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Abstract: The numerical techniques for modelling the rock fracture have been briefly reviewed. A
hybrid finite-discrete element method (HFDEM) is proposed to simulate various fracture types of
rock. A fracture model is implemented in the HFDEM for simulation of the three main fracture types.
In addition, the influence of the strain rate is considered during the HFDEM modelling rock behavior.
Then, two typical rock mechanism tests are employed to calibrate the HFDEM. The proposed method
has well modelled the rock fracture processes and can obtain reasonable stress distribution and
force–displacement curves. After that, the HFDEM is used to model three convention bending tests.
The obtained rock fracture processes indicates that the HFDEM can simulate various fracture types.
The obtained rock strengths and fracture toughness indicate that the HFDEM can reflect the influence
of the strain rate. It is concluded that the HFDEM can model the entire and complete rock fracture
process during the three convention bending tests, and it also can capture the rock’s behavior on the
strain rate.

Keywords: HFDEM; numerical method; rock fracture; strain rate

1. Introduction

Rock fracture behavior has been widely studied, especially under a variety of loading
conditions. The numerical method is now a popular technique for studying rock behaviors.
In numerical method, the rock materials can be considered as continuum, such as finite
element method, while it can also be regarded as a discontinuum, such as the discrete
element method. For the continuum method, the model is treated as continuous body, and
it is discretized into elements. The continuous-based method has been successfully applied
in rock fracture modelling, in which the discontinuity of the rock mass can be ignored due
to that the modelled scale is much larger than the existing or produced cracks in the rock
mass. However, when the discontinuity of the geo-materials cannot be neglected due to
the original existing original produced fractures are comparable to the interest area, the
discontinuity should be taken into account.

Discontinuum-based methods are also popular tools employed in the study of rock me-
chanics. In the discontinuum-based methods, the rock mass is assumed to be an assembly
of discrete elements [1]. Thus, the discontinuity of the rock mass has been fully considered.
Since Cundall [2] proposed the distinct element method (DEM) and implemented it widely
into the investigate rock fracture and resultant fragmentation process [3], discontinuum-
based methods have been extensively used in various rock failure problems [4,5]. For
example, the Gutiérrez-Ch et al. (2018 and 2021) used the DEM models to successfully
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simulate the rock response during direct shear tests and all stages of rock creep behaviour in
the laboratory tests [6,7]. The representative discontinuum-based methods are the distinct
element method, the bounded particle method (BPM), and the discontinuous deformation
analysis (DDA) [8,9]. Compared with the continuum method, the distinct element method
allows the displacement and rotation of discrete bodies. The UDEC and 3DEC might be the
most common used DEM code [10] for modelling the rock fracture and result fragmentation
process. The domain is divided into rigid discrete bodies in the UDEC or 3DEC, which can
move, rotate, or slip during the contact interaction of the discrete bodies [10]. The fractures
in DEM are modelled along the boundary of discrete bodies when the stress reaches its
maximum. The bounded particle method (BPM) is a particle-based discontinuum method.
The domain in this method is divides into circular and spherical rigid elements [11]. Shi
and Godman (1985) proposed discontinuous deformation analysis (DDA), which is an
implicit formulation of DEM [12]. The DDA employs sub-block techniques to modelling
the continuous–discontinuous transition [13]. Thus, the fracture and fragmentation of rocks
can be modelled along the block boundaries.

To realistically model the rock fracture process, numerical methods should be able
to model the fracture initiation and propagation [14]. For this purpose, the continuum–
discontinuum methods are proposed [9,15]. It should be noted that the combined or hybrid
continuum–discontinuum methods are different from the coupled combined or hybrid
continuum–discontinuum methods. The former can freely model the continuum and
discontinuum behaviours of rocks and their transitions, while the latter adopts a physical
boundary to couple the two methods.

The ELFEN might be the most widely used commercial software of the combined
FEM/DEM. The Y-code is open source for the implementation of the combined FEM/DEM,
originally developed by Munjiza [15]. Then, the Y-Geo was developed for the convenient
use of the Y-code. The Y-code has its difficulties in modelling mixed mode fractures and
lacks consideration of the loading rate and material heterogeneity [16]. To address these
limitations, many extensions of the Y-code have been developed. An et al. (2017) developed
Y2D/3D IDE to model the blast-induced frock fracture and resultant fragmentation pro-
cesses [16]. The open source Y-code accelerates the development of the combined/hybrid
FEM/DEM method, and many extensions of the Y-code have been well implemented in
rock fracture and fragmentation modelling [17].

In this study, the authors developed the HFDEM, which is proposed to simulate the
various rock fracture types. The fracture model and the curve are specially implemented
in the HFDEM for modelling the complete rock fracture process and taking the influence
of the loading rate into account, respectively. The HFDEM is verified by the simulation of
typical rock mechanism test. Then, the HFDEM is used to simulate three convention point
bending tests to obtain various fracture modes.

2. HFDEM for Modelling Dynamic Rock Fracture

To completely model the rock fracture process, the HFDEM needs to be able to model
the rock initiation, propagation, and interaction of fractured rock and resultant fragmen-
tation. In addition, the influence due to different loading rates should also be taken into
account. Thus, in this section, the above two key components are explained in detail.

2.1. Transition from Continuum to Discontinuum

In HFDEM, the transition from continuum to discontinuum is modelled through the
fracture of the discrete bodies. As illustrated in Figure 1, the stress–strain curve is divided
into two parts, the stress hardening and stress softening parts, separated by the peak stress.
Constitutive law is employed to model the stress hardening parts, while the opening or
sliding displacement of the finite elements can describe the stress softening part.
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Figure 1. Typical brittle material stress–strain curve. 𝜎, 𝜎 , ε, 𝜀  represent the stress loading, 
peak stress, strain, and peak strain, respectively. 
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elements describing the deformability of the rock material and four-node crack elements 
describing the fracture propagation. In addition, the four-node crack elements can be dis-
torted in the normal direction, causing tensile failure (mode-I fracture), and the tangential 
direction, causing shear failure (mode-II fracture). Figure 2b–d demonstrate the model 
under tension, shear, and combined tension and shear condition, respectively, while the 
corresponding stress opening/sliding curves are illustrated in Figure 3. 

In HFDEM, the fractures occur at finite element edges, and the separation of the finite 
elements induce a bonding stress. The value of the bonding stress is related to the distor-
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rection. 𝛿   and 𝛿  are the magnitudes of the the components of  𝛿 in the two directions. 

Figure 3a indicates the stress-opening relationship for pure mode I fracture, i.e., ten-
sile failure. It should be noted that the opening or sliding of finite elements from the ele-
ment edges means the distortion of the four nodes crack elements in normal or tangential 
directions in the following text. As illustrated in Figure 3a, as 𝛿  increases in the normal 
direction, the stress increases. Before the opening reaches 𝛿 , i.e., 0 ≤ 𝛿 < 𝛿 , the stress 
is increasing but no crack occurs. When the opening reaches a critical value 𝛿 , i.e., 𝛿 =𝛿 , the stress reaches the tensile strength 𝜎  and crack occurs. With the separation of the 
finite element edges continues, the opening is  𝛿 , i.e., 𝛿 > 𝛿 , the finite elements are 
completely separated from the element edges, i.e., and the four-node crack element among 
the finite elements is removed. Thus, the tensile fracture has completed. 

Figure 1. Typical brittle material stress–strain curve. σ, σp, ε, εp represent the stress loading, peak
stress, strain, and peak strain, respectively.

Figure 2 illustrates the HFDEM models, which are comprised of three-node finite
elements describing the deformability of the rock material and four-node crack elements
describing the fracture propagation. In addition, the four-node crack elements can be
distorted in the normal direction, causing tensile failure (mode-I fracture), and the tangential
direction, causing shear failure (mode-II fracture). Figure 2b–d demonstrate the model
under tension, shear, and combined tension and shear condition, respectively, while the
corresponding stress opening/sliding curves are illustrated in Figure 3.

In HFDEM, the fractures occur at finite element edges, and the separation of the finite
elements induce a bonding stress. The value of the bonding stress is related to the distortion
of the four-node elements. Equation (1) illustrates the four-node elements distortion:

δ = δnn + δst (1)

where n indicates the unit vector’s normal direction, while t is that in the tangential
direction. δn and δs are the magnitudes of the the components of δ in the two directions.

Figure 3a indicates the stress-opening relationship for pure mode I fracture, i.e., tensile
failure. It should be noted that the opening or sliding of finite elements from the element
edges means the distortion of the four nodes crack elements in normal or tangential
directions in the following text. As illustrated in Figure 3a, as δn increases in the normal
direction, the stress increases. Before the opening reaches δnp, i.e., 0 ≤ δn < δnp, the
stress is increasing but no crack occurs. When the opening reaches a critical value δnp,
i.e., δn = δnp, the stress reaches the tensile strength σt and crack occurs. With the separation
of the finite element edges continues, the opening is δnu, i.e., δn > δnu, the finite elements
are completely separated from the element edges, i.e., and the four-node crack element
among the finite elements is removed. Thus, the tensile fracture has completed.

During the tensile rock fracture process, the normal direction bonding stress can be
calculated using Equation (2):

σn =


[

2· δn
δnp
−
(

δn
δnp

)2
]
·σt i f 0 ≤ δn ≤ δnp

f (D)·σt i f δnp ≤ δn ≤ δnu
0 i f δn ≥ δnu

(2)

In Equation (2), D indicates the damage variable, and the value is between 0 and 1.
f (D) is the function from the damage model [18].
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G f I is the fracture energy release rate for governing mode-I fracture and can be calcu-
lated using Equation (3):

G f I =

δnu∫
δnp

σn( δn)dδn (3)

Figure 3b illustrates the pure mode II fracture process. As Figure 3b illustrates, the
shear stress τ increases while the adjacent finite element slides, i.e., δs < δsp. When the
shear stress τ reaches shear strength δsp, it decreases while the adjacent finite element slides
δs ≥ δsr. Eventually, the shear stress τ deceases to a value equal to the pure frictional
resistance. Thus, the shear fracture has completed.

Equation (4) shows how to calculate the tangential bonding stress during the mode-II
fracture process:

xτ =


2· δs

δsp
·σc i f 0 ≤ δs ≤ δsp

g(D) i f δsp ≤ δs ≤ δsr

σn·tan
(
∅ f

)
i f δs ≥ δsr

(4)

In Equation (4), the damage function g(D) can be found from literature [18], and ∅ f is
the angle of the joint fraction.
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Figure 3. Bonding stress and opening or sliding displacement: (a) Mode-I; (b) Mode-II; (c) Mixed
mode I–II.

The residual sliding displacement δsr is determined by the fracture energy release rate
G f I I and can be expressed by Equation (5):

G f I I =

δsr∫
δsp

[τ( δs)− τr]dδs (5)
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In most cases, the rock mass is not subjected to a pure tensile or shear stress. Thus, the
rock fractures induced by both tensile and shear stress should be considered in the HFDEM.
Equation (6) is the criterion. When the criterion is satisfied, mixed mode I–II occurs:(

δn − δnp

δnu − δnp

)2

+

(
δs − δsp

δsr − δsp

)2

≥ 1 (6)

2.2. The Straite Rate Effect

As the strain rate varies in a wide rage and significantly influences the rock properties
and final results, the strain rate or loading rate should be taken into account. In this research,
Equation (7) is employed to regulate the fracture process under various strain rates. The
equation is obtained from the experimental research conducted by Zhao(2000) [19]:

σcd = A·log
( .

σcd
.
σc

)
+ σc (7)

where σcd is the dynamic uniaxial compressive strength (MPa),
.
σcd is the dynamic loading

rate (MPa/s), σc is the uniaxial compressive strength at the quasi-static loading rate (MPa),
.
σc is the quasi-static loading rate (MPa/s) and A is the parameter related to different
materials.

In the HFDEM, the fracture behaviour of rock under dynamic loading can be modelled
according to the fracture model mention above and the increase in rock strengths can be
obtained according to Equation (7).

3. Calibration of HFDEM

In this section, two typical rock mechanism tests are employed to calibrate the HFDEM
in modelling dynamic rock behaviours.

3.1. Numerical Modelling UCS Test78

On the basis of the ISRM (1979) [20] suggested method, the geometry of the UCS
test is illustrated in Figure 4a. The width of the UCS sample is 54 mm while the length
is 135 mm. Figure 4b show the numerical model, which is discretized using three-mode
finite elements. Table 1 gives the rock parameters. The loading plate properties are
tensile strength 100 × 1016 Mpa, compressive strength 100 × 1016 Mpa, Young’s modulus
200 Gpa, surface friction coefficient 0.1, and Mode-I and Mode-II fracture energy release
3 × 1012 Nm−1. During the test, the loading rates of 1 m/s is applied on the two loading
plates on the vertical direction while the plates are fixed in the horizontal direction. The
loading rate, i.e., 1 m/s, is much higher than those in the laboratory test, which is about
0.05 mm/s. The reason to use a high loading rate is to significantly decrease computational
time, as the increase in the loading rate can dramatically decrease the computational
time. The processor used for the simulation is inter(R) Core (TM) i7-4500U with CPU
from 1.80 GHz to 2.40 GHz, while the installed memory (RAM) is 16.0 GB. The system
installed in the computer is Windows 8.1 with system type 64-bit Operating System. The
current loading rate, i.e., 1 m/s, can reduce at least one order of magnitude in terms of
the calculation time compared with loading rate for static tests in laboratory, i.e., around
0.05 m/s.

Figure 5 illustrates the fracture process. The red colour indicates the tensile fractures
while the blue colour indicates shear fractures.

As the loading plates contact the rock sample, stress concentrations can be observed
immediately, as shown in Figure 5a(A). The stresses induced from two sides of the specimen
continue to propagate (Figure 5a(B)) when the plate moves. Then, the stresses from the
two sides interact (Figure 5a(C)) to form a uniform stress distribution (Figure 5a(D)). The
force-loadings increase dramatically and reach their peaks when the plates have moved
44 µm (Figure 6a,b(A–E)). Meanwhile, a small shear crack can be seen in Figure 5b(E).
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Then, more shear cracks initiate and propagate in the specimen (Figure 5b(F,G)). While
the force-loadings drop dramatically (Figure 6a,b(F,I)), two almost parallel shear cracks
are produced (Figure 5b(I)). Finally, the force-loadings drop to the bottom (Figure 6a,b(J)).
Thus, the rock specimen losses its ability to carry loads, and more cracks are generated,
including both shear failure (in blue colour) and tensile failure (Figure 5b(J)).

The uniaxial compressive strength can be calculated as:

σc =
PMax

A
=

21.5× 106

54× 10−3 × 1
= 398 MPa (8)
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Table 1. Rock properties for the hybrid Finite–discrete models.

Symbols Properties Values Units

E Young’s modulus 60 GPa
ν Poisson’s ration 0.26 N/A
ρ Density 2600 Kgm−3

σt Tensile strength 20 MPa
σc Compressive Strength 200 MPa
∅ Internal friction coefficient 30 ◦C
u Surface friction coefficient 0.1 N/A

G f I Mode-I Fracture energy release 50 Nm−1

G f I Mode-II Fracture energy release 250 Nm−1
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3.2. Numerical Modelling Rock Fracture during BTS Tests

Figure 7a shows the geometrical model for the BTS test, while Figure 7b illustrated the
numerical model. For the BTS geometrical model, the diameter is 54 mm. The loading plate
moves at the speed of 1 m/s, while the stress is radially applied on the strip with a radian
of 2α. In the numerical model, the disc is meshed using the three-node finite element. The
sample and loading plate parameter are the same as that used for the UCS test. The tensile
strength can be obtained according to Equation (9) [21]:

σt =
2P

πDt
(9)

where P is the applied load, D is the diameter, t is specimen thickness.
The analytical solutions for the stress on the vertical diameter can be calculated

according to Equations (10) and (11), which are given by Hondros (1959) [22]:

σxx =
P

πRtα


[
1−

( r
R
)2
]
Sin2α

1− 2
( r

R
)2Cos2α+

( r
R
)4 − tan−1

[
1 +

( r
R
)2

1−
( r

R
)2 tan(α)

] (10)

σyy = − P
πRtα


[
1−

( r
R
)2
]
Sin2α

1− 2
( r

R
)2Co2α+

( r
R
)4 + tan−1

[
1 +

( r
R
)2

1−
( r

R
)2 tanα

] (11)

where r, 2α, σxx and σyy indicate the means in Figure 7a, i.e., the distance from the disc
center, radian, horizontal stress, and vertical stress on the vertical diameter, respectively.

Figure 8a shows the stress propagation process during the BTS test with plates move
at 1 m/s. Figure 8b shows the stress fracture evolution process. During the test, high
stress is firstly produced from the contact areas (Figure 8a(A)). Then, the two stresses
propagate towards the centre of the disc (Figure 8a(B,C)). As shown in the Figure, the forces
from the top and bottom plates increases sharply (Figure 9a,b(A–C)). A fracture firstly
initiates from the disc’s centre (Figure 8b(C)) and propagates to the disc’s top and bottom
(Figure 8b(C)). With the plates moving, the stress is mainly distributed in the centre line of
the disc (Figure 8a(D–F)). As the fracture from the centre of the disc reaches the disc top
and bottom, shear cracks are observed due to the stress concentrations. After the stress
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research their peaks, it drops dramatically to the bottom (Figure 9a,b(D–G)), and the disc is
separated to two halves (Figure 8b(G)).

σt1 =
2PMax
πDt

=
2× 2.8698

3.14× 0.054× 1
= 34 MPa (12)
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The tensile strength obtained by HFDEM is 34 MPa, while the input value of static
tensile strength is 20 MPa. Thus, the HFDEM can well model the strain rate influence on
the dynamic strength of rock.

Figure 10 illustrates the stress distribution obtained both by the analytical method and
the HFDEM modelling. In addition, the 2P/πDt is used to normalize the stress distribution
for better comparison. It can be found from Figure 10 that the HFDEM results agree with
the theoretical solution except that the theoretical solution at the loading points is much
higher than the modelled result. The reason for having a relatively lower force at the
loading points for numerical results maybe because of the tensile and shear failure, which
makes the specimen gradually lose its bearing capability.

Figure 11 compares the HFDEM modelled and experimental fracture pattern [23,24].
The two fracture patterns are similar, and they both fracture in the in the vertical direction.
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distribution.

Figure 11c indicates a typical failure pattern for the BTS under loading. It can be seen
that the tensile fracture occurs in the vertical diameter, and it separates the sample into
two halves, while shear fractures occur at the top and bottom loading contacts due to the
compressive stresses concentrating at the contact areas.

To sum up, HFDEM has well modelled the crack process during the BTS test. The
main characteristics are captured and show good agreements with typical brittle material
under compression. The obtained tensile strength indicates that the HFDEM can capture
the effects of the loading rate on rock behaviour.
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4. HFDEM Modelling Three Conventional Bending Tests

The HFDEM is used to model the three conventional bending tests in this section
to obtain the three fracture models. Figure 12 depicts the geometrical modes for the
symmetrical three-point bending (3PB) test, the four-point bending (4PB) test, and the
asymmetrical three-point bending (A3PB) test.

The 3PB test, as shown in Figure 12a, is used to obtain the mode-I fracture toughness,
and Equation (13) [26] can be used to calculate the values:

KIC =
PMaxL

√
a

BD2

[
2.9− 4.6

( a
D

)
+ 21.8

( a
D

)2
− 37.6

( a
D

)3
+ 38.7

( a
D

)4
]

(13)

In the above equation, KIC indicates the fracture toughness for mode-I fracture, and
PMax indicates the peak load. L, a, B, and D are the distances between the supporting
points, notch length, thickness, and width of the beam, respectively.

The 4PB test, as shown in Figure 12b, is used to simulate the shear fracture process
and obtain the fracture toughness for mode-II fracture. During the test, two rigid rolls on
the top of the beam will move at the same speed for applying loads on the beam. Equation
(14) is the analytical solution for mode II fracture toughness [27].

KI IC =
PMax

B
√

D

[
L2 − L1

L2 + L1

][
1.44− 5.08

( a
D
− 0.507

)2
]

sec
[ πa

2D

]√
sin
[ πa

2D

]
(14)

In Equation (14), KI IC and PMax indicate the mode-II fracture toughness and Peak load,
respectively. B and D are the thickness and width of the beam, respectively. L1 and L2 are
the distances as illustrated in Figure 12. a is the height of the notches as shown in Figure 12.

The A3PB test (Figure 12c) is used to model the fracture process for mixed mode I–II.
The fracture toughness for this mixed model can be calculated as follows [28]:

KI =
Pmax

B
√

D
f1(a/D, 2L1/L) (15)

KI I =
Pmax

B
√

D
f2(a/D, 2L1/L) (16)
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In Equations (15) and (16), KI means the mode-I stress intensity factor, and KI I indicates
the mode-II stress intensity factor. f1(a/D, 2L1/L) and f2(a/D, 2L1/L) are the coefficients,
and in this research, the values are 4.180 and 0.675, respectively.
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Figure 13 depicts the numerical modes for the 3PB test, 4PB test, and A3PB test. In
Figure 13, triangle elements are employed to discretize the models.
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4.1. 3PB Test

Figure 14 visually tests the 3PB modelling under the loading rates of 1 m/s. Figure 15a
illustrates the force-loading displacement curves. Figure 15b shows the force-loading crack
mount opening displacement (CMOD) curve, while Figure 15b(C) depicts the CMOD time
curve. The letters marked on Figure 15 are from Figure 14.

During the tests, the loading rate on the top of the beam moves at 1m/s for the models
of the three types of fracture, i.e., tensile, shear, and mixed fractures.

The stress is produced immediately (Figure 15a(A,B)) as the top roll moves. Meanwhile,
a crack starts to propagate from the original notch in the beam (Figure 14B). With the moving
of the rigid roll, the force continues to increase and finally reaches Point B (Figure 15a(B)).
Then, the force begins to drop quickly while the crack from the tip of notch continue to
propagate. The Figure 15c(B,C) illustrates that the CMOD continues to increase while the
force continues to drop (Figure 15a(B,C)). In the end, the beam is separated into two halves
(Figure 14E).

The FDEM modelled 3PB test agree with the literature [29,30] in terms of the fracture
propagation process and fracture patterns. The force-loading CMOD curve obtained by
FDEM (Figure 15b) show the same characteristic as recorded in the literature [29].

The fracture toughness for mode-I obtained using HFDEM modelling 3PB test can be
calculated using Equation (17):

KIC1 = 697.71×3.33×54
√

0.4×54×10−3

1×542

[
2.9− 4.6× 0.4 + 21.8× 0.42 − 37.6× 0.43 + 38.7× 0.44]= 19.48 MPa

√
m (17)

4.2. Four-Point Bending Test (Pure Mode-II Fracture)

Figure 16 visually shows the HFDEM modelling 4PB test. The loading rate of 1m/s
for the two rigid roll is applied on top of the beam. The curve illustrating the relationship
between loading force and the displacement is recorded in Figure 17a, while the relation-
ships between the force-loading and the crack mouth opening/sliding displacements are
shown in Figure 17b,c. In Figure 17, the curves are marked using alphabets, which referee
to those in Figure 16.
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loading displacement curve; (b) Force-loading CMOD curve; (c) Force-loading CMOD curve.
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Initially, a notch is placed in the middle of the bottom beam (Figure 16A). As the
top roll moves downwards and contact the beam, a force is induced immediately and
increases rapidly, although there is a fluctuation (Figure 17a(A,B)). The pre-fabricated notch
is slightly opened (Figure 17b(A,B)) while almost no sliding occurs (Figure 17c(A,B)). Then,
a crack firstly occurs at the tip of the notch, and it propagates towards the left loading point
(Figure 16B). Due to the crack initiated from the prefabricated notch, the force suddenly
drops (Figure 17a(A,B)). However, the beam does not completely lose its ability to carry
loads. As the top roll moves, the force continually increases (Figure 17a(B,C)). While the
crack continues to propagate, a new crack at the top of the beam between the two loading
points is induced (Figure 16C). As the two cracks propagate (Figure 16D), the force rapidly
increases to its peak (Figure 17a(D)). Meanwhile, the CMOD and CMSD are both increased
(Figure 17b,c(B–D)). Then, the force-loading begins to drop quickly (Figure 17a(D,E)) as the
crack induced from the tip of notch reaches the left loading point (Figure 16E). Finally, the
opening and sliding distances of the crack mouth reach their maximums (Figure 17a(E,F)).

There are two peaks on the force loading–displacement curves. When the crack starts
to occur from the tip of the notch, the stress reaches its first peak. Thus, the first peak stress
is used to obtain the fracture toughness for mode-II fracture according to Equation (18):

KI IC1 =
1.21MN

B
√

D

[
L2 − L1

L2 + L1

][
1.44− 5.08

( a
D
− 0.507

)2
]

sec
[ πa

2D

]√
sin
[ πa

2D

]
= 4.979Mpa

√
m (18)
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4.3. Asymmetrical Three-Point Bending Test (Mixed-Mode I–II Fracture)

Figure 18 depicts the fracture initiation and propagation process for A3PB, while
Figure 19 shows the relationship between the force loading and the displacement. When
the loading rolls contact the beam, compressive stresses are produced immediately and
increase quickly to their peaks (Figure 19A,B). During this period, no cracks occur in the
beam (Figure 18A,B). Then, a crack is produced at the tip of the notch (Figure 18B). As
the force loading continues to decrease (Figure 18B–D), a tensile crack is observed at the
bottom.
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At the end, the crack from the middle of the bottom beam first reaches the top loading
point while the crack from the notch reaches the top beam boundary. According to the
colour indication, the crack from the bottom of beam is mainly tensile failure while the
crack from the prefabricated notch is mixed by tensile and shear failures. Finally, the beam
is divided into two parts by the tensile failure at the middle of the beam (Figure 18F) and
the force disappears (Figure 18E,F).

According to the peak force (Figure 19), the fracture toughness for pure mode-I and
mode-II can be calculated using Equations (19) and (20), respectively:

KI =
Pmax

B
√

D
f1(a/D, 2L1/L) = 15.29 MPa

√
m (19)

KI I =
Pmax

B
√

D
f2(a/D, 2L1/L) (20)
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Figure 20 illustrates the force-loading CMOD/CMSD curves for the A3PB test. The
alphabet in Figure 20 corresponds to those in Figure 18. Before 0.022 ms, there is no
displacement or sliding at the notch tip according to Figure 20. After that, the CMOD
and CMSD begins to increase. According to Figure 19, at point B, the force loading
reaches its peak, and the crack occurs. Then, the CMOD and CMSD continue to propagate
(Figure 20C–E) while the force loading drops dramatically (Figure 20C–E). Finally, as the
crack reaches top boundary (Figure 18F), the CMOD and CMSD reach their maximum
(Figure 20F).
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5. Discussion
5.1. Effect of the Strain Rate Rock Strength

To compare the influence of the loading rate, the increasing factor of dynamic strength
(DIF) is employed herein. The DIFs obtained from the HFDEM modelling of the of BTS tests.
Figure 21 shows the comparison between the HFDEM obtained DIF with those obtained
from literatures.
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As shown in Figure 21, the DIFs increase with the strain rate increasing before the
strain rate increases to a certain threshold, i.e., 10/s. After the threshold, the rock strengths
increase with the strain rate increasing dramatically. As can be seen for the rock strength
obtained from the BTS test by the hybrid method, the increasing trends are the same with
those obtained from literature. Thus, the HFDEM can reflect the influence of the strain on
the dynamic rock strength.

5.2. Loaidng Rate Influence on Rock Toughness

In this section, the loading rate influences on the fracture toughness are studied.
Figure 22 illustrates the relationship between the loading rate and the fracture toughness.

One group of the results is from the experimental study [33], while the group of the
research is from this study. The fracture toughness is not influenced by the loading rate
while the loading rate is smaller than a certain threshold, i.e., 105 MPa

√
m/s. After that, the

dynamic fracture toughness is obviously related to the the loading rate, and the dynamic
fracture dramatically increases with the loading rate. The obtained fracture toughness
shows the same characters as shoes in literature as shown in Figure 22. Thus, the HFDEM
can capture the rock fracture characters.
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Figure 22. The modelled result and the experimental results [33] comparison t in terms of relationship
between the fracture toughness (mode-I) and loading rate.

5.3. Effect of the Mesh Orientation

In the HFDEM, the fracturing of the rock is modelled through the separation of the
adjunct finite element in the form of opening or sliding. Thus, the orientation and size of
the discretized meshes will definitely affect the fracture pattern.

To illustrate the effect the mesh size, the UCS test model is meshed using structural
meshes and modelled by the hybrid method to compare with the modelled result with
free meshes. Figure 23 shows the UCS test mode with structural mesh, while Figure 24
indicates the modelled results
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Figure 24. HFDEM modelling fracture process of UCS test.

Initially, a shear fracture occurs at the bottom of the sample as shown in Figure 24B.
Then, the crack propagates linearly to the right side of the model as illustrated in Figure 24C.
Thus, the specimen is separated into two parts. After that, the two parts of the specimen
slide along the new formed shear cracks (Figure 24E). Compared with the modelled result
using free mesh in Figure 5, both modelled results have the same characteristics in general,
i.e., inclined cracks separating the specimen. However, the fracture patterns are not exactly
the same. The size and orientation of the mesh can obviously affect the fracture patterns.

6. Conclusions

This research briefly reviews the numerical method based on their material hypothesis.
Among all types of numerical method, the HFDEM is proposed to model the different
fracture modes using three conventional point bending tests. Three fracture modes and
strain rate effects are taken into account in the HFDEM. Then, the HFDEM is calibrated by
modelling UCS and BTS tests. The modelled fracture patterns are similar to experimental
results, and the obtained rock strength indicates that the HFDEM can reflect the influence
of strain rate. Then, the HFDEM is used to model three conventional bending tests. The
various fracture types are modelled, and the corresponding fracture toughness are obtained.
It is found that:

The HFDEM is able to simulate various fracture types by the implementation of three
fracture modes.

The HFDEM can capture the influence of the strain rate on rock behaviours such as
the static and dynamic strength relationships implemented in the HFDEM.

The FDEM is a useful numerical technique for rock engineering since it can simulate
the complete rock fracture process and take the influence of the strain rate into account.
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