetric strain 

vs axial strain curves under different confining pressure (c) Final fracture pattern under different confining 

pressures. 
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Figure 5-15 plots Mohr circles using the peak strengths obtained from the 3D FDEM 

simulations of the triaxial compression tests under various confining pressures, in which a 

failure envelope is drawn tangential to all Mohr circles. It can be read from Figure 5-15, the 

bulk cohesion simulated by 3D FDEM is around 5 MPa, which is 19 % higher than the input 

cohesion of the CE6s in Table 4-3 but in agreement with experimental value in Table 4-1. 

Moreover, the bulk internal friction angle is determined as 30 degree, which is 20 % higher 

than the input internal friction angle of the CE6s in Table 4-3. It should be noted that the input 

parameters are micromechanical parameters (Tatone and Grasselli, 2015), and a combination 

of input micromechanical parameters, element size and mesh topology defines the resultant 

behaviour of the model. This explanation is further supported by others’ studies in literature, 

too. For example, Lisjak et al. (2018) conducted 3D FDEM simulation of the UCS test of 

flowstone reported by Tatone (2014), in which the input cohesion of 20 MPa as one of the 

micromechanical properties is about 20 % higher than the obtained result of 16.4 MPa from 

the experiments (Tatone, 2014), i.e. around 21.9 % increase in the input cohesion compared 

with that from the experiment observations. Thus, the numerically simulated macroscopic 

behaviour of rocks should be calibrated against experimental data, which is shown in Table 

4-1. The mechanism of the difference between the input micromechanical parameters and 

modelled macroscopic parameters is further discussed in Section 4. Therefore, the 3D FDEM 

simulation of triaxial compression test proves the capability of the Y-HFDEM IDE with the 

adaptive contact activation approach and the mass scaling technique in simulating all 

characteristics of rocks in triaxial compression tests under various confining pressures such as 

the increase of rock compressive strength and strain at peak stress, softening behaviour for 

relatively lower confining pressure, transition from brittle to ductile and resulted failure 

patterns with the increase of confining pressure.  

 

Figure 5-15. Shear strength envelope and Mohr circles of triaxial compression test  
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5.6 Conclusions  

Although 2D FDEM has been extensively calibrated against experimental data and used to 

simulate rock engineering problems by an increasing number of researchers, the study on 3D 

FDEM, especially the 3D FDEM simulation of the fracturing process of rocks under quasi 

static loading condition is very limited, which is, without any doubt, due to the very intensive 

computation of the 3D FDEM. Thanks to the parallelization, the self-developed GPGPU-

parallelized Y-HFDEM 3D IDE code is able to three-dimensionally model the complex 

fracturing process of rocks under many loading conditions which won’t be possible if a 

sequential FDEM code is used. However, due to the nature that FDEM is based on explicit 

dynamics, further speedups are needed for 3D FDEM to model the fracture of rocks involving 

in long time scale, such as the fracture of rock under static and quasi-static loading conditions. 

Correspondingly, an adaptive contact activation approach and a mass scaling technique with 

critical viscous damping are implemented into the GPGPU-parallelized Y-HFDEM 3D IDE to 

further speed up 3D FDEM simulations. A series of 3D UCS modellings are then conducted 

using the GPGPU-parallelized Y-HFDEM 3D IDE and the obtained results are compared to 

check if how the results obtained using the adaptive contact activation approach are compared 

with those using the full contact activation approach and how the results obtained using the 

mass scaling techniques with various mass scaling coefficients are compared with each other 

and those without the mass scaling techniques applied. It is found that the stress-strain curve 

and fracture pattern obtained using the adaptive and full contact activation approaches showed 

negligible differences but the modelling with the adaptive contact activation approach is 10.8 

times faster than that with the full contact activation approach. Therefore, for static and quasi-

static loading conditions, the adaptive contact activation approach can be implemented to 

further speed up 3D FDEM besides the parallelization. However, the occurrence of 

spurious/unstable modes should be carefully checked depending on the target problems, 

especially those under dynamic loading conditions. Moreover, it is noted that the effect of the 

mass scaling coefficient is not significantly if it is less than 100. Thus, at least 25 times of 

further speedups can be achieved by the mass scaling technique although further higher times 

of speedups are possible with bigger mass scaling coefficients, but the obtained results are more 

and less affected. After that, the selection of contact penalty and artificial stiffness for cohesive 

element in the GPGPU-parallelized Y-HFDEM 3D IDE is analysed. It is found that, in order 

to reasonably capture the intact behaviour of rocks using 3D FDEM, the opening, tangential 

and overlapping artificial stiffnesses of cohesive elements must be chosen high enough, i.e. 
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about 100-1000 times of the elastic modulus of the modelled rocks while the contact penalty 

can be chosen much lower, i.e. about 1-10 times of the elastic modulus of the modelled rocks. 

Moreover, the effects of meshes, loading rates and specimen sizes are discussed. It is found 

that the mixed-mode I-II fractures are highly possible, i.e. very reasonable, failure mechanisms 

when unstructured meshes are used in the 3D FDEM simulation. For modelling quasi-static 

loading conditions using the 3D FDEM, the loading rate should be smaller than 0.2 m/s to 

avoid significant efforts of the loading rate. Finally, the GPGPU-parallelized Y-HFDEM 3D 

IDE with the adaptive contact activation approach and the mass scaling technique implemented 

is applied to model the fracture process of rocks in triaxial compression tests under various 

confining pressures Moreover, taking the advantage of the drastic speedups of the implemented 

adaptive contact activation approach and the mass scaling approach with critical viscous 

damping, the GPGPU-parallelized Y-HFDEM 3D IDE is applied to model the fracture process 

of rocks in triaxial compression tests under various confining pressures. The obtained axial 

stress – axial strain curves, axial stress – radial strain curves, volumetric strain – axial strain 

curve and rock fracture processes are compared with those from laboratory observations in 

literatures and good agreements are founded between them. The obtained peak strengths under 

various confining pressures are also quantitatively analysed against Mohr-Coulomb model. It 

is concluded that the 3D FDEM has simulated all important characteristics of rocks in triaxial 

compression tests under various confining pressures such as the increase of rock compressive 

strength and strain at peak stress, softening behaviour for relatively lower confining pressure, 

transition from brittle to ductile and resulted failure patterns with the increase of confining 

pressure.  

 Therefore, it can be concluded that the GPGPU-parallelized Y-HFDEM 3D IDE code with the 

implemented adaptive contact activation approach and the mass scaling technique is able to 

simulate the complicated fracturing process of rocks under quasi-static loading conditions.    
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 Numerical simulation of rock cutting process 

using GPGPU-parallelized Y-HFDEM IDE 

During recent decades, the application of mechanical tools in rock fragmentation has been 

extended widely in mining and civil engineering industries since mechanical excavation 

provides a more flexible and environmentally friendly alternative to conventional blasting, 

especially in urban or non-ventilated environments. Typically, there are two types of rock 

cutting processes based on the movement direction of the mechanical tool with respect to the 

rock surface, i.e. drag bits (or fixed-cutter bits) and indenters. While the drag bit hits rock in a 

direction parallel to the rock surface, the indenter penetrates into the rock surface normally 

(Hood and Alehossein, 2000). Advances in mechanical cutting tool manufacturing technology, 

particularly the introduction of the high wear-resistance materials have made the mechanical 

rock cutting by the drag bit an attracting research choice. However, the rock fragmentation 

mechanism with the mechanical cutter has not been well understood due to the complexity of 

the interaction between mechanical tool and rock, and complex rock fracture process (Che et 

al., 2016). While rock cutting experiments are largely used to investigate the cutting process 

and the associated cutting forces, the extensive number of variables and effective factors 

influencing the process have made the application of these experiments relatively limited. 

Meanwhile, analytical and empirical methods developed so far suffer from too many simplistic 

assumptions. However, the recent advancements in numerical modelling methods have 

confirmed that numerical methods provide robust tools for simulation of complex mechanism 

such as mechanical rock cutting. Hence, different numerical techniques have been considered 

for investigation of rock fracture process due to rock cutting. However, not all of the numerical 

techniques are able to model the entire rock cutting process. This chapter aims to investigate 

the rock cutting process in scratch tests using the GPGPU-parallelized FDEM based on 

calibrated input parameters in Chapter 4. An introduction on rock failure mechanism in 

mechanical rock cutting is given in Section 6.1. Then, numerical simulation of rock cutting is 

reviewed in Section 6.2. After that, FDEM simulation of rock cutting is presented in Section 

6.3.  
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6.1 Rock failure mechanism in mechanical cutting  

Understanding the rock cutting mechanism is a prerequisite for developing efficient cutting 

technologies. Significant experimental, analytical and numerical studies have been carried out 

to understand the mechanism of rock cutting under the action of the drag picks. Most of these 

efforts have been dedicated to improving the efficiency of the rock cutting process and to 

understanding the governing parameters of the rock fracture process. In many cases, scratch 

test has been used to investigate the rock cutting process and the mechanics of rock-tool 

interaction (Richard et al., 2012). Ductile and brittle failure modes are observed in the scratch 

tests, and their occurrences are believed to be controlled by rock stiffness (Miedema, 2014) 

and cutting depth (Richard et al., 2012). The ductile (or grinding) mode of failure occurs due 

to shearing at shallow cutting depth and the monitored signal of the corresponding cutting force 

is similar to a white noise (Figure 6-1(a)). By increasing the depth of cutting, failure mode 

tends to become brittle one also known as chipping mode. The depth at which shearing failure 

mode starts to turn into chipping mode is known as critical depth (Richard, 1999). At the critical 

depth, there is a so-called transition zone, in which transition from shearing to brittle failure 

takes place.  

A number of experimental, theoretical and numerical attempts have been made to determine 

the critical depth or define correlations between the critical depth and strength parameters of 

rock in rock cutting process (He and Xu, 2016; He et al., 2017; Huang and Detournay, 2008; 

Richard, 1999). Based on the laboratory observations, Richard (1999) proposed the order of 1 

mm as the critical depth for the transition of failure modes in sedimentary rock, and stated that 

the critical depth (d*) could be defined as a function of mode I fracture toughness (KIc) and rock 

strength (σc), i.e. d* ∝ (KIc/ σc)
2. It has also been shown that there is a good correlation between 

the cutting force and UCS (Uniaxial compressive strength) of the rock for shallow depth cutting 

in sedimentary rocks (Richard, 1999). Huang and Detournay (2008) introduced the concept of 

intrinsic length, lm=(1/π)(KIc/σc)
2 where σc is UCS of the rock, and stated that the critical depth 

was proportional to lm. Taking into account this study and using Bažant's simple size effect 

equation (Bazant and Planas, 1997), Zhou and Lin (2013) proposed that the critical depth could 

be estimated as a proportional function of 𝜎𝑐, i.e. d*=5.6σc
-0.43 based on the results from their 

numerical simulations. Xianqun and Chaoshui (2015) numerically showed that the critical 

transition depth decreased with the brittleness of rock increasing. In the process of deriving 

such equations or conclusions according to the numerical simulations reported in above 
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literatures, the effect of cutting velocity is not explained clearly, which seems to be an 

important factor affecting the critical transition depth in rock cutting process. Meanwhile, such 

an effect on transition depth has not yet been reported from laboratory test either where the 

cutting velocity is relatively small and limited to 1-5 mm/s. Correspondingly, the effect of the 

cutting velocity on the rock fragmentation process in mechanical cutting will be discussed 

further later in this chapter.   

The rock cutting process generally involves in rock fracture and chipping, which can be 

categorized into four stages including: 1) rock deformation and generation of crushed zone near 

the rock cutting tool, 2) crack initiation and propagation from the boundary of the crushed zone, 

3) crack coalescence and chip creation and 4) chip separation (Figure 6-1(c)). In the rock 

cutting process, typical signal of cutting force shows a saw-tooth pattern (Figure 6-1(b)) due to 

continuous forming and detachment of chip segments from the cutting tool.  

The rock chipping process in micro scale is extremely complex. Based on the acoustic emission 

observations of rock, many micro cracks initiate and coalesce prior to the formation of a 

dominant macro fracture that can lead to the final failure in both tensile and compression 

loading conditions (Anders et al., 2014). The region in which micro crack initiation and 

coalescence called fracture process zone (FPZ). In addition to experimental studies, some 

efforts have been made to develop analytical solutions for rock chipping problems (Evans 

(1958); Nishimatsu (1972)), which are mostly developed for quantitative estimation of the 

cutting force based on the two fundamental assumptions. While Evans (1958) believes that the 

chipping process is governed by tensile failure, others such as Nishimatsu (1972) considers 

shearing as the governing mechanism of the rock chipping. It is clear that simplifying rock 

chipping process without taking into account rock types and cutting specifications can cause 

unrealistic estimation of the cutting force. Although the mechanism behind rock chipping 

remains as an open question in spite of all efforts, it can be concluded that the rock chipping 

process is due to dualistic action of shear and tensile fracture and different types of failures 

may occur in the process (Helmons et al., 2016; Tang and Hudson, 2010). 
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Figure 6-1. Schematic illustration of chipping mechanism: (a) Cutting force-cutter displacement history under 

ductile mode of failure. (b) Cutting force-cutter displacement history under brittle mode of failure. (c) Rock 

chipping process (Redrawn after (Richard et al., 2012))  

6.2 Numerical methods for modelling rock failure in mechanical cutting 

Precisely capturing the onset of rock chipping is a challenging task in experiments. Fortunately, 

recent advances in computational mechanics have facilitated a much better understanding of 

the rock fracture process in mechanical cutting. For a realistic simulation of the fracture 

process, numerical techniques should be able to model crack onset and arbitrary crack growth, 

the correct crack length within a given time interval as well as the propagating directions, but 

not all of the numerical methods can meet these requirements (Mohammadnejad et al., 2018). 

Till this moment, the rock failure process in mechanical cutting has been investigated 

extensively using different numerical techniques although most of them are incapable of 

modelling the complete rock chipping and fragmentation process. A relatively comprehensive 

review on the methods and their capabilities can be found in (Jaime, 2011; Menezes, 2016; 

Menezes et al., 2014), which shows almost all numerical methods including finite difference 

method (Stavropoulou, 2006), finite element method  (Liu et al., 2008a; Wang et al., 2011a), 

boundary element method (Karekal, 2012) and discrete element method (Helmons et al., 2016; 

Huang et al., 2013b; Lunow and Konietzky, 2009) are implemented to model rock chipping 

process although many of them are unable to model explicit fractures and chip separations. 

Overall, only two methods have been successfully employed in simulating the full process of 

(a) (b) 

(c) 
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chip formation and separation, namely explicit finite element method (FEM) using the element 

erosion (deletion) algorithms and BPM. The former method models the fracturing process by 

a set of deleted (eroded) elements, through which the damage mechanics-based element 

deletion criterions have been implemented, together with complicated material models, into 

commercial software such as LS-DYNA and ABAQUS. This method has been employed 

relatively widely to investigate rock chipping process in mechanical cutting (Cho et al., 2010; 

Jaime et al., 2015; Li and Du, 2016; Lu et al., 2017; Menezes, 2016; Menezes et al., 2014; 

Shao, 2016; Xia et al., 2017; Xiao et al., 2017; Yu, 2005; Zhou and Lin, 2014). Being highly 

mesh dependant and non-convergent in terms of resultant fracture pattern, this technique cannot 

conserve mass and momentum in deleted elements, either. In addition, calibration of 

complicated strain or stress failure models can be a very time-consuming process. The latter 

method, BPM, is a widely used particle-based discrete element method (DEM) to model the 

fracturing process of rocks in mechanical cutting. This method divides the rock domain into 

circular (2D) and spherical (3D) rigid elements that are distributed non-uniformly and bounded 

by cohesive force, obeying Newton’s second law. Successful calibrations and applications of 

BPM in simulation of rock chipping process have been reported in many literatures (Huang 

and Detournay, 2013; Huang et al., 2013a; Lei et al., 2004a; Li et al., 2015a; Liu et al., 2018b; 

Mendoza Rizo, 2013; Qianqian et al., 2015; Thuro and Schormair, 2008; Yanxin et al., 2017; 

Zhu et al., 2016). Moreover, Mendoza Rizo (2013) proposed a framework for application of 

BPM to simulate the rock cutting process, and pointed out that damping coeficient and cutting 

speed would be two key parametes affecting both mechanism of rock chipping and cutting 

force significantly. However, the main drawbacks of this technique include particle size 

dependency in both stages of simulation and calibration, overestimation of tensile strength, 

relying on linear failure envelope and difficulties in modelling of complex geometries 

(Mohammadnejad et al., 2018).  Meanwhile in the recent two decades, combined numerical 

techniques have been developed rapidly for rock fracture analysis, which enjoy the advantages 

of both continuum and discontinuum methods and can deal with the transition from continuum 

to discontinuum during the rock fracture process. The main types of combined models in rock 

mechanics are the combination of boundary element method (BEM)/FEM, FEM/DEM, 

BEM/DEM and recently developed numerical manifold method (NMM). Not all of combined 

methods are suitable for modelling fracture mechanics problems, especially rock chipping and 

fragmentation process in mechanical cutting. Aresh (2012) and Mohammadnejad et al. (2017) 

investigated the capability of FDEM in simulation of rock chipping process. Li et al. (2018) 
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and Liu et al. (2018a) successfully applied NMM to simulate rock chipping process. 

Nevertheless, none of them could phenomenologically explain rock chipping mechanism with 

failure modes and chip morphology taken into account. To model the mechanism of rock 

chipping, it is indispensable that a numerical technique should be able to capture full rock 

failure process, i.e. crack initiation, crack propagation, crack branching and crack coalescence 

from micro to macro scales, in which not only mode I fractures but also mode II and mixed 

mode I-II fractures could take place. Moreover, it should also be capable of modelling cyclic 

chipping process which requires tremendously longer simulation time. This chapter 

investigates the application of FDEM, which can take into account all the aforementioned 

requirements, in simulating full rock chipping process.  

6.3 2D FDEM simulation of rock cutting  

Based on the model parameters calibrated for the Savonnières limestone in Chapter 4, this 

section simulates the cutting process of the Savonnières limestone in the scratch test using 2D 

FDEM. 3D FDEM simulation of rock cutting is computationally expensive, which won’t be 

the focus on of this study, and it is limited to a simulation of rock scratch test in shallow depth. 

Rock scratch test can be simulated under plane strain mode, since the rock thickness is much 

bigger than the cutting depth (Jaime, 2011). According to the literature (Huang and Detournay, 

2008; Menezes, 2016), the numerical model of the rock scratch test is simplified as a rock slab 

and a rigid cutter moving across the rock slab as shown in Figure 6-2. The cutter is modelled 

as the rigid material with a rake angle of 15°. The depth of cut ranges from 0.3mm to 1.8 mm 

with an increment of 0.3 mm. The elements size of 0.05 mm is used for both the cutter and the 

rock slab. The bottom and right boundaries of the rock slab are fixed, while the cutter is forced 

to move only in horizontal direction at a constant speed.  
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Figure 6-2.  A FDEM analysis model of the scratch test 

6.3.1 The effect of element size  

The element size in rock cutting model is smaller than the size of element in calibrated BTS 

and UCS models, as shown in Figure 6-2. The effect of the meshes in FDEM simulation is 

discussed in Section 5.4.1. As stated by Liu and Deng (2019), the element size can be a function 

specimen size for 2D FDEM simulation. In this section, the effect of element size on UCS and 

BTS test simulations is investigated. Accordingly, two UCS and BTS models were meshed 

using four element sizes, 2 mm, 1 mm, 0.75 mm and 0.5 mm, and were loaded axially under 

the same loading condition as UCS and BTS simulation in Section 4.4. Figure 6-3 (a) compares 

obtained axial stress-strain curves for modelled UCS test. It can be seen that the maximum 

failure stress is not affected significantly when the element size is smaller than 0.7 mm. The 

same scenario is observed for BTS simulation, as shown in Figure 6-3 (b), and there is a 

convergence in peak failure stress for element size smaller than 0.7 mm. Therefore, it can be 

concluded that the results of 2D FDEM simulation is not affected significantly when small 

elements are used in simulations. 

 

Figure 6-3. Effect of the element size on obtained stress-strain curves from: (a) BTS and (b) UCS 
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6.3.2 Cutting velocity and damping coefficient 

The velocity of cutter is an effective factor in simulation of rock cutting. It is required to select 

an appropriate value for cutting tool, prior to simulating the rock cutting process. The effect of 

cutting speed on cutting forces and chipping morphology has been investigated in some 

literatures (Jaime, 2011; Nakashima et al., 2016; Rizo, 2010). There is a general agreement that 

the tool speedup results in the increase of cutting force. On the other hand, the continuity of 

the tool-rock interaction can be achieved at higher velocities. Moreover, the resultant fragments 

are finer in cutting with higher velocity which is a function of the applied extra energy for 

creation of new crack surfaces. It should be noted that the rock cutting process is neither a 

quasi-static simulation nor a dynamic simulation. It could be considered as a transition from 

quasi static to dynamic. Therefore, cutting velocity can be considered as a loading condition, 

at which the physic of rock cutting process must be simulated correctly. Two factors can be 

considered to compare the results of simulation in different cutting velocities. The first factor 

is the geomorphology of created rock fragments, and the second one is the continuity of the 

rock cutting process. Mohammadnejad et al. (2019) simulated rock cutting process using the 

same FDEM model at different velocities. It has been found that rock failure in shallow cutting 

depths could be modelled realistically at higher velocities, i.e. 2 m/s, which, however, needs 

further investigation. Figure 6-4 (a) compares the obtained cutting force history for cutting 

velocities range from 0.5 m/s to 8 m/s. It can be seen that the peak cutting force is not affected 

significantly by the increase in cutting velocity, especially during first chipping process, in 

which the cutter is in a full contact with rock, although the cutting force increase slightly when 

the cutting velocity increases from 6 m/s upward. Moreover, Figure 6-4 (b) compares average 

cutting force at different cutting velocities and shows that the average cutting force increases 

slightly with the cutting velocity increasing. Meanwhile, the frequency of tool-rock 

engagement increases as the cutting velocity increases and more cutting cycle can be simulated 

during a same period of time. Thus, it can be anticipated that the average cutting force increases 

with the cutting velocity increasing. That could be the reason why Jaime (2011) suggested to 

use filtered time history instead of raw time history to avoid frequent drops to zero in cutting 

force history. It has been shown that increase of cutting velocity up to 6 m/s does not affect the 

cutting force significantly, while it can increase the tool-rock engagement. Moreover, it can cut 

the computation time significantly in comparison with smaller cutting velocities. Therefore, 

the cutting velocity is selected to be 6 m/s from now on in this study.  
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Figure 6-4. (a) Cutting force - cutter displacement history for different cutter velocities, (b) Average cutting 

force at different velocities  

6.3.3 Material damping 

Although the use of high cutting velocity increases tool-rock engagement during the cutting 

process, it is not enough to model the morphology of rock cutting process correctly. The main 

challenge in simulation of rock cutting process is to simulate fragments accumulation in front 

of the cutting tool. In some studies, a concept of local damping is used to simulate the physical 

fragments accumulation correctly (Mendoza, 2008; Mendoza Rizo, 2013; Su and Ali Akcin, 

2011), while this phenomenon is totally ignored in other studies (Jaime, 2011; Menezes et al., 

2014). In this section, the applicability of local damping in 2D FDEM simulation of rock 

cutting process is investigated.   
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Local damping consists of adding a force to a node. This force is proportional to the out-of-

balance force and acts in the opposite direction of the velocity (Fern et al., 2019) and it is 

necessary to dissipate kinetic energy (Rojek et al., 2011). Local damping was originally 

designed as a means to equilibrate static simulations. However, it has some characteristics that 

make it attractive for dynamic simulations (ITASCA, 2018). In many applications for dynamic 

or quasi-static analyses of block or structural systems, local damping is often used to describe 

the resistance effects to motions by viscous fluid, such as air. The damping can also serve as 

an artificially added force term to reach a static steady-state solution for a dynamic equation of 

motion. The damping term in such a case becomes a factor for a more stable numerical solution 

technique, rather than a physically meaningful mechanism; therefore a trial-and-error 

procedure may be used to reach a numerically appropriate damping coefficient value (Jing and 

Stephansson, 2007a). For quasi static problems, high values of damping coefficient between 

0.5 and 0.75 can be used to accelerate the convergence to static equilibrium. In dynamic 

problems, a small value of damping coefficient between 0.05 and 0.015 can be applied to 

simulate natural energy dissipation of the material. It is difficult to determine an appropriate 

value for local damping coefficient without experimental data (Wang and Yan, 2012), although 

some studies suggested some values for different types of rocks. For example, Hazzard et al. 

(2000b) used a damping coefficient of 0.015 to simulate biaxial tests of Lac du Bonnet Granite 

and suggested that the damping coefficient α = 0.7 might be relatively higher than realistic 

values for rocks. Generally, a low damping coefficient could be more appropriate in simulation 

of rock material (Hazzard et al., 2000b; Huang et al., 2015; Wang and Yan, 2012).    

Few studies investigated the effect of damping coefficient on rock cutting simulation and tried 

to define a good representative damping coefficient for the rock cutting simulation using PFC. 

Lei et al. (2004b) investigated the effect of the local damping on cutting force and fracturing 

mechanism. Their study showed that the average cutting forces increased by 24 times when 

damping coefficient was increased from 0.015 to 0.7. Moreover, it was concluded that cracks 

develop relatively slowly and stably in the vicinity of the cutting tool in highly damped 

materials and the chip segments become smaller. On the other hand, the larger chips appear 

when damping coefficient is smaller. Additionally, the formed fragments with small local 

damping coefficient (0.015) move away quickly from the specimen and leaves a virtually 

empty space in front of the cutting tool, while for highly damped model fragments can 

accumulate in front of cutting tool. Mendoza Rizo (2013) used a local damping coefficient of 

0.7 with a cutting velocity of 2 m/s to simulate rock cutting process using PFC 2D and 
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concluded that the obtained cutting force history is compatible with experimental observations.  

Ma (2017) argued that, though the cutter velocity used in the numerical simulation was 

relatively higher than typical experimental values and a big damping value enabled the model 

to behave close to the quasi-static condition, accordingly a damping coefficient of 0.7 was 

employed in mentioned study to simulate rock cutting process. Although Hazzard et al. (2000b) 

showed that that damping coefficient of 0.015 seemed to be an appropriate value for the 

simulation of rock fracturing under quasi static problems, Mendoza Rizo (2013a) and Ma 

(2017) used 0.7 for damping coefficient in their rock cutting simulation using PFC. In dynamic 

problems the damping coefficient is required to be selected more carefully which is less than 

those for quasi static problems (Fern et al., 2019). Therefore, it seems that a relatively smaller 

local damping should be selected for rock cutting simulation as those for quasi static 

simulations since rock cutting is a continuous dynamic tool-rock interaction process.  

A concept of local damping with a mass scaling technique is implemented into the GPGPU-

parallelized Y-HFDEM IDE, which was initially proposed by Cundall (Cundall, 1987) and 

implemented in Itasca’s commercial FLAC software (Karekal, 2012). In the local damping 

with mass scaling technique, the following Eq. (6-1) is used instead of the aforementioned Eq. 

(3-19): 

    
scale 2 2

tot tot/ sgn( )t   = +M u f f v 1  (6-1) 

where Mscale is the scaled lumped mass, ftot is the nodal out-of-balance-force, i.e., the right-

hand side of Eq. (6-1), v is the nodal velocity, ||ftot|| is the absolute value of each component of 

ftot, sgn(∙) is the sign function automatically determined by the sign of (∙) (Cundall, 1987; 

Karekal, 2012) and α is the local damping coefficient (Cundall, 1987; Karekal, 2012). The 

comprehensive details of the local damping scheme can be found in the literature (Cundall, 

1987; Karekal, 2012).  

To investigate the applicability of local damping in 2D FDEM simulation of rock cutting, a 

range of local damping coefficient between 0.0 to 0.08 is selected which increase by an interval 

of 0.02. Figure 6-5 illustrates the obtained cutting force history for models with 0 and 0.08 

damping coefficient for a model with 0.3 mm cutting depth. Moreover, snapshot from the first 

chipping cycle shows that at first tool-rock interaction, when the contact between tool and rock 

is prefect, the obtained cutting force history is almost same. It is obvious that cutting force is 

affected negligibly by the increase of the damping coefficient in the selected range. However, 

the fluctuations of cutting force change with the change of damping coefficient. Additionally, 
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as it can be seen that the increase in damping coefficient improve the continuous tool-rock 

attachment, which is reported for shallow depth cutting in literatures (Richard, 1999).  

 

Figure 6-5. Variations of cutting forces with length of cut for different values of damping coefficient  

 

Figure 6-6. Minimum principal stress distribution at first tool-rock contact in models with different damping 

coefficient values 
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Moreover, Figure 6-6 compares minimum principal stress distribution for different values for 

local damping coefficient at first tool-rock engagement. It is evident that the stress distribution 

for all models are almost same, and stress can develop into the model correctly at all models 

with different values of damping coefficient. Corresponding rock failure mechanism at first 

tool-rock contact is shown in Figure 6-7. It can be seen that rock failure mechanism is not 

affected evidently by the increase in local damping coefficient.     

 

Figure 6-7. Failure mechanism of rock at first tool-rock contact in models with different damping coefficient 

values 

As the cutter moves further, formed fragments fly away from the front of the cutter in the model 

with zero damping coefficient and the cutter lose its contact with rock fragments. Accordingly, 

the corresponding cutting force history is discontinuous as shown in Figure 6-5. On the other 

hand, a relatively continuous tool-rock contact can be achieved in the model with damping 

coefficient. The achieved continuous tool-rock contact is due to the accumulation of rock 

fragments in front of the cutting tool in the models with higher damping coefficient. Figure 6-8 

compare the failure processes from the models as the cutter moves on rock surface. As it can 

be seen fragments are accumulated in front of the cutter in highly damped models and there are 
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always fragments in front of the cutter which guarantee the continuous tool-rock attachment. 

Moreover, that failure could be mostly through grinding in damped model for shallow cutting 

depth. On the other hand, in model without damping, created segments fly out quickly from 

the rock surface.  

 

Figure 6-8. Failure process and accumulation of fragments in front of cutter in models with different values of 

damping coefficient  

The failure mode in all cases is dominated by mix-mode failure mode due to the unstructured 

mesh used in the modelling, and any change in local damping could not affect the type of 

failure. Figure 6-9 show changes in the number of broken elements in rock cutting process at 

different local damping coefficient. The highlighted grey zones in the figure show the regions 

at which tool and rock are separated and no progressive failure can be observed, and the number 

of broken elements is constant. As it can be seen, the continuous tool-rock engagement can be 

achieved, when damping coefficient reaches to 0.06. Considering the discussion and keeping 

in mind that a low value is required to be selected for local damping coefficient, both 

accumulation of fragments in front of the cutter and continuous tool-rock contact can be 

successfully modelled when local damping coefficient is 0.06. Meanwhile, the cutting force is 
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not affected significantly. Therefore, from now on all of the simulations will be conducted with 

a cutting velocity of 6 m/s and damping coefficient of 0.06.  

 

Figure 6-9. Increase in number of broken elements against cutting distance  

 

6.3.4 Rock failure process 

To study the capability of the FDEM in simulation of the rock cutting process, a simple model 

with the rake angle = 0°, cutting depth = 0.6 mm, damping coefficient of 0.06 and cutting 

velocity = 6 m/s is simulated.  The corresponding cutting force-cutter displacement history is 

depicted in Figure 6-10 i). As shown in Figure 6-10 i), the cutting force increases until the 

explicit fracture develops in the model and then falls to zero upon the detachment of rock 

fragments from the cutter resulting in the chip formation. As illustrated in Figure 6-10 ii A), 

upon the action of the cutter on the surface of rock slab, stress is concentrated on the contact 

region between the rock slab and the cutter, where compression is shown as negative and 

tension as positive. As can be seen from Figure 6-10 ii) A, first the cutter compresses rock and 

induces compression stress at the vicinity of the contact face between cutter and rock, which 

corresponds to point (A) of the cutting force-displacement curve in Figure 6-10 i). As the cutter 

displacement increases, the cutting force reaches its first peak and cracks are initiated within 

the compressed zone ahead of the cutter in Figure 6-10 ii) B. These cracks form the crushed 

zone, which has important influences on the formation of the subsequent fracturing system. As 

the displacement further increases to point B in Figure 6-10 i), the coalescence of multiple 

cracks leads to the creation of a macroscopic crack, which unstably extends to free surface 

(Figure 6-10 ii) C). In this stage, the final chip forms due to propagation of an unstable mixed 

mode I-II fracture, as shown in Figure 6-10 ii) D, which is followed by chip separation, i.e. the 

formation of rock fragments. Under perfectly tool-rock contact condition, shearing failure 
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seems to be the main failure mechanism, since the stress state is compression. For further 

analysis and comparison, the second chipping process is also discussed hereafter. Figure 6-10 

iii) shows the second chipping cycle in which cutter-rock interface is smaller relatively than 

that under perfect tool-rock contact condition resulting in the first chipping process. As shown 

in Figure 6-10iii) A, unlike the previous cycle, both relatively large compressive stresses (cold 

colour) and tensile stresses (warm colour) are induced into the model.  Then a limited number 

of cracks are initiated near the cutter (Figure 6-10 iii) B), which corresponds to point (C) of the 

cutting force-displacement curve in Figure 6-10 i). As the cutter moves further and reach point 

(D) in Figure 6-10 i), relatively more unstable cracks develop into the model, and finally 

coalesce to form chips due to the extension of macroscopic fracture (Figure 6-10 iii) C). It is 

evident that tool-rock interaction is a key factor affecting the morphology of the chips and the 

corresponding cutting force-displacement curve. It is noted that the maximum cutting force in 

the second chipping process is 10.0 kN compared with that of 15.0 kN in the first chipping 

process while the size of the chips formed in the second chipping process is bigger. It means 

that the interaction of cutter-rock is more efficient in the second chipping process, where tensile 

stress contributes significantly to the chipping process. Therefore, the hybrid finite-discrete 

element method can model not only the failure mechanism but also the chipping process 

qualitatively. Moreover, the hybrid finite-discrete element modelling demonstrates that the 

failure mechanism of the chipping process and the cutting force in mechanical cutting are 

highly a function of tool-rock interaction and the assumption of a single failure mechanism for 

the chipping process may lead to misinterpretations and incorrect estimations.   
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Figure 6-10. Numerical simulation of rock chipping. i) Cutting force-cutter displacement history, ii) snapshots 

of the failure process: (A) Creation of stress field (B) Micro crack development in the model (C) Initiation and 

propagation of macro crack and creation of the rock chip (D) Chip separation, iii) (A) Creation of stress field, 

(B) Crack development in the model, (C) Chipping due to mixed mode I-II fracturing 
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6.3.5 Effect of rake angle  

The effect of cutter rake angle on the rock chipping process is investigated using models with 

a constant cutting depth of 0.6 mm and various cutter rake angles (0°, 15°, 30° and 45°). Figure 

6-11 illustrates the distribution of the induced stress immediately in front of the cutter-rock 

contact, which is obviously affected by changing the rake angle. In the model with a rake angle 

of 0°, the direction of stress concentration is toward the free surface which is in favour of chip 

formation, while both compression and tensile stresses contribute to the chipping process. By 

increasing rake angle, stress tends to concentrate dipper into the rock, and stress state changes 

to compression dominant mode.  

 

Figure 6-11. Stress build-up in different cutter rake angles and resulted fracture patterns 

 

Figure 6-12 compares the final chipping fracture patterns resulted from the cutters with various 

rake angles. As the rake angle increases, more micro cracks are initiated in rock and they 

propagate more deeply into the rock, which is in agreement with stress regimes at each rake 

angle. The chips are formed due to the mix-mode I-II fractures in all cases, which is due to 

unstructured meshes. Moreover, it is evident that there is a trend of increasing size of the chips 

with the rake angle increasing. It can be seen that the concentration of compression stress in 

model with the rake angle of 45° causes a highly fragmented zone in model and the number of 

fragments increases considerably.  
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Figure 6-12. Fracture patterns at different cutter rake angles 

As shown in Figure 6-12, the increase of rake angle results in increase of the degree of 

fracturing, specifically when the rake angle increases to 45°. This effect can be observed, too, 

in terms of the cutting force, whose maximum increases with the rake angle increasing as 

shown in Figure 6-13. In the case of the rake angle of 0°, the maximum force resultant from 

the first chipping, where the cutter is in a full contact with rock, is 15 kN in comparison with 

that in the rake angle of 45°, which is 35 kN. Meanwhile, Figure 6-13 (b) shows that the average 

cutting force increase with increase of rake angle. This positive correlation between the rake 

angle and the mean cutting force is also reported by Menezes (2016) and Lei et al. (2004b), 

too, where the explicit FEM and BPM were employed, respectively.  

 

Figure 6-13. Changes in cutting force by increase rake angle: a) First chipping cycle, b) Mean cutting force  
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6.3.6 Effect of cutting depth and ductile-brittle transition   

To study the micro-mechanism of Savonnières limestone under action of cutting tool, a series 

of rock cutting models are simulated. The rake angle and cutting velocity are kept constant at 

15° and 6 m/s, respectively. The depth of cut increases from 0.3 mm to 2.1 mm by an interval 

of 0.3 mm, while the damping coefficient is 0.06 in all models. To avoid continuous increase 

in force due to the continuous accumulation of fragments in front of the cutter, a cutter with a 

short height is used in simulations in a way that fragments can move away from the space above 

the cutter. In physical test, fragments can move away from both sides of the cutter, which 

cannot be modelled in 2D simulations.  

The cutting force-cutter displacement and normal force-cutter displacement histories and 

accumulation of fragments in front of the cutter in term of stress and damage distributions from 

the models with different cutting depths are shown in Figure 6-14 - Figure 6-19. As it can be 

seen, no clear repetitive pattern in the force history signals can be identified unless the cutting 

depth reaches to 1.2 mm. Then a repetitive pattern appears in signals obtained from model with 

cutting depth of more than 0.9 mm, which is similar to observed force history in brittle mode 

shown in Figure 6-1 (b). Moreover, an increasing trend in both cutting force and normal force 

can be observed in obtained force histories from simulations with the cutting depth increasing. 

Additionally, fragments size increases as the cutting depth increases.   
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Figure 6-14. Results of rock cutting simulation with 0.3 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 
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Figure 6-15. Results of rock cutting simulation with 0.6 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 
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Figure 6-16. Results of rock cutting simulation with 0.9 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 

 

 

0
5000

10000
15000
20000
25000
30000
35000
40000

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

C
u

tt
in

g
 f

o
rc

e 
(N

)

Cutting distance (cm)

0

2000

4000

6000

8000

10000

12000

14000

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

N
o

rm
al

 f
o

rc
e 

(N
)

Cutting distance (cm)

(a) 

(b) 

(c) 

(d) 



 

137 

 

 

Figure 6-17. Results of rock cutting simulation with 1.2 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 
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Figure 6-18. Results of rock cutting simulation with 1.5 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 
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Figure 6-19. Results of rock cutting simulation with 1.8 mm depth of cut; (a) Cutting force signal, (b) Normal 

force signal, (c) snapshot of rock failure process and minimum principal stress distribution 
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6.3.7 Ductile-brittle transition  

As explained earlier, ductile and brittle failure modes are two types of failure that have been 

observed in the scratch tests, which occur at shallow depths and greater depths, respectively. 

Richard et al. (2012) defined specific energy as the energy required to cut a unit volume of 

rock according to the Eq. (6-2). In this equation   is specific energy, cF  is cutting force, w

and d  are width and depth of cut, respectively.  

 
cF wd        (6-2) 

The experimental observation reported by Richard et al. (2012) shows that the specific energy 

is proportional to the uniaxial strength of the rock at shallow cutting depths. Meanwhile, as the 

depth of cutting increases and brittle failure becomes the dominant failure mode, the cutting 

force could be proportional to mode I fracture toughness ( ICK ) and the square root of the depth 

of cutting (Richard, 1999). 

 
IC cK F w d       (6-3) 

Moreover, as stated in the introduction section, the critical depth for failure mode transition 

can be defined as a function of rock fracture toughness (mode I) and rock strength through the 

Eq. (6-4).    

 2

IC

c

K
d


    

 
      (6-4) 

To quantitatively validate the capability of the 2D FDEM in simulation of the rock cutting 

process, this section compares the obtained results with experimental observations (Richard, 

1999; Richard et al., 2012). Figure 6-20 (a) shows the changes in average cutting force with 

the cutting depth for one unit cutting width. It can be seen that the average cutting force follows 

two linear increasing trends with the cutting depth increasing. First, the gradient of increasing 

slope changes around the 0.9 mm depth of cutting (red circle). It is obvious that the gradient of 

the line decreases around the depth of 0.9 mm and keep its increasing tendency with a smaller 

gradient. Figure 6-20 (b) illustrates changes in the ratio of rock strength per specific energy by 

increase in depth of cutting. It is clear that, in shallow depths, i.e. smaller than 0.9 mm, the 

obtained specific energies from the numerical simulation are close to rock strength which can 

be considered as a characterization of ductile failure, as is explained earlier. As the cutting 
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depth increases, the specific energy decreases in comparison with uniaxial strength of rock, 

which means relatively smaller amount of energy is required to break the rock.     

 

 Figure 6-20. (a) Cutting force as a function of cutting depth, (b) Ratio of uniaxial strength/specific energy as a 

function of cutting depth, (c) Ration of fracture toughness from numerical/experiment as a function of cutting 

depth, (d) Cutting force as a function of cutting depth. Laboratory (Richard, 1999) vs. Simulation  

Figure 6-20 (c) shows the changes in the ratio of obtained fracture toughness from numerical 

simulation through Eq. (6-3) to that obtained from experiment. It can be seen that, as the depth 

of cutting increases to around 0.9 mm and above, the ratio becomes close to 1, which shows 

that the cutting force is proportional to mode I fracture toughness and shows that brittle failure 

becomes the dominant failure mode. Therefore, a depth of cutting around 0.9 mm could be 

considered as critical depth for target rock. According to Eq. (6-4) the critical depth is estimated 

to be 0.726 mm for the target rock, which is close to the value from numerical simulation, i.e. 

that at the red circles in Figure 6-20 (Hedayat et al.). Moreover, Figure 6-20 (d) compares 

obtained cutting force from numerical simulation with the experimental measurements reported 

by Richard (1999). It can be observed that the mean cutting forces from simulations are in a 

good agreement to the mean values from the laboratory tests reported by Richard (1999).  
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6.4 3D FDEM simulation of rock cutting  

To assess the capability of the Y-HFDEM IDE in 3D simulation of rock cutting process a 3D 

rock scratch test with a cutting depth of 0.3 mm and width of 10 mm is modelled. 3D FDEM 

model consists of a cuboid cutter which moves across the rock slab as shown in Figure 6-21. 

The 3D FDEM model comprises 282386 TETs and 1129544 nodes. The average size of 

elements is 0.15 mm in region near to the rock surface and it increases gradually toward the 

bottom of the model. Although GPGPU‐parallelization and ACAA technique facilitate a 

considerable speed up for FDEM simulations, 3D FDEM is still a computationally expensive 

simulation, specifically for simulation of rock cutting process which includes many repeating 

failure cycles. Therefore, there is a need for further development on speed up of FDEM, such 

as multiple GPGPU accelerators based FDEM, for the simulation of problems such as rock 

cutting. In this section, only a 3D rock cutting model with the cutting depth of 0.3 mm is 

simulated and obtained result is compared with obtained result from 2D simulation, which has 

been proved to be in a good agreement with experimental observations in previous section.   

 

Figure 6-21. 3D rock scratch test model 

As illustrated in Figure 6-22, upon the action of the cutter on the surface of rock slab, stress is 

concentrated on the contact region between the rock slab and the cutter, where compression is 

shown negative and tension is positive.  

10 mm
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Figure 6-22. Creation of stress field in 3D rock scratch test model 

As can be seen from Figure 6-22, first the cutter compresses rock and induces stress at the 

vicinity of the contact face between cutter and rock. As the cutter displacement increases, 

cracks are initiated within the compressed zone ahead of the cutter in Figure 6-23 (a). As cutter 

moves further, the coalescence of multiple cracks leads to the creation of a chipping crack, 

which unstably extends to free surface (Figure 6-23 (b)). In this stage, the final chips form due 

to propagation of unstable mixed mode fractures, which is followed by chip separation, i.e. the 

formation of rock fragments (Figure 6-23 (c)).  
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Figure 6-23. a) Micro crack development in the 3D rock scratch test model, b) Chipping formation due to mixed 

mode I-II fracturing, c) Cross section of chip formation 

Figure 6-24 compares cutting force histories obtained from 2D and 3D simulations. It is 

obvious, exempt the initial part of the curve the obtained cutting force histories are in a good 

agreement. At the same time, the rock-tool engagement is more continuous 3D modelling, and 

it is more compatible with experimental observations for shallow cutting depths. Obtained 

results prove that 3D rock scratch test can be modelled properly using 3D FDEM, although 

there is a need for further investigation for deeper cutting depths.   

 

Figure 6-24. Comparison between cutting force histories from 2D and 3D simulations 
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6.5 Conclusions  

This chapter investigates the capability of 2D FDEM in simulation of rock cutting process. It 

has been shown that 2D FDEM is capable of modelling all of four stages of rock chipping and 

fragmentation process in mechanical rock cutting: 1) stress field build-up, 2) crack initiation 

and propagation, 3) crack coalescence and chipping process and 4) chip separation/formation.  

Therefore, unlike explicit FEM and BPM, the hybrid FDEM could explicitly capture not only 

different fracture mechanisms contributing to the rock chipping but also chip formation and 

separation process in mechanical cutting. It has been shown that a damping coefficient of 0.06 

can be selected to simulate rock cutting process, while resulted stress distribution and obtained 

cutting force remain unaffected. It is found that as rake angle increases stress field tends to 

develop deeper into rock rather than moving toward the rock surface. Accordingly, the size and 

degree of fragmentation increase with increase of rake angle. The mean cutting force also 

shows an increasing trend with increase of rake angle. Moreover, the rock cutting simulations 

at different cutting depths have demonstrated that the chip morphology is a function of the 

cutting depth. It has been found that increases of the cutting depth result in the increases of the 

fragment size, which are in agreement with those in literature. Obtained intrinsic specific 

energy from 2D FDEM simulations is well corelated with UCS value which is the characteristic 

of ductile failure. As cutting depth increases the intrinsic specific energy can be defined as a 

function of mode I fracture toughness which is the characterization of brittle failure. Therefore, 

it has been illustrated that the FDEM is able to capture ductile failure in rock cutting 

experiments with shallow cutting depth and transition from ductile to brittle as cutting depth 

increases to around 0.9 mm. Additionally, comparison between simulated mean cutting forces 

at different cutting depths and measured values for same rock from physical experiments 

proves the capability of the 2D FDEM in correctly simulation of the cutting force. Lastly, 3D 

FDEM simulation of rock scratch test shows a good potential for investigation of rock failure 

mechanism in rock scratch test, as obtained results from 3D FDEM simulation is in a good 

agreement with those from 2D FDEM simulation. 
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 Concluding remarks 

7.1 Conclusions  

This research aimed to develop general-purpose graphic-processing-unit (GPGPU) - 

parallelized hybrid finite-discrete element method (FDEM), i.e. the GPGPU-parallelized Y-

HFDEM IDE code, on the basis of the sequential Y-HFDEM IDE to model the fracture process 

of rock under both static and dynamic loading conditions and apply the GPGPU-parallelized 

Y-HFDEM IDE code to model the rock fracture and fragmentation process in mechanical rock 

cutting. The thesis first introduced the development of the GPGPU-parallelized Y-HFDEM 

IDE and the implementation of various features into it to model rock fracture process. Then the 

thesis focuses on the calibration of the Y-HFDEM IDE in simulation of rock failure mechanism 

under quasi static and dynamic loading conditions. After that, some new functions such as 

adaptive contact activation and mass scaling were introduced into the framework of Y-HFDEM 

IDE to further speed up the GPGPU-parallelized Y-HFDEM IDE to simulate complex rock 

failure process such as that in triaxial loading test. Finally, the rock fracture and fragmentation 

process in rock scratch test is modelled using the GPGPU-parallelized Y-HFDEM IDE. It is 

worthy of noting that it is the first time that FDEM is employed to model rock failure process 

in mechanical cutting and especially model the transition from ductile failure to brittle failure 

thanks to the local damping technique implemented into the GPGPU-parallelized Y-HFDEM 

IDE.  

Through this study, the following conclusions can be drawn in light of the research objectives 

outlined in Section 1.4:  

• To reach the second objective of this research, GPGPU-parallelized Y-HFDEM IDE is 

innovatively proposed on the basis of the sequential CPU-based Y-HFDEM IDE to 

model rock fracture progressive process, which can run on various GPGPU accelerators 

of different generations. Remarkably, the GPGPU-parallelized 2D Y-HFDEM IDE 

running on the Quadro GP100 GPGPU accelerator achieves a speed-up of 128.6 times 

compared with the sequential CPU-based Y-HFDEM IDE code. Moreover, the 

computing performance analysis shows the GPGPU-parallelized 3D Y-HFDEM IDE 

code running on the Quadro GV100 GPGPU accelerator is 284 times faster than the 

sequential CPU-based Y-HFDEM IDE code. Therefore, the GPGPU-parallelized Y-

HFDEM IDE code overcomes the computational expensive disadvantage of most 
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FDEM codes and pave the way to routinely investigate rock fracture progressive 

process using FDEM.   

• In comparison with original Y-HFDEM IDE code, a number of features are 

implemented into the GPGPU-parallelized Y-HFDEM IDE code to better model the 

fracture process of rock under static and dynamic loading conditions, which mainly 

include the hyper elastic solid model, extrinsic cohesive zone model, Mohr-Coulomb 

failure criterion, irreversible damage recover during unloading, contact damping, 

contact friction, local damping and mass scaling. In addition, some small features 

unavailable in the sequential CPU-based Y-HFDEM IDE code are implemented into 

the GPGPU-parallelized Y-HFDEM IDE code, too, such as distinguishing opening, 

sliding and overlapping penalty terms, and mode I and mode II fracture energies. The 

utility of implemented contact damping and accuracy of contact friction were assessed 

by doing two simple numerical tests. Moreover, local damping and mass scaling are 

two new developments into the framework of the FDEM which have not been reported 

in any other literature.  

• To reach the third objective of this research, 2D and 3D FDEM input parameters were 

calibrated against two standard rock mechanics laboratory tests, UCS and BTS tests. 

Obtained results showed good agreements with experimental observations both 

quantitively and qualitatively. The modelling of the failure processes of limestone in 

UCS and BTS tests demonstrated the capability of the GPGPU-parallelized HFDEM 

IDE code in simulating rock engineering applications under quasi-static loading 

conditions. Moreover, important findings and new insights were obtained from the 

modelling: 1) the selection of penalty terms for cohesive elements in any FDEM 

simulation with the ICZM is crucial to ensure model continuity before fracturing, which 

has been overlooked in many literatures. 2) For all FDEM simulations with the CZM 

using unstructured meshes, mixed-mode I-II failures are the dominant failure 

mechanisms along the shear and splitting failure planes in the UCS and BTS, 

respectively, whereas pure mode I failure along the splitting failure plane in the BTS 

and pure mode II failure with shear failure in the UCS are only possible with structured 

meshes. Because rock is a collection of mineral grains, whose structure generally 

corresponds to that of an unstructured mesh in FDEM simulations, the results indicated 

that mixed-mode I-II failures may be the possible failure mechanisms in UCS and BTS 

experiments. 3) For modelling quasi-static loading conditions using the 3D FDEM, the 
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loading rate should smaller than 0.2 m/s to avoid significant efforts of the loading rate, 

although it should be noted that the proper loading rate should be selected based on the 

model size.  The result of three-dimensional modelling of UCS and BTS tests presented 

in this research is an exceptional one of the few numerical studies which could 

successfully simulate rock fracture process considering the effect of unstructured 

meshes and loading rates.   

• The GPGPU-parallelized Y-HFDEM IDE code can consider the entire SHPB testing 

system and successfully model the dynamic fracturing of rock in the SHPB-based 

dynamic BTS test. The modelled failure process, final fracture pattern and time 

histories of the dynamic compressive strain wave, reflective tensile strain wave and 

transmitted compressive strain wave are compared with those from experiments, and 

good agreements are achieved between them. Therefore, the 3D modelling of dynamic 

fracturing of marble in the SHPB-based dynamic BTS test demonstrates the capability 

of the GPGPU-parallelized 3D Y-HFDEM IDE code in simulating rock engineering 

applications under dynamic loading conditions. 

• The fourth objective was successfully reached by an innovative introducing of two new 

speed up techniques into the frameworks of the FDEM. The adaptive contact activation 

approach and the mass scaling technique can increase the speed of 3D FDEM 

simulation drastically. The ACAA can speed up FDEM simulations by 10.8 times, 

while obtained results remain unaffected. It should be noted that the ACCA has only 

been employed for simulations under static and quasi-static loading conditions in this 

thesis, but it can cause the occurrence of spurious/unstable modes for simulations with 

under dynamic loading conditions. Moreover, it is noted that the effect of the mass 

scaling coefficient is not significant if it is less than 100, and it can further facilitate 

FDEM simulations through a speedup of 25 times which is very valuable for FDEM 

simulations. Taking the advantage of these two speedup techniques, the fracture process 

of rocks in triaxial compression tests under various confining pressures is modelled and 

modelled results are compared with reported observations in literatures. It is concluded 

that the 3D FDEM has successfully simulated all important characteristics of rocks in 

triaxial compression tests such as the increase of rock compressive strength and strain 

at peak stress, softening behaviour for relatively lower confining pressure, transition 

from brittle to ductile and resulted failure patterns with the increase of confining 

pressure, which is the sixth objective of this study. It is worth mentioning that this study 
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is one of the few, or even unique, numerical studies which could successfully simulate 

ductile-brittle transition in triaxial compression tests. This achievement was obtained 

relying on two new speed up techniques developed into the frame work of the FDEM.  

• To reach the fifth objective, a rock scratch test was simulated using GPGPU-

parallelized Y-HFDEM IDE code. Obtained results showed that the FDEM is capable 

of modelling all of four stages of rock chipping and fragmentation process in 

mechanical rock cutting: 1) stress field build-up, 2) crack initiation and propagation, 3) 

crack coalescence and chipping process and 4) chip separation/formation. It has been 

shown that cutting velocity can be increased to 6 m/s in FDEM simulation of rock 

cutting, while failure mechanism and mean cutting force reman almost unaffected. It 

has been found that the rake angle can affect the rock failure mechanism in rock cutting 

process. As the rake angle increases, the direction of stress regime changes from 

extortions toward the free surface, which is in favour of chip formation, to developing 

dipper into the rock, in which the stress state changes to compression dominant mode. 

Accordingly, more micro cracks are initiated in rock and propagate more deeply into 

the rock as the rake angle increases. Moreover, the effect of the increase of the rake 

angle on the change in stress regime and failure mechanism can be observed through 

the increase of average cutting force with the rake angle increasing. Furthermore, the 

trend of cutting force against depth of cut is in a good agreement with reported 

observations from laboratory tests. 

• A concept of a local damping is introduced into the framework of FDEM in this 

research to facilitate a realistic simulation of the continuous tool-rock contact due to 

the accumulation of rock fragments in front of the cutting tool. It has been shown that 

a damping coefficient of 0.06 can be selected to simulate rock cutting process, while 

resulted stress distribution and obtained cutting force remain unaffected. By 

introducing a proper value for local damping coefficient, the FDEM is able to capture 

the ductile to brittle transition observed in rock scratch tests when the cutter depth 

increases. It has been found that critical depth for the target rock takes place between 

0.6 mm and 0.9 mm, based on the results from numerical simulation. This finding is in 

a good agreement with the obtained result from empirical equations in literatures which 

is 0.726 mm. It is worth mentioning that this study is one of the few, or even unique, 

numerical studies which could successfully simulate ductile-brittle transition in rock 

scratch test.  
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• A preliminary 3D FDEM modelling of rock cutting and its comparison with the 2D 

FDEM modelling has proven that the rock cutting can be modelled using 2D plain strain 

model and then the validity of the 2D FDEM modelling results of rock cutting presented 

in Chapter 6 in detail.  

7.2 Innovations and achievements 

The innovations achievement of this research can be summarised as: 

• Development and validation of a CUDA-based GPGPU-parallelized FDEM code, Y-

HFDEM IDE, with some new features such as Mohr-Coulomb failure criterion, 

irreversible damage recover during unloading, contact damping, and contact friction, 

which could achieve speed-up times of 284 and 128.6 for 3D and 2D FDEM, 

respectively. Therefore, the GPGPU-parallelized Y-HFDEM IDE code overcomes the 

computational expensive disadvantage of most FDEM codes and paves the way to 

routinely investigate rock fracture progressive process using FDEM.  

• Realistic 3D simulations of the failure processes of limestone in UCS and BTS tests 

using GPGPU-parallelized HFDEM IDE code. It is found that for all FDEM 

simulations with CZM using unstructured meshes, mixed-mode I-II failures are the 

dominant failure mechanisms along the shear and splitting failure planes in the UCS 

and BTS, respectively, whereas pure mode I failure along the splitting failure plane in 

the BTS and pure mode II failure with shear failure in the UCS are only possible with 

structured meshes. Moreover, it is found that for modelling quasi-static loading 

conditions using the 3D FDEM, the loading rate should smaller than 0.2 m/s to avoid 

significant efforts of the loading rate, although it should be noted that the proper loading 

rate should be selected based on the model size.  

• Realistic 3D simulations of the dynamic fracturing of rock in the SHPB-based dynamic 

BTS test. The modelled failure process, final fracture pattern and time histories of the 

dynamic compressive strain wave, reflective tensile strain wave and transmitted 

compressive strain wave are compared with those from experiments, and good 

agreements are achieved between them.  

• By introducing the application of adaptive contact activation approach (ACAA) and the 

mass scaling technique into the 3D FDEM simulations, it is found that the ACAA can 

speed up FDEM simulations by 10.8 times, while obtained results remain unaffected. 

It is highlighted that the ACCA has only been employed for simulations under static 
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and quasi-static loading conditions in this thesis, but it could cause the occurrence of 

spurious/unstable modes for simulations with under dynamic loading conditions. 

Moreover, it is found that the effect of the mass scaling coefficient is not significant if 

it is less than 100, and it can further facilitate FDEM simulations through a speedup of 

25 times which is very valuable for FDEM simulations.  

• Realistic 3D simulations of rock failure in triaxial compression tests is presented in this 

thesis which could successfully capture rock fracture in different confining pressures. 

Moreover, the increase of rock compressive strength and strain at peak stress, softening 

behaviour for relatively lower confining pressure, transition from brittle to ductile and 

resulted failure patterns with the increase of confining pressure could be captured 

successfully.  

• The application of FDEM in simulation of rock cutting study is introduced in this 

research for the first time. It is shown that the FDEM is capable of modelling all of four 

stages of rock chipping and fragmentation process in mechanical rock cutting: a) stress 

field build-up, b) crack initiation and propagation, c) crack coalescence and chipping 

process and d) chip separation/formation. It is shown that cutting velocity can be 

increased to 6 m/s in FDEM simulation of rock cutting, while failure mechanism and 

mean cutting force remain almost unaffected.  

• The introduction of the concept of a local damping into the framework of FDEM in this 

research has facilitated a realistic simulation of the continuous tool-rock contact due to 

the accumulation of rock fragments in front of the cutting tool. By introducing a proper 

value for local damping coefficient, the FDEM is able to capture the ductile to brittle 

transition observed in rock scratch tests when the cutter depth increases. It is worth 

mentioning that this study is one of the rare, or even unique, numerical studies which 

could successfully simulate ductile-brittle transition in rock scratch test. 

7.3 Future work 

This thesis investigates the rock fracture mechanism using a newly developed GPGPU-

parallelized Y-HFDEM IDE and its application in mechanical rock cutting. Based on this 

research, there are few recommendations for future research in areas listed below:   

• Most of 3D FDEM simulations are still dealing with small-scale laboratory tests and 

most 3D FDEM codes are parallelized for running on either CPU or GPU platforms. 

Therefore, further developments and applications of FDEM are needed to three-
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dimensionally model large-scale civil engineering problems, such as full scale rock 

cutting of tunnel boring machine, using heterogeneous CPU-GPU parallelized 3D 

FDEM running on high performance computers with multiple CPUs and GPUs.   

• Rock fracture under realistic conditions is usually influenced by complex interactions 

of thermo-hydro-mechanical and chemical behaviour of rock. Therefore, a coupled 

physical process such as THMC coupling can improve the applicability of the FDEM 

in simulation of rock fracture in realistic conditions. For example, the study of the effect 

of pressure and temperature on ductile to brittle transition can be another area of 

research using a multi-physics phase couplled FDEM.  

• All the current extensions of Y-code seem to use the softening curves with constant 

parameters A, B and C in Eq. (3-10), which is estimated based on the experiments on 

concrete. It is suggested to estimate the value of these parameters for different types of 

rock based on the experiments.  

• It has been found that loading rate and model size can affect the results of simulations. 

There is a need for further study on the effect of model size and element size in 3D 

FDEM simulation.  

• Beside parallelization, this study has proven that adaptive contact activation approach 

technique can be used to further speed up 3D FDEM modelling of static and quasi-

static problems. However, its application in 3D FDEM modelling of dynamic problems 

could be another area of research.   

• Coupling the GPGPU-based FDEM with GPGPU-based particle methods could be a 

good research area which can extend the application of the FDEM in simulation of 

multi-phases problems.  

• Implicit 3D FDEM needs to be developed to investigate the long-term failure 

behaviours of civil engineering structures since almost all existing FDEM codes are 

based on explicit time integration, which is not suitable to model civil engineering 

structure failure involving in long time scale. 

• Adopting a length scale dependent fracture energy for rock could be a good research 

area. 
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 Assessment the capability of the code in simulation 

of rock fracture under Mode I, mode II and mix-mode I-II 

loading conditions 

As explained earlier, FDEM is capable of modelling initiation and propagation of cracks 

through the mode I, mode II, and mix-mode I-II failure modes. In this section, three common 

tests are simulated to prove the ability of the numerical technique. A notched Brazilian disc 

(NBD) specimen under diametral compression is employed to simulate the crack initiation and 

propagation under mode I and mix-mode I-II loading conditions. This was achieved by 

changing the orientation of the pre-exiting crack in the specimen. The shear failure is also 

modelled using simulation of a direct shear test. In a NBD test, for a fixed pre-exiting crack 

length to disc diameter ratio of 2𝛼 𝐷 =   3⁄ , pure mode I and mix-mode I-II loading condition 

can be achieved by choosing the orientation angles of the notch with respect to the direction of 

the loading: 0° to simulate crack initiation and propagation under mode I loading condition and 

45° to model mixed-mode fracture (Liu et al., 2007). Accordingly, the capability of GPGPU-

parallelized Y-HFDEM IDE in simulation of mode I and mix mode I-II fracture is investigated 

using notched disks. The geometry of the 3D and 2D NBD s for mode I are shown in Figure 

A- 1 (a) and Figure A- 2 (a), respectively. The diameter of the discs is 50 mm and an effective 

loading rate of 0.1 m/s is applied. The calibrated parameters are used in all following 

simulations.  

Figure A- 1 (b) and Figure A- 2 (b) show the horizontal stress distribution in model before 

micro crack generation and crack propagation in modelling tensile failure. In this figure 

compression is shown negative and tension is positive. When the concentrated stress reaches 

the critical values at the crack tips, tensile failure occurs due to the propagation of the pre-

fabricated notch. As is illustrated in Figure A- 1 (c) and Figure A- 2 (c), by increasing the stress 

concentration micro cracks start to propagate in model firstly, and when the damage criterion 

met, explicit cracks appear in the model (Figure A- 1 (b) and Figure A- 2 (b)). Obtained results 

show that the code is able to successfully capture the formation of two tensile cracks in the 3D 

and 2D models which initiate from the tips of pre-existing straight flaw oriented 0°.  
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Figure A- 1. 3D FDEM modelling of Mode I fracture in rock: (a) Configuration of the model with a pre-existing 

straight flaw for mode I, (b) Horizontal stress distribution around the crack tips, (c) Captured mode I crack 

initiation and propagation   

 

Figure A- 2. 2D FDEM modelling of Mode I fracture in rock: (a) Configuration of the model with a pre-existing 

straight flaw for mode I, (b) Horizontal stress distribution around the crack tips, (c) Captured mode I crack 

initiation and propagation   

2α

Mode I micro cracks  

Mode I macro crack  

(a) (b) 

(c) (d) 

2α

Mode I micro cracks  Mode I macro crack  

(a) (b) 

(c) (d) 



 

155 

 

 
Figure A- 3. 3D FDEM modelling of mix mode I-II fracture in rock (a) Configuration of the model with a pre-

existing straight flaw for mix mode I-II, (b) Minimum principle stress distribution around the crack tips, (c) 

Captured mode I crack initiation and propagation   

 

Figure A- 4. 2D FDEM modelling of mix mode I-II fracture in rock (a) Configuration of the model with a pre-

existing straight flaw for mix mode I-II, (b) Minimum principle stress distribution around the crack tips, (c) 

Captured mode I crack initiation and propagation   
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The results of simulation from 3D and 2D FDEM simulation of mix-mode I-II fracture are 

shown in Figure A- 3 and Figure A- 4, respectively. As loading starts, stress propagates into 

the model and concentrates at crack tips, as shown in Figure A- 3 (b) and Figure A- 4 (b). Then 

micro cracks initiate from crack tips (Figure A- 3 (c) and Figure A- 4 (c)) as stress concentration 

increase and move towards the loading platens which finally results in creation of macrocracks 

as is illustrated in Figure A- 3 (d) and Figure A- 4 (d). As shown, the code was also successful 

in capturing mix-mode I-II fractures when the notch oriented 45° with respect to the direction 

of the loading. To investigate the ability of the code in simulation of mode II fracture, a simple 

direct shear test simulation is simulated two and three dimentionally using Y-HFDEM IDE. As 

is shown in Figure A- 5 and Figure A- 6, the model includes two moving boxes and a 

rectangular specimen. A constant velocity of 0.05 m/s is imparted to the upper box, to the right 

side in horizontal-direction, while the bottom box moves with the same velocity to the left, and 

both boxes are restricted to move vertically. As theoritically expected, and correctly is 

modeled, after shear stress concentration in the vicinity of the crack tips, the shear failure 

occurs along the slip planes.  

 

Figure A- 5. 3D FDEM modelling of mode II fracture in rock (a) Model geometry. (b) Maximum shear stress 

distribution around the crack tips. (c) Captured shear crack initiation and propagation 
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Figure A- 6. 2D FDEM modelling of mode II fracture in rock (a) Model geometry. (b) Maximum shear stress 

distribution around the crack tips. (c) Captured shear crack initiation and propagation 
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